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A mode of motion that consists of a standing wave is usually assigned the thermal energy of a Planck 
oscillator in thermal equilibrium at the temperature of the medium carrying the standing wave. For a real 
standing wave which will be damped in time if it is excited beyond the thermal level, the energy of a Planck 
oscillator Eyo is not necessarily the correct energy to assign this mode at thermal equilibrium. 

For a one-dimensional standing wave where a characteristic impedance for the medium Zo=Ro+iXo 
exists, the correct thermal energy (average stored thermal energy) to assign a standing wave E,. is related 


Eyo/Exe=1+Xe/R¢. 


to the energy of a Planck oscillator by 





HE set of standing waves that can be set up in a 
continuous medium or a bounded region of space 
is often taken to be the normal modes of motion of the 
system. This picture is a precise one only when the 
coupling between the standing waves is practically 
nonexistent. This condition holds for electromagnetic 
waves in an idealized cavity, for pressure waves in an 
idealized fluid bounded by idealized walls, and for 
waves on a lossless transmission line. 

For pressure waves in a real fluid or solid, for shear 
waves in a solid, for electromagnetic waves in a real 
cavity filled with a real medium, and for electromagnetic 
waves on a real transmission line, standing waves are 
more or less tightly coupled to one another. If any one 
standing wave is excited beyond the thermal level, it is 
damped in time. The damping is accounted for macro- 
scopically by nonzero resistances and conductances in 
the case of electromagnetic waves, and by their analogs, 
viscosity, and “internal friction” for mechanical waves 
in fluids and solids. 

On a microscopic scale there is no resistance or fric- 
tion, but merely coupling to many other (usually high- 
frequency) modes of the system. Any mode consisting 
of a standing wave that is excited beyond its thermal- 
equilibrium level loses, on the awwriege, energy to other 
less excited modes until the excitation is dissipated as 
thermal motion. Resistance and friction are concepts 
to account macroscopically for this energy transfer.' 


' Informative comments on the coupling between members of a 
set of harmonic oscillators accounting for damping and on normal 
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Plane standing waves are concepts used for normal 
modes in the development of the specific heat of solids 
and the character of radiation in a closed cavity. 
Kirchhoff’s law for the thermal radiation from a surface 
of known absorbing properties is derived by considering 
the energy exchange between the surface and radiation 
in a closed cavity. 

Completely analogous to the derivation of Kirchhoff’s 
law is the derivation of thermal noise generated by a 
resistor. Exchange of energy between an impedance 
containing the resistance and an ideal transmission line 
in thermal equilibrium is considered. The impedance is 
assumed to generate noise sufficient to maintain the 
balance of power-in the exchange. 

The following will deal with standing waves on a 
transmission line, but the results are applicable to any 
plane standing waves where one can characterize the 
transmission of a wave by a characteristic impedance 
and a propagation constant. 

Consider a transmission line of length /, with a 
characteristic impedance 

r+ix\! 
Zr RetiXa= ( ) ° 
gt+ib 


The series impedance per unit length of the line is r+-iz, 
and the parallel admittance per unit length of the line 
is g+ib. All these quantities may be frequency de- 
pendent. The propagation constant for such a line will 


modes with damping have been made by R. T. Cox, Revs. 
Modern Phys. 24, 320 (1952). 
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be 
y=[(r+ix)(g+ib) }. 


The real part of y measures the fractional amplitude 
attenuation per unit length for a wave propagated 
along the line, and the imaginary part is 27 times the 
reciprocal of the wavelength of the wave. Analogs of r, 
g, 6, and x for other types of waves are defined by 
these expressions for Z) and y, where Zo and y are the 
quantities appropriate to the waves. 

In the following, standing waves will be considered, 
even where there is damping and where a wave estab- 
lished to amplitude far above the thermal level would 
quickly die down. At the thermal level, the same 
coupling that produces damping for a wave of high 
amplitude contributes energy to the wave as often as 
it removes it, and, on the average, the level of the wave 
is maintained. 

Standing waves on the line correspond to the condi- 
tion 

nc/ v= 2i, 

where n is a positive integer, c the velocity of waves on 
the line of frequency v. This condition neglects possible 
changes of phase upon reflection at the ends of the line, 
but this introduces negligible error for large values of n. 
For every positive integer there is a corresponding 
standing wave, and for large there are, in the frequency 
range dy, (2//c)dv standing waves. 

In this frequency range dy let the thermal energy 
associated with each standing wave be E,.. A standing 
wave can be considered a running wave that continually 
traverses the line and reflects from the ends. The 
average power in such a running wave passing a point 
in one direction is Z,,.c/2l, and this is just the power 
from each standing wave impinging on the end of the 
line. Power impinging on the end of the line belonging 
to the frequency range dy is then E,,d». 

If one end of the line is terminated by an impedance 


Z,=R,+ iki, 


then the fraction of the power impinging on that end 
absorbed in Z, is* 


4R.Ro(1+-Xo0°/Re*)/| Zo+-Z,|?. 


Of the thermal energy in the line in the frequency range 
dy, the power absorbed in Z, is 


P(l—Z,) = EwARRo(1+X0e/Re?)dv/|Zo+Z,|?. 


If Z, is in thermal equilibrium with the line, then it 
must put into the line just this much power. Z; may 
be considered to house a source of emf such that its 





*F, E. Terman, Radio Engineers Handbook (McGraw-Hill 
Book Company, Inc., New York, 1943), pp. 172-197, This is an 
outline of the relations associated with the behavior of electric 
lines, References given there lead to more detailed discussions in 
papers and text books. This expression for fractional power 
absorbed in a terminal impedance is derived from the voltage 
ratio given on p. 179. 
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mean square, (V”),,, will transmit this power to the 
line. Such a source will put into the line power 


P(Z,—1)=(V?)\mRo/|Z:+Zo|?. 


Since the frequency structure of such noise voltage is 
incoherent, the source of emf drives an impedance 
Z,+Z, instead of Z, plus the steady state impedance 
of the line which depends upon the line length and how 
it is terminated at the other end.’ 

The condition P(J—Z,)= P(Z,—1) requires 


(V)w= EywAR(1+Xe/Ro?)dv. (1) 


For an imagined lossless line the standing waves will 
be the true normal modes so that E,,.=Ey, and then 
also Xo=0.‘ For this case one gets the usual equation 
for the noise generated in a resistor. 


(V\=4E oR dy. (2) 


For low frequencies Eyo is kT, Boltzmann’s constant 
times the absolute temperature. Since the required 
noise emf generated in Z, is independent of X,, it is 
concluded that only the resistance is a noise source, 
and a resistor at temperature 7 can be treated like a 
resistor at absolute zero in series with a source of noise 
emf given by (2) for each frequency range dv.5 

When Z, terminates a real line, (2) still gives the 
noise generated in Z,, but (1) is the noise that must be 
generated to maintain power balance. When these two 
expressions for (V),, are equated, the relation between 
the thermal energy in a standing wave on a real line 
and the thermal energy of a Planck oscillator is obtained. 


Ts 


1AFX/Re? 





= Ey Cos*o, (3) 


Eve 


where po is the phase angle of Zo, tan~'(Xo/Ro). 

If the characteristic impedance is real, the thermal 
energy of a standing wave is just the thermal energy 
of a true normal mode, even though the propagation 
constant y may have a real part, indicating that the 
line is not a lossless one. 


*In a small frequency range a thermal noise voltage can be 
pictured as sinusoidal but randomly modulated in phase and 
amplitude in a manner that produces sizeable changes only when 
extended over many periods, The line here considered is many 
wavelengths long; therefore the voltage at the end of the line re- 
flected from the other end is randomly related in phase and am- 
plitude to the voltage produced by the terminal noise source, Over 
a length of time long enough to average the power associated with 
these voltages, the average voltage of the reflected wave will be 
zero and its phase will be random with r t to the voltage of 
the source and hence produce no average effect on the impedance 
“seen” by the source. 

4A lossless line must have r=g=0 and hence Zo= (x/b)!. If x 
and b have the same sign, Zo is real and the above statement 
holds, If x and b have different signs, Zo=i(|x|/|b|)* is pure 
imaginary. In this case, though, the propagation constant 
y= j(xb)*= + (|xb|)+ is real and no true wave propagation exists. 

5 These results were derived by H. Nyquist, Phys. Rev. 32, 
110 (1928). His derivation, with minor variations, appears now 
in texts that discuss thermal noise, e.g., S. Goldman, Frequency 
Analysis, Modulation, and Noise (McGraw-Hill Book Company, 
Inc., New York, 1948), pp. 388-394. 
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The mechanism of damping of a standing wave on a 
real line is that in every unit length, currents flowing 
through a series resistance, r, and parallel conductance 
g transfer energy from the wave into thermal energy. 
The mechanism by which energy in a standing wave is 
maintained at the thermal level given by (3) is that 
g and rf act as generators, as indicated by (2), and 
return to the line just the energy they extract. The 
following detailed development of this idea results in a 
second derivation of (3). 

These relations follow from the definitions above: 


rix\) /P+a2ytelies 7P+axy! 
Zo= ( ) = ( ) = ( ) eli (or-9s) | 
gt+ib e+e/s clits Vet 
where 
di= tan“! (x/r), 


o2= tan“ (b/g), 
do= $(¢1—¢2), 


Ro= (=) cos} (¢:—¢2) }, 


= (r+ ix) hg ib)'= (2+-22)t (p+ BP) teli(ort on, 


The unit length for which r, x, g, and b apply can be 
chosen very small so that r or x times one unit of length 
is small compared to Zo, and g or 6 times one unit of 
length is small compared to 1/Z». The fractional loss of 
power that a wave experiences in traversing this unit 
length is just twice the real part of 7 times one unit of 
length. At thermal equilibrium, power £,.dv in fre- 
quency range dy is traversing each unit length from 
each direction. The power extracted per unit length is 


4E yo (r?+ x")! (g?+-b*)? cos 4 (o1+¢2) ]dv. 


Resistance r acts like a voltage source in series with 
the line generating mean square voltage per unit length 
4E, ordv. It delivers into the line (considering that 
r<&Zo) power per unit length 


4Ejor2Rodv 
|2Zo|? 


Fazat 
r? 3): 


= 2K ys Redv( 


Conductance g acts like a current source across the 
line generating mean square current per unit length 
4E ,ogdv. Such a source delivers into the line power per 


unit length 
4E wogdvRo/2= 2E yogRodv. 


At thermal equilibrium the power extracted per unit 
length from the line by g and r in frequency range dy 
must equal that delivered to the line. To satisfy this 
requires 


Ew —_—_(1/2)(gRot rRo/|Zo|*) 
Ep (A+2*)'(¢+8)! cosld (br+¢2)] 
-( g a r —— 
2X (+8)! (r?-+-22)§/ cos} (oi: +¢2) J 
rey. aw (1~ $2) ] 

cos} (¢1+¢:) ] 


When ¢; is substituted for (A+B), and ¢z is substi- 
tuted for (A—B) in the trigonometric identity: 


cos(A+ B)+cos(A— B)=2 cosA cosB, 











then 

} (coshs+cosp;) = cos[ 4 (o1+¢2) ] cos} (¢1—¢2) J. 
Thus, 
Eyo/Epo= 0s" 4 (¢1—$2) |= cos*o= 1/14+Xe/Re’, (4) 


which is the same as (3), 

If it proves possible to construct the necessary 
characteristic impedance functions for mechanical 
waves in matter, Eqs. (3) and (4) will provide a new 
means for cutting off contributions to specific heat at 
high frequencies and at intermediate frequencies where 
cut-off§bands occur. In a frequency region where 
relaxation phenomena occur, the characteristic imped- 
ance may be expected to be complex, and these expres- 
sions offer a means for ascertaining the contribution to 
specific heat of motion in such a range of frequency. 

If suitable characteristic impedances cannot be con- 
structed or if they are too complex, these concepts may 
have little application. 
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The transfer of energy across the spectrum is investigated by the method of the harmonic analysis of the 


Navier-Stokes equation. The phase correlation which enters into the transfer is determined by the statistical 
considerations of transport processes. The results obtained allow a theoretical explanation to be given to 
the Heisenberg and Obukhoff postulates, delimiting the conditions of their applicability. By extending 
the above considerations of transport processes to shear flow, the production of turbulent energy from the 
mean tlow is determined in spectral terms. As an application, the spectral laws for energy and shear are de- 


rived, and compared with measurements. 





I, INTRODUCTION 


N the metamorphosis of turbulence, we generally 

distinguish three phenomena: production, transfer, 
and dissipation. Recent theories confine themselves 
mostly to the study of transfer and dissipation, because 
they are controlled by fine patterns of turbulence 
which present an infinite number of degrees of freedom, 
and are, therefore, suitable for the attack by similarity 
and statistical methods. Of the two phenomena of fine 
patterns, the most characteristic one in turbulent mo- 
tion is the transfer. The turbulent energy produced in 
the form of relatively big patterns is transferred to 
smaller and smaller patterns, because of the interaction 
between eddies, increasing in this way the local turbu- 
lent gradient, and hence promoting the dissipation by 
viscosity. It is this transfer, nonlinear in nature, which 
is responsible for the change of profiles of eddies, and 
hence for the transmission of energy through the 
spectrum. 

The expression for the viscous dissipation is well 
known. In theories on the spectrum of turbulence the 
difficulty lies in the formulation of an expression of 
transfer, called transfer function. Owing to analytical 
difficulties relating to the interaction mechanism of 
eddies, the transfer function has been assumed usually 
on dimensional grounds. Since it controls the rate of 
decrease of energy, it has the dimension of w#t-' or 
wl, or in spectral terms (Fk)*k. Here 4? is the 
kinetic energy per unit mass, / is the age of coherence, 
l is the size of the domain of coherence, F is the spectral 
function, such that Fdk is the kinetic energy associated 
with wave numbers between k and k+dk. With such 
dimensional compositions, Heisenberg! writes the trans- 
fer function W, in the form 


k 
W,= 2, f dk’k’*F (k’). (1a) 


0 


Here W, is the transfer of energy from wave numbers 
smaller than & to wave numbers larger than k; v, is the 


'W. Heisenberg, Z. Physik 124, 628 (1948); see also S. Chan- 
drasekhar, Astrophys. J. 110, 329 (1949). 
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turbulent viscosity defined by 


F(n)\! 
nan an(— ~) 
k n’ 


on dimensional grounds, and «x is a numerical constant. 
In this form, the transfer is expressed as a turbulent 
dissipation which, in a form similar to the viscous dis- 
sipation, is the product of the turbulent viscosity by 
the square of the vorticity. By means of general di- 
mensional considerations, von Karman? writes a general 
expression for W, which comprises (1a) as a special 
form. 
In another way Obukhoff’ writes 


« k j 
Wi=« f dnF (n 2 f aerre)| (2) 
k 0 


The numerical constant x may not be identical in (1b) 
and (2). In the form (2) the transfer is considered as a 
production of energy by shearing stresses. Thus it is 
proportional to the product of a Reynolds stress (first 
integral) by the vorticity (second integral). 

The two expressions (1a) and (2) represent two dif- 
ferent theories of turbulence, the one based on the 
turbulent dissipation, the other on the turbulent shear. 
While the dimensional reasonings present the transfer 
in a simple way and is rich in possible applications, the 
physical foundations of the basic mechanism remain 
rather obscure. It is to be remarked that any dimen- 
sionally correct expression of transfer is expected to 
lead to the same “5/3” law of spectrum in the inertial 
range. This is the reason why the spectral laws based 
on the Heisenberg and Obukhoff hypotheses agree with 
the Kolmogoroff theory‘ in that range, although not in 
other ranges. We shall come back later to discuss 
further these hypotheses. 


(1b) 


2T. von Karman, Proc. Natl. Acad. Sci. U. S. 34, 530 (1948). 

3A. Obukhoff, Compt. rend. acad. sci. U. R. S. S. 32, 19 (1941); 
see also Bull. acad. sci. U. R. S. S. Sér. géograph. et géophys. 
32, 453 (1941). 

4A. N. Kolmogoroff, Compt. rend. acad. sci. U. R. S. S. 30, 
301 (1941) and 32, 16 (1941). 

















































































TRANSPORT PROCESSES 


By leaving the dimensional method, Burgers’ theory 
uses, as a model of turbulence, a simple nonlinear par- 
tial differential equation having the essential properties 
of the hydrodynamical equations. The model shows 
saw-tooth profiles. The study of the law of successions 
of the segments can give interesting insights into the 
transfer mechanism and the spectrum of turbulence. 

In the following pages an attempt will be made to 
study the mechanism of transfer by starting from the 
hydrodynamical equations, and hence to give a physical 
foundation to the hypotheses of Heisenberg and 
Obukhoff about the transfer function, delimiting the 
circumstances under which the theories are valid. The 
analysis of the turbulent velocity into modes, by apply- 
ing the Navier-Stokes equations, leads to a dissipation 
equation, similar to the Boltzmann equation of velocity 
distribution (see Sec. 2). The nonlinear term, respon- 
sible for the transfer of turbulent energy between vari- 
ous modes, is comparable to the collision term of Boltz- 
mann, the latter being, however, much simpler. Here 


the nonlinear term represents the mechanism of merging 


of one element into another, when they reach maximum 
steepness. After coalescence of elements, the one dis- 
appears and the other acquires the sum of momenta, in 
a manner analogous to the cascade processes advanced 
by Onsager.*® Thus there results a transfer of momentum, 
for the study of which a statistical method is introduced 
in Sec. 3, describing the transport processes in tur- 
bulence. 

As a result of the transport processes, and by the 
use of characteristic functions (Sec. 4), a relation of 
phase correlation can be obtained and gives a general 
expression for the transfer function, from which the 
Heisenberg and the Obukhoff formulas are derived as 
special cases (Sec. 5). At the same time this gives the 
opportunity of discussing the conditions of their 
applicability. 

Finally, the considerations of transport processes are 
extended to shear flow, so that, in addition to the 
transfer function, the production function plays an 
important role. It is determined in spectral terms by the 
relation of phase correlation again. As an application, 
the spectral laws for energy and shear can be derived 


(Sec. 6). 


II. HARMONIC ANALYSIS OF AN IRREGULAR MOTION 
AND MODULATION DUE TO THE TRANSFER 
OF ENERGY 


For an isotropic and homogeneous turbulent field, 
the Navier-Stokes equation for the velocity fluctuations 


5 Prof. J. M. Burgers has considered to a large extent the appli- 
cation of a mathematical model to the statistical theory of turbu- 
lence in the papers: Proc. Acad. Sci. Amsterdam 43, 8 (1940), 
and Advances in Applied Mechanics 1, 182 (1948). He considered 
the formation of vortex sheets and the correlation problems in 
the model of turbulence in the papers: Proc. Acad. Sci. Amsterdam 
§3, 122, 247, 393, 718, 732 (1950). 

®L. Onsager, Nuovo cimento, Suppl. 6, Ser. 9, No. 2, 279 
(1949) ; see also Phys. Rev. 68, 286 (1945). 


uy is 
Ou; 


u;(t, x) must satisfy the condition of continuity 
u;/dx;=0. (4) 


Here ? is pressure, p is density, v is kinematic viscosity, 
t is time, and x is vector position, with components 2j. 
A summation is understood whenever an index repeats. 

Let us apply the Fourier transform to the above equa- 
tions. The amplitude functions are 


1 x+X 
a(k)=— f dx’u;(x)e~****", (Sa) 
8x? x-x 


with the wave-number vector k as an argument, while 
dx’ = dx,'dxz'dx; 


is the elementary volume. In order to secure conver- 
gence in the Fourier analysis, the functions “; are 
supposed truncated, i.e., the values of u; are restricted 
within a finite element of volume, say a finite parallele- 
piped of sides 2X,, 2X2, 2X3. After Fourier transforms, 
Eqs. (3) and (4) become, respectively, 


da;(k) 


a f dnin,a;(k—n) 
ot —e 


kik, 
x{ (a) -—“ea(a) (6) 
k? 


and 


kia;(k)=0. (7) 


Equation (6) indicates that the rate of change of the 
amplitude functions a,;(k) is governed by two factors: 
a viscous dissipation proportional to k’, and a nonlinear 
interaction between the mode k and all other modes n 
extending from —« to . In these notations, the 
energy equation can be written as follows: 


7] 
—a;(k)a;(— k) 
ot 


Bar red 8a f dng(k, n). (8a) 


As the amplitudes of a; may be also functions of time, 
a time average may be operated on the correlations 
between the amplitudes. Such time averages will be 
understood here and in the following, without addi- 
tional symbols. The integral term of the right-hand 
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side is the basic term for the formulation of the transfer 
function. It is 


ff ama, a)=f dnin,a,;(n)[a;(k—n)a;(—k) 
~ ne f +a;(—k—n)a,(k) ] 
--{ daihai(k)-ofa~ba(~2) 


+f dnito(—W 
ie -a;(—n+k)a;(n). (8b) 


The second integral is the conjugate part of the first 
integral. g is called modulation function. Its role is to 
excite other modes when one mode is produced. As 
easily checked it has the following properties: 


(a) q is antisymmetrical, ie., g(n, k)+-q(k, n)=0. 
This condition imposes the conservation of modulated 
energy, and can be easily verified by (7) and (8b). 

(b) The three arguments entering in the three ampli- 
tude functions have a sum zero. , 

(c) k should not be parallel to m in order to have a 
nonvanishing q. 


It does not look easy to find a solution for a;, or for 
|a,;|*, which is controlled by a modulation mechanism 
having all those properties. From a general standpoint, 
the dynamical equations (6) show a certain analogy with 
the Boltzmann equation for the velocity distribu- 
tion. The integral term of (6) represents nonlinear 
interactions between modes, comparable to the collision 
term of Boltzmann which was also in the form of an 
integral. However, Eqs. (6) and (7) are much more 
complicated, and the method of successive approxima- 
tions, often applied to the Boltzmann equation, cannot 
be used here. In order to obtain full use of isotropy, the 
energy Eq. (8a) can be expressed in terms of a spectral 
function. Before going to this end, let us first find the 
spectral decomposition of the kinetic energy. As a 
Fourier inversion of (5a), «; can be written in terms of 
a; as follows: 


u,;(x) = fF aha eyes (5b) 


Its mean square value over a volume V=2X,2X,2X; 
gives 
7 o «© 
(u)—— f dk’ f dk’'a;(k’)a,(k”) 
sin (ky'+ ky"")X sin (ko’+ he!")Xo sin (s+ ka’) X; 
hy’ +h,” he’ + ke” ka’ +hs” 


By increasing X; indefinitely, we obtain 





2) athas(kax(—k) (9) 
(u?)= 3 fF a,(k)a, : 


CHAN-MOU TCHEN 


Since (u?) must be independent of V, it follows that the 
absolute value of a? must be proportional to V. As a; 
is obtained by the summation of a large number of 
variables like 
wi (x!)eh® 

according to (5a), the fact that its absolute value is 
proportional to V must be related to the same results 
found in problems of random walk, even though the 
paths may be bound by partial correlations.’ 

Instead of extending the integration in (9) over the 
whole k space, we can integrate over a spherical shell 
of radii between k and k+dk, and obtain 


Rx? p?* r 
2P(K)=— f de f d6 sind k?a;(k)a;(—k). 
V 0 
For isotropic turbulence, F is reduced to the expression 
8x? 
F(k)= 1 “aaeneca k). (10) 


The wave-number vectoz k has a magnitude k. The 
kinetic energy is given by the integral 


ji f dkF (k) = p(u2)/2. 


With the use of definition (10), we are now able to 
express the energy equation (8a) in terms of the spectral 
function F, by integrating with respect to & for the 
magnitude between 0 and k. We obtain 


a k k 
-— f dkF (k) = 2p f dk’k”F (k’) 
ot 0 0 


8x3 ” 

+—f ak’ f dnjg(w’,m). (an) 
V O<k'sk oo 

The double integral of the right-hand side of (11) is 
called the transfer function and is denoted by Wy. By 
the reason of antisymmetry of q(k’, ), the integrations 
can be extended from 0 to & for the variable k’, and 
from k to © for the variable n, instead of from — @ to 
o for nm. Hence we can write the transfer function of 


(11) in the following general form: 
8x* a 
nell SY f dn}q(n, k’) 
O<k’<k Yunw 
1 8x* 
= —— — dk’ik;'a;(k’) 


2 V Yo<ck'<k 


oe Scere) Sine hate 


” 
+- may dk’ik;'a;(— k’) 
A 


2 O<k'< 
x f dna,(n)a;(—n+k’). (12) 
kgng@ 


7™C, M. Tchen, J. Chem. Phys. 20, 214 (1952). 
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Several important features of the transfer can be 
noted from this expression as follows: 


(i) In the form (12), the transfer of energy from wave 
numbers smaller than k to wave numbers larger than 
k is ensured by the action of shearing stresses (second 
integral) in a background of turbulent vorticity (first 
integral), in the same way by which the energy of the 
turbulent motion is produced by the gradient of the 
mean motion through the action of the Reynolds 
stresses. 

(ii) Formula (12) indicates that for k=0, Wy van- 
ishes. W; also vanishes for k= ©. This means that the 
total transfer across the spectrum must vanish. Conse- 
quently, the transfer is not a real dissipation of energy, 
in the sense that the energy is lost from the turbulent 
flow in the form of heat, but it promotes indirectly the 
dissipation by producing steep gradients which are 
more easily attacked by viscosity. 

(iii) In order to obtain a transfer function in terms 
of spectral function, the first difficulty confronting us 
from (12) is to separate the three amplitude functions 
into two appropriate groups, each representing a well- 
defined physical entity of the transfer mechanism. 
Secondly, since according to (9) and (10), a? was pro- 
portional to V, the quantity a* should be proportional 
to V*?, It seems that the missing factor (k*V)! in (12) 
should be embodied in the phase correlation of the 
three amplitude functions. The factor k*” is written 
here to make (#V)! dimensionless. In this way we 
would arrive at 

Wir FR, 


This expression gives the k~*/ law of the spectrum. The 
basic mechanism of phase interaction which would en- 
tail a factor (k*V)! forms a difficult problem to which 
not much help can be found from the hydrodynamical 
equations. Here we must look for a statistical method, 
describing the transport processes by turbulence and 
serving as a basis of studying the phase correlation. We 
will come back to this matter in Sec. 3. 
(iv) The integrands 


a;(—n)a;(n—k’); a,(n)a;(—n+k’), 


of (12) can be considered as a result of the transport of 
momentum in the i direction by a cross motion in the 
j direction. Therefore, from its mean value as defined 
by the surface integral 


fas ee, 
such that 3 


i Fwd + = fa fascm 


for all directions of the vector n, the absolute value of 
n being confined between and n+-dn, a gradient, 


—ikja(k’) or ik/a(—k’), 


multiplied by a turbulent viscosity characterizing the 
transport process, must come out under certain circum- 
stances which we shall discuss in detail in Sec. 4. Hence, 
a plausible formulation seems a priori to be as follows: 


f dna;(n)a;(k’— n) =— tk;'a;(k’)v, 
k<n<t@ 


with its conjugate 





f dna,(— Bayi tL eth ary Bg 
kong 


Substituting (13) into (12), we derive the transfer 
function (1a) postulated by Heisenberg. Equation (13) 
is the equation of phase correlation, and plays an im- 
portant role in the determination of the transfer func- 
tion. From the physical point of view, it expresses that, 
by interaction between k’ and n (n>k’), the smaller 
element n is merged into the larger element k’. Such an 
intermingling produces an exchange of momentum pro- 
portional to the average steepness of the resulting 
element, i.e., gradient of the larger element k’, and to 
the diffusivity of the smaller submerged element n. A 
proof and a generalization of (13) are found in Sec. 4. 

(iv) On a pure dimensional ground, without con- 
sideration of phase interaction, the first integral of (12) 
could be considered as a turbulent gradient propor- 


tional to . 
[2 f dk’ k"*F @)| . 
0 


and the second integral could be considered as a stress 
tensor proportional to 


f GnF (n). 


In this way we would arrive at the Obukhoff formula 
(2). The question may be asked whether some physical 
basis may be attributed to it. This problem together 
with the physical foundation of the Heisenberg formula 
will be studied in Sec. 5. 


Ill. TRANSPORT PROCESSES IN TURBULENCE 


In the preceding section, we have studied the transfer 
function from the hydrodynamical equations, and found 
that the relation of phase correlation (13) is important in 
the derivation of the Heisenberg formula. The fact 
that the phase interactions should come out, indeed, in 
the form (13) involving a turbulent viscosity, must be 
examined from the statistical theory of transport 
processes in turbulence, which we shall study in some 
detail in the following pages. For this purpose, a transi- 
tion probability controlling time and displacement will 
be used to describe the transport processes. Its prop- 
erties have been studied in detail in connection with the 
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motion of small particles suspended in a turbulent fluid,® 
and applied to the study of the configurations of long 
chain molecules.’ 
Let 
p(t’, x’; t, x)dx 


be the probability for a fluid element, which at the 
instant /, started from the point x’, to arrive in the re- 
gion x, dx (i.e., in an elementary volume between 
%1, Xi t+-Gx; X2, Xe dx2; Xs, Xs+-dx;) at the instant t. The 
function p controls the dispersion of the fluid element, 
and is called dispersion function. It is supposed con- 
tinuous, and satisfies the condition 


(14a) 


f dxp(t’, x’; t, x)=1. 


Here and in the following formulas the limits of integra- 
tion for convenience are given as — ©, + © ; the mean- 
ing of the formulas is that the integration is carried 
out over the whole available domain of x-values, which 
may be of limited extent. Formula (14a) expresses the 
condition that all fluid elements starting from x’ must 
find their place in the totality of the region dx forming 
the available domain of the variable x. 

It is in the nature of the phenomena of motion, 
whether regular or irregular, that we must expect 


A, for x—x’#0 
limp (?’, x’; t, x)=6(x—x’)=¢ (15a) 
tm! 


00, for x—x’=0. 


In all dispersion problems an important role is 
played by the mean values of the displacement and of 
its second and higher powers. Introduce the notations 


y= f dx(x— x’) p(t’, x’; 4, x), (16a) 


(alo) f dx(X%a—Xa') (xp— xp’) p(t’, x’; t, x), (17a) 


etc. The mean value of the displacement itself, (I), will 
be zero in the case of a symmetrical dispersion ; in other 
cases, it can be expected that (I) varies as ‘—?’. The 
mean value of the square of the displacement, (), can 
be of the order of ‘—?’ for small values of this interval. 
This can be seen when as an example for p we take the 
Gaussian function. The Gaussian function, which usu- 
ally is considered as a typical example of a dispersion 
function, has furthermore the property that the mean 
values of higher powers of the displacement, as (/*) etc., 
for small intervals ‘—?’ are small compared with t—?’. 
Following Kolmogoroff we shall assume this to be a 

®C, M. Tchen, “Mean Value and Correlation Problems Con- 
nected with the Motion of Small Particles Suspended in a Turbu- 
lent Fluid,” Mededeelingen No. 51, (1947), Laboratorium voor 
Aero- en Hydrodynamica der Technische Hogeschool, Delft, 


Netherlands. 
*C, M. Tchen, J. Research Natl. Bur. Standards 46, 480 


(1951). 


general property of the dispersion function to be con- 
sidered here. Kolmogoroff, moreover, assumes that the 


ratios 
(h/¢—") and (P)/(t—-?) 


tend to constant values (independent of t—/’) as t—?’ 
is decreased indefinitely. 

The dispersion function » which defines the motion 
of the fluid elements, controls also the exchange of some 
physical or mechanical property ¢(¢, x)dx distributed 
in the space and carried by the fluid elements in the 
region dx, at the instant ¢. As a condition of statistical 
conservation of ¢, we can write 


$(t, x)= f dx's(’, x’)p(t, x';t,x). (18a) 


This equation expresses that the property ¢(é, x) in 
the region dx and at the instant /, must have originated 
from somewhere in the whole region x’ at an earlier 
instant /’. Evidently, 


f dxo(t, »=f dx'o(t’, x’). 


In problems of moments it is known that the proba- 
bility function p can be determined by the moments 
(I). Therefore, a relation for @ can be formed in terms 
of the moments from (18a). For this purpose we shall 
develop the integrand of (18a) into series. Before going 
to the development into series, it can be remarked that, 
in a Gaussian function, the parameters /’, x’; ¢, x figure 
exclusively in the form of the differences t—?’, x—x’. 
In functions of general type, however, /’, x’ themselves 
(or in another representation /, x) must also be present. 
Let 


/ 


/ . _ . 
t—f=r; x—x’=I; 


then we can write the dispersion function p(t’, x’; t, x) 
as a function P of (t(—r, x—1; 7, I): 


pl’, x’; t, x)= P(t—7, x—l;7, D. 


This second mode of writing is advantageous when we 
want to express that a dispersion function varies more 
slowly with /, x than with 7,1. In particular this will 
be the case when + is small. A development into a 
Taylor series with respect to x means a development of 
p(t’, x’;t, x) into a series proceeding simultaneously 
with respect to x’ and x, with equal increments of both 
variables. The development of the integrand of (18a) 
into a Taylor series is then 


b(t’, x’)p(t’, x’; t, x) 
=o(t—7r, x—l)P(t—r, x—1; 7, I) 


ts] 
=(t—r1, x)P(t—r, x; 7, |) —la—(@P) 
Xa 


# 
+ }lals——(@P). 
OX ,0X8 
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Here repeating indices denote summations. Substitut- 
ing the value above into (18a) and applying formulas 
(14a), (16a), and (17a), we obtain 


a 


te) 
o(t, x)=9("’, x) “yet (t’, x))o]+ Ld (lala) I. 
Wa 


OX OX 


If we apply the Kolmogoroff assumptions that, for in- 
definitely decreasing 7, the ratios (I)/r and (/)/2r as- 
sume constant values, and divide by r, we can write 
the partial differential equation: 


Og (t, x) 0 E 


7 [= 
ot OX 


(t, xvo|+ +| (19a) 
T OX,0XgL Zr 


In this form, Eq. (19a) is called the Fokker-Planck 
equation. 
The property @ must moreover satisfy the equation 
of continuity : 
0p 20 
—+—(¢u.) =0. 
Ot Ox, 


(20a) 


Equations (19a) and (20a) form a system of two funda- 
mental equations of the transport processes and will 
serve as a basis for determining the phase correlation 
(13), as required in the Heisenberg transfer function. 

Some remarks can be made about the range of appli- 
cation of ¢. First, if we apply to the case ¢=1, Eq. 
(20a) degenerates to the equation of conservation of 
mass in an incompressible flow. Secondly, the case of 
¢@=p transforms Eq. (20a) into an equation of con- 
servation of mass in a compressible flow. Finally, if 
@=pu, we have an equation of conservation of mo- 
mentum, by disregarding the effect of pressure and vis- 
cosity which are of molecular origin. Now for the pur- 
pose of studying the transfer of energy across the spec- 
trum (transfer function), the pressure and the viscosity 
can be indeed dropped for the following reasons. The 
former has the role of equipartition of energy among 
the components and does not play a role in the energy 
of the three components as a whole. The viscosity plays 
only a role in the molecular dissipation function which 
is well known, and not in the transfer function. There- 
fore, we cease to investigate a more comprehensive type 
of continuity equation, and conclude that (19a) and 
(20a) can be legitimately applied to the cases ¢=1 
and d= pu. 

It is to be remembered that the dispersion, as char- 
acterized by the function p, does not, by definition, 
depend separately on the specific nature of ¢ (whether 
it represents a mass or a momentum), and, therefore, we 
shall have a unique turbulent viscosity, 


Yap = (lals)/2r, 


common, at least in spectral structure, both in the 
transport of mass and in the transport of momentum. 
We shall assume this to be the case considered here, 


and must leave open the question whether there exist 
other types of dispersion functions which do not possess 
this property. 

vas" has the dimension wl, and may be expressed in 
terms of F. Therefore it may be considered as related 
to ¢, for ¢= pu. Thus Eq. (19a) is essentially a nonlinear 
partial differential equation, suitable for the study of 
phase correlation. 

Further, we shall assume 


Vas = V*dap. 


With the aid of the property that »* is common to 
both cases of transport ¢=1 and ¢=pu, a simplified 
form can be written for (19a). By putting ¢=1 and 
integrating, we have 


(la)/7 = O¥*/O%Xa; (21a) 


the constant of integration may be rendered immaterial 
by a proper shift of coordinates. Substitution of (21a) 
transforms (19a) into 


a 2 Op 
ee yt— . 
ot = a) 
Equation (21a) represents a current of diffusion due 
to the inhomogeneity of the turbulent field. Consider 
the case of a turbulent field where the diffusion in- 
creases with increasing values of x. Elements diffusing 
out of dx will take ever greater movements when they 
are displaced in the positive direction. Hence they will 
have greater chances to be dispersed farther away than 
those elements displaced in the opposite direction, and 
at the end of a small interval of time there will result 
a mean displacement in the positive direction, propor- 
tional to the gradient of the turbulent viscosity. 


(22a) 


IV. CHARACTERISTIC FUNCTIONS 


In order to study the phase correlation resulting from 
the transport of momentum between various modes, it 
is advantageous to pass from the probability function 
to the characteristic function. The characteristic func- 
tion, denoted by a bar, is defined as the Fourier trans- 
form of the probability function. Thus the character- 
istic function # is 


1 


p(t, x’; t, k)= 
(2m)? 


f dxe*®(s—2) p(t’, x’: t, x), 


and, conversely, 


p(t’, x';t, x)= f dket*(*-25 (1, x’; t, k). 


2 


Also introduce 


1 +00 
5 = ik-x, 
o(t, k) mo dxe~**-*4(t, x). 


Corresponding to (14a)—(22a) the following formulas 
can be obtained either by the Fourier resolutions of 
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(14a)-(22a) or by direct reasonings: 


(2n)*p(t', x’; t, 0)=1, (14b) 
(2n)* limp (?, x’; t, k)=1, (15b) 
0 
(2x)? lim Pad x’; t, k)= —i(l.), 16b) 
+ ? 
(2x)* Monon x’;t,k)=—(lal), (17b) 
O(t, k) = (29)*O(', k) p(t’, x’; t, k), (18b) 
66 1” 
—=- | dnik,(l.)(n)¢(k—n) 
1.8 2 
= f dnkkgiag*(n)o(k—n), (19b) 
oth ff anactk—mé(m), (208) 
Ot mm 
(1.)/1= ~thed*, (21b) 
rs) rq oo 
~ ab f dn(k.—na)o(k—n)p*(n). (22b) 
ot sili 


Thus by comparing the right-hand sides of (20b) 
and (22b) we have the following relation of phase 
correlation : 


fF anak my6¢n)= -if dnn.o(n)i*(k—n), (23) 


which, by putting ¢= pu; as mentioned before, can be 
written as follows: 


f dna,(n—k’)a;(—n) 


= if’ dana n)i*(n—k’), 


(24) 
f dna;(k’—n)a;(n) 


3. 
oo 


eal f dnnyja,(n)o*(k’—n). 


—~. 


Equations (23) and (24) are called relations of phase 
correlation. Substituting (24) into (12), we obtain the 
following transfer function: 


dk’ f dnk;'n; 
O<k'<k kong 


x [a;(k’)a,(— n)o* (n—k’) 
+-a;(—k’)a;(n)i*(k’—n) ]. 


1 8x* 
W,=-— 
°F 


(25) 
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This general expression will serve as the foundations 
of the Heisenberg and Obukhoff theories. 


V. ON THE HEISENBERG AND OBUKHOFF FORMULAS 


Since we are concerned with the transfer function, 
the size of the eddies which we must be dealing with are 
mainly eddies of the inertial range. However, in order 
to discuss the mechanism of transfer, it is necessary to 
talk about the interactions between big and small 
eddies. It must be understood, then, that they are still 
eddies essentially close to that range. Let us consider 
some special casés and derive the Heisenberg and 
Obukhoff formulas from the general expressions of the 
transfer function. This will give us at the same time an 
opportunity of delimiting the circumstances under 
which the two theories are valid. 

In its general form (25), the transfer function con- 
tains a gradient, of modes k’ and n, and a turbulent 
viscosity, of mode (n—k’). It lies in the nature of the 
phenomena of diffusion that a transfer of momentum 
from k’(0<k’<k) to n(k<n<@) occurs when the 
small eddies n in the role of turbulent viscosity dis- 
place themselves in a gradient field of larger eddies. 
As one of the special cases which we consider, it may 
happen that the functions of the two kinds of eddies, 
the one playing the role of turbulent viscosity and the 
other playing the role of gradient, are very distinct, 
so that for the motion of gradient-forming eddies, the 
smaller eddies may be, by approximation, abstracted 
and replaced by a uniform turbulent viscosity of the 
field; it is in the same way that the molecular motion 
has been usually abstracted in the hydrodynamical 
equation of motion and replaced by a uniform molecu- 
lar viscosity v. For such a case, we can write 


p* (n—k’)= |v*|5(n—k’). (26) 


In this way, the mode of the turbulent viscosity be- 
comes independent of the mode of gradients during the 
momentum transfer, so that the relations (24), be- 
coming 


f dna;(n a k’)a;(— n) = tk;'a;(— k’)»* 
and wok 
f dna;(k’— n)a;(n) =— tk;'a;(k’)v*, 


prove the relation (13) for the part k, © of the spec- 
trum of »*. 

Further, either by substituting (13) into (12) or by 
substituting (26) into (25), we obtain the Heisenberg 
formula (1a). 

It may be assumed that such an independence of 
modes participating in the momentum transfer occurs 
more likely with smaller eddies than with bigger eddies. 
Therefore, the Heisenberg theory may extend more 
legitimately to small eddies. It is with them that the 
two gradients in the transfer function (the one origi- 
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nates from the transfer of momentum, and is associated 
with »* to form a shear stress, and the other entails 
from the transport of the shear stress to create the 
transfer of energy) are not of smooth pattern and may 
be intermingled. 

In the second place, consider the other extreme case 
where the transport of momentum occurs in a vorticity 
field of smooth pattern, i.e., 


k’<n. (27) 


In this way #* and a; having the same argument n 
become inseparable. Substituting (27) into (12), we 
obtain 


1 
Wi= --f dk’ik;/a;(k’) 
240<k’<k 


8x 
x— dna;(— n)a;(n) 


konto 


1 ! . 
Wis: dk’ik;'a;(—k’) 


Qo<k'<k 


8x* 
some dna;(n)a;(—mn). (28) 


kong 


The right-hand member consists of a complex double 
integral and its conjugate. Each double integral reveals 
the product of a vorticity by an energy of shear origin. 
As the vorticity is expressed by 


k ; 
[2 J dk wre)| 


and the energy by 
f dnF (n), 
k 


Eq. (28) is transformed into the Obukhoff formula (2). 

Usual opinions are more in favor of the Heisenberg 
theory, because it extends to the viscous range of the 
spectrum (although not to k«, where the Brownian 
motion may come to interfere with turbulence) by 
giving a reasonable spectral law F~k~’, while the 
Obukhoff theory does not. The above considerations 
of transport processes have given to those theories 
some foundations, and shown that they are both reason- 
able. The Heisenberg theory may extend more to large 
k, while the Obukhoff theory more to small k. As the 
Obukhoff theory is shown not applicable to large , 
obviously it is not expected to deliver the k’ law, as 
did the Heisenberg theory in the viscous range. 

The relation of phase correlation (13) which serves 
as a basis of the Heisenberg theory, may be roughly 
interpreted by means of the Burgers’® model of turbu- 


lence under: the equation 


Ou ou ox 
—+u—= r—. 


Ot 8x2 Ox 


It is a simplified form of the hydrodynamical equation 
(3), and can also be considered as describing in a 
simplified way the propagation of a series of plane shock 
waves, introduced one after another into a gas. For the 
description of homogeneous turbulence, we may best 
prescribe a system of impulsive forces acting simul- 
taneously for a short instant in a series of arbitrary 
chosen points. In the beginning the « curve will picture 
the pattern of the initial impulsive forces. But later on 
it changes more and more its profile, and original de- 
tails are gradually eliminated. There is a tendency to 
form steep fronts at negative slopes. After a finite 
lapse of time they will approach to a vertical position, 
while the positive slopes will gradually decrease, so 
that we obtain a series of rectangular triangles, forming 
the so-called saw-tooth profiles. The vertical fronts, 
once generated, remain verticai, and propagate with 
variable velocities of advance, so that the consecutive 
vertical fronts may overtake each other. At the inter- 
mingling of two fronts the element of smaller scale n 
submerges into the element of larger scale k’ with a 
transfer of momentum, and the two elements are com- 
bined to form a single front, moving from now on like 
the front of the survived element &’. The transfer of 
momentum is a result of the intermingling of the fronts 
which are the seats of vorticity. It is, therefore, not 
strange that in formula (13), the transport is char- 
acterized by the merging of two elements k’ and n, 
and as a result, the surviving larger element k’ appears 
in the form of a vorticity ikj/a;(— k’). It is to be noticed 
that the role of the smaller submerged element in this 
transport process cannot be completely forgotten: the 
transport, moreover, depends upon how actively the 
submerged element m can diffuse, and is, therefore, 
proportional to the turbulent viscosity formed by the 
smaller element. 


VI. APPLICATION OF THE PHASE CORRELATION AND 
OF THE TRANSPORT PROCESSES TO SHEAR FLOW 


By means to the dimensional reasonings on which 
the Heisenberg theory is based, Parker" has extended 
the treatment to shear flow, and considered the prob- 
lems of the critical Reynolds numbers. We shall not 
go into the study of the origin of turbulence here, but 
we shall restrict ourselves to the fully developed turbu- 
lent state, and investigate the spectrum in shear flow. 
The energy spectrum in shear flow has been studied 
earlier on the basis of the Boussinesq-Prandtl concept 


” Eugene N. Parker, Phys. Rev. 90, 221 (1953) ; see also Eugene 
N. Parker, “The Concept of Physical Subsets and Application to 
Hydrodynamic Theory,” Technical Memorandum No, 988, 
March 1953, Mechelson Laboratory, Inyokern, China Lake, 
California (unpublished), 
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of turbulent shear." In the following, the shear spec- 
trum as well as the energy spectrum will be derived 
directly from the relations (23) and (24) of phase 
correlation. The method followed will be first to derive 
the production function and the Boussinesq relation 
between the shear spectrum F;; and the energy spec- 
trum on the basis of the phase correlation. Then the 
equation of equilibrium between the functions of dis- 
sipation, production, and transfer will serve to deter- 
mine F and Fj;. 

We suppose that in a domain of size X, there are 
superposed two flows: a main flow U; (independent of 
time), and a secondary flow u; (varying in time and 
space), respectively with Fourier components A; and 
a; defined by formulas of the types (5a) and (5b). 
Beside the dissipation function and the transfer func- 
tion as studied in Secs. 1-5, we have to investigate 
the production function ¥, which results from the inter- 
action between the two motions. Other functions, such 
as diffusion and convection, which take their origin 
from inhomogeneity, are of large scales, and are sup- 
posed negligible as compared with y, and W,. 

As we recal! that the transfer function W, was ob- 
tained by analyzing the inertia term 


uu ;0U;/ OX; 


of the equation of energy, the production function ¥, 
is given by the Fourier analysis of the shear term 


uu j0U ;/ dx;. 


Thus by the same method used to derive W,, we have 


— f dk'ik;' A i(k’) 
2 V Socr'<k 


x f dna;(—n)a;(n—k’) 
ken< @ 


1 8x* 
+-—f dk’ik,'A,(—k’) 
2 V O<k'<h 


x f dna(n)a;(—n+k’) (29) 
k<cnce 
in analogy with (12), and 
1 8x* 
y.=-— aw’ f dnk;'n; 
2 V Sock'<k kong @ 
X[Ai(k’)os(— 0) *(n—k’) 
+A,(—k’)a;(n)o*(k’—-n)] (30) 


in analogy with (25). 
Again we can apply to two extreme cases as de- 
scribed in Sec. 5. 


1 C, M, Tchen, J. Research Natl. Bur, Standards 50, 51 (1953). 
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(1) First, we suppose a uniform »* in the transport 
processes. For this case we can use assumption (26), 
which substituted into (30) gives 


8x 
n-—f dk’ 2rk'*}[ A i(k’)a,(— k’) 
O<k/<k 
+A,(—k’)a;(k’) Jn. 


This supposes that there is a strong interaction be- 
tween a, and A;. Therefore, A; must possess a rough 
pattern with strong vorticity. The integral represents 
a mixed vorticity composed of two motions. If we sup- 
pose that the spectrum of A; is approximately complete 
between 0 and &, due to its rapid convergence, (31) 
takes the following form: 


aUin? ' 
n~|2(—) f ann e)| ve, for large U’, (32) 
Ox; 0 


where 


(31) 


U"= (0U;,/dx;)’. 


For the determination of the energy spectrum F, 
consider the case of statistical equilibrium, and write 
the following equation of dissipation: 


k 
e= 2p f dk’ k”F (k’)+Witv, (33) 
0 


where 
=v f dk'k”*F (k’). 
0 
In the inertial range, the viscous dissipation on the 


right-hand side of (33) is negligible, and so does W, 
too, as compared with ys, if 


‘ 
2f dk’ k’*F (k')<K (AU ,/dx;)’. 
0 


This is the case of large U’ and moderate k. Hence from 
(32) and (33) we have 


k 4 
nf | f vir e)| =€. 
0 


F= (¢/xU’)k“, for large U’. 


It follows: 
(34) 


An estimate of the shear spectrum F;; can be obtained 
by starting from (6), and writing the rate of change of 
the amplitude of the shear stress as 


0 
ates B)+ox(— k)a;(k) ]. 


The function of production of such a shear stress has 
an expression of structure similar to yx, containing the 
triple product of A by two a’s. If again the production 
term is the predominant one, one finds by similarity 


2F yk (35) 
as the spectrum of the shear u,u;. 

































smooth pattern, i.e., of small U’, 
. 
2 f dk'k”F (k’)>>U”. 
0 


The assumption (27) is then valid, and after being sub- 
stituted into (29), gives 


oU; ¢* 
Vi = —2f dnF ;; (n) . (36) 
Ox; +, 


Since U’ is small, (36) indicates that W, is predominant 
on the right-hand side of (33). Hence the spectrum of 
energy is that given by the Heisenberg and Obukhoff 
theories: 

F= (8¢/9x)?/*k-5/, (37) 


In order to determine F;;, we start from the general 
relation of phase correlation (23), which*may be 
written as follows: 


8x? 8x3 
— f daoy(nps(—m))=— f dning((—n)s"(a)). 
For ¢=p(U;+,), we have 
8x3 82° 
— fdnaj(n)as(—n)=— fdnin,Aa(—n) 9"). 
Further, by means of the relation 


© acd 
in;A (— =-— ("a =), 


as derived from the definition (5a), (38) can be trans- 
formed as follows: 


82° 





Ox; 


dna;(n)a;(—n) 
ki n< @ 


re “sy 


ssn 


ein-*'7*(n) 





(38) 





ax; 
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for sufficiently large k. 


TRANSPORT PROCESSES 


(2) Let us consider the case of a mean motion of 
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Fic. 1. Energy spectrum in a ang | layer and in 
a pipe (for data see Table I) 


Formula (39) is known as the spectral equivalent of 
the Boussinesq-Prandtl formula, which, after differ- 
entiation, gives a relation between F;; and F as follows: 
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Fic, 2, Shear spectrum in a boundary layer 
(for data see Table II). 
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Tasie I. Data for the energy spectrum in a boundary 
layer and in a pipe. , 








Local 

mean 
velocity u’ 
gradient cm/sec 


large 119 


large 256 
small 32 


small 113 


Distance 
from 
mental Um; wall; 
points flow ;em em/sec b/x. 





boundary 7.6 1524 0.05 
layer 
» pipe 
boundary 
layer 
pipe ‘ 3048 


3048 0.008 
1524 08 


0.69 





TABLE II. Data for the shear spectrum in a boundary layer. 








Local mean 
velocity = {itt2) 
gradient Unt 


0.0014 
0.00017 


Experi Distance from 
mental Un wall ; 
points em /sec 6/xs 


7 1524 0.05 
+ 1524 0.58 





large 
small 








provided 0U;/dx; is small, and F is given by formula 
(37). The above derivation of (39) fixes the conditions 
of applicability of the Boussinesq-Prandtl formula. 

We conclude that in the inertial (nonviscous) range, 
the spectral laws of energy are F~k-*/*, k-, and the 
spectral laws of shear are F~k~"!*, k-, respectively, for 
small and large U’. 

From the experimental! point of view, high values of 
U’ can be found near the wall in flows of the boundary 
layer type. However, one must not go too close to the 
wall, where the turbulent Reynolds number drops, and 
the inertial range becomes absent. It is to be remarked 


that the spectra considered are three dimensional 
spectra. To date, no measurements of three dimen- 
sional spectra are available. However, some measure- 
ments of one dimensional spectra seem to give reason- 
able confirmation to the above power laws, if it can be 
assumed that the powers are conserved in the trans- 
formation between the one- and the three-dimensional 
spectra, especially at large k (compare Figs. 1 and 2). 

It is to be remarked that for flows in a boundary 
layer and in a pipe, only one component of the mean 
flow with gradient plays a predominant role. Therefore, 
among the energy equations for the three components, 
one component only contains the production function, 
and hence may give the spectrum k. 

Figures 1 and 2 are based upon the measurements in 
a boundary layer and in a pipe, respectively, by Kleban- 
off? and Laufer.” In order to facilitate the comparison, 
the normalized spectra of energy and shear are plotted 
in Figs. 1 and 2. Thus the one-dimensional energy spec- 
trum F; and the shear spectrum Fj» are expressed in cm. 

Let 6 be the thickness of the boundary layer, and the 
radius of the pipe; U,, the maximum mean velocity; 
u’ the root-mean-square of the velocity fluctuations in 
the x, direction; c a numerical constant required by 
normalization, and used to bring together the data. 
The essential data for those figures are found respec- 
tively in Tables I and IT. 

%P. S. Klebanoff, Natl. Advisory Comm. Aeronaut, Tech. 
Notes (to be published). 


3 John Laufer, Natl. Advisory Comm. Aeronaut. Tech. Notes, 
No. 2954 (1953). 
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X-rays from a rotating Cu anode x-ray tube have been scattered from liquid helium at angles up to 5 


degrees in the temperature range from 1.5°K to 4.2°K. The helium was contained in a thin-walled aluminum 
tube enclosed in a metal cryostat with beryllium windows. The liquid structure factor obtained experimen- 
tally, agreed well with the theoretical zero-angle liquid structure factor between 3°K and 4.2°K. Below 
about 2°K, the observed value of the zero-angle structure factor is larger than the theoretical value by an 
amount believed to be outside the experimental error. Angular distributions at 4.2°K are typical of liquid 


scattering patterns near the critical point. No scattering anomaly was observed near the J point. 





I. INTRODUCTION 


HE x-ray scattering by liquid helium has previ- 

ously been measured’ at several temperatures 
above and below the point and at angles from 15 
degrees to 155 degrees. There are no appreciable 
differences between the characteristic liquid diffraction 
patterns obtained at different temperatures. The data 
seem to be consistent with some sort of very open 
liquid structure, with a range of order of perhaps 8A 
or so. 

In the present paper, we report x-ray scattering 
measurements at temperatures from 1.5°K to 4.2°K 
and at angles less than 5 degrees. In this angular range 
the scattering is determined, principally, by the liquid 
density fluctuations rather than by the details of the 
short-range order. 

The data are discussed in terms of the classical 
expression for the zero-angle liquid structure factor and 
certain possible discrepancies between experiment and 
the classical theory are considered in the light of the 
recent theoretical work,*~* 


Il. EXPERIMENTAL 


The x-ray source’ used in this experiment was a 
continuously evacuated beryllium window x-ray tube 
with a rotating copper water-cooled anode. It was run 
at 80 ma and 30 kv from a current and voltage regulated 
power supply. The electron stream was focused to a 
line 1 mm wide and 1 cm high. As viewed by the 
collimating system, the focal line was about 0.1 mm 
wide and 1 cm high. The flux density of x-rays incident 


{ Supported by the U. S. Office of Naval Research and the 
Wisconsin Alumni Research Foundation. 
* Based on a thesis presented in partial fulfillment of the 
uirements for the Ph.D. degree at the University of Wisconsin. 
Now at the General Electric Research Laboratories, Sche- 
nectady, New York. 
1W. H. Keesom and K. W. Taconis, rhe or 5, 270 (1938). 
2 J. Reekie, Proc. Cambridge Phil. Soc. 36, 236 (1940) ; 43, 262 
(1946). 
* Reekie, Hutchison, and Beaumont, Proc. Phys. Soc. (London) 
A66, 409 (1953). 
4L. Goldstein, Phys. Rev. 83, 289 (1951). 
5. I. Schiff, Phys. Rev. 57, 844 (1940). 
*P. J. Price, Phys. Rev. 86, 495 (1952). 
7B. R. Leonard, Jr., thesis, University of Wisconsin, 1951 
(unpublished). 
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on the sample was of the order of 10° Cu Ka photons/ 
cm? sec. These constituted about 4 the total x-ray flux. 

The x-rays were collimated® by a pair of tantalum 
slits in a fixed collimating tube and then were incident 
on the helium sample holder. The scattered radiation 
wraversed a second pair of slits in a tube mounted on 
an arm which could be rotated about a line passing 
through the center of the sample holder. The colli- 
mating tubes were continuously evacuated and the 
windows in their end plates covered with thin mica. 
The slits were separated by 50 cm and were 0.16 cm 
wide and 1 cm high. The resolution was approximately 
0.35 degrees. The smallest angle at which data could be 
taken was about 0.015 radian. Monochromatization of 
the x-ray beam to the Cu Ka line was accomplished by 
the use of Ross balanced filters. The x-rays were 
detected with a commercial end-window Geiger counter 
mounted behind the filters on the movable arm. 

The sample holder was of pure aluminum (Alcoa 2.5) 
6 in. long, i.d. 0.940 in., machined in two sections to 
minimize the rather considerable difficulty of construc- 
tion. The wall of the lower section was 0.040 in. thick, 
except for a distance of ? in. near the bottom where it 
was turned down to 0.002 in., thus creating a window 
for the x-ray beam. The upper section was joined to a 
thin-walled stainless steel connecting tube with a graded 
seal, using copper for the intermediate metal. The two 
aluminum sections of the sample holder were joined 
with Araldite Type 1 cement, a, temperature-polymer- 
izing casting resin, which was applied to etched surfaces. 
This seal withstood repeated cycling between room 
temperature and liquid helium temperature without 
developing leaks. 

The sample holder was attached to the cryostat with 
a gasket seal between two polished steel flanges. The 
gaskets were of 0.025-in. nominally pure gold wire, 
self-welded with an oxyhydrogen torch and annealed. 

The cryostat, which was adapted from a modification 
by Dr. F. A. Rodgers of a cryostat described by Harvey 
and Dolecek® is shown in Fig. 1. It consisted of an 
outside vacuum shell A, whose upper section was a 


* Ritland, Kaesberg, and Beeman, J. Appl. Phys. 21, 838 (1950). 
use E. Harvey and R. L. Dolecek, Rev. Sci. Instr. 21, 496 
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Fic, 1, Vertical section of cryostat and sample holder used in 
the scattering experiment. 


double-walled chamber open at the top. The inside of 
the chamber was stainless steel and held liquid air for 
cooling the radiation shield B. Inside the liquid air 
radiation shield was a liquid helium reservoir C, whose 
sole purpose was to provide thermal isolation for the 
sample holder Z, by means of the copper radiation 
shield D. The flange connection for attaching the 
sample holder to the bottom of the liquid helium reser- 
voir can be seen at F. 

Slots were cut in both radiations shields at the level 
of the x-ray window and covered with 0.0003-in. 
aluminum foil. The outside vacuum windows J at room 
temperature were made of beryllium sheet cemented in 
place with Araldite Type 1. 

The stainless steel tube K which attached the helium 
reservoir to the bottom of the liquid air reservoir was 
turned to a 0.016-in. wall thickness. The thermal path 
from liquid helium to liquid air temperatures was thus 
quite long; the loss rate of the helium reservoir was 
about 30 cm*/hr. A thin-walled stainless steel tube H 
passed through the helium reservoir and terminated at 
the throat of the sample holder, providing a means of 
filling and pumping on the sample holder. A }-in. 
bellows valve on the vacuum lead to the diffusion 


pump made the cryostat portable. All joints were 
silver-soldered except those on the sample holder. 

The end of the sample holder pumping tube H 
entered a box into which also came connections to the 
oil and mercury manometers as well as the coarse and 
fine vacuum leads for pumping off helium vapor at any 
desired rate. In addition, the box contained a rack and 
pinion gear system, the rack controllable through a 
rotary vacuum seal in the side of the box, which pro- 
vided up and down motion for a combination sample 
holder depth gauge and stirring rod. Wollaston wire 
depth gauges were used exclusively and proved to 
be moderately satisfactory. 

The cryostat, manometers, pumping box, diffusion 
pump, and ion gauge were mounted on a conventional 
cart made of angle iron. The cart itself was mounted on 
a heavy base which allowed it to be rotated 90 degrees 
and translated 6 in. or so with considerable precision, 
permitting rapid and accurate positioning of the 
cryostat in the collimating system. 


Ill, PROCEDURE 


The cryogenic apparatus was designed so that the 
cryostat could be filled with liquid helium directly from 
the liquefier. Prior to filling, the sample holder was 
flushed and filled with warm helium gas. The stopcock 
was closed with the insulating vacuum space at a 
pressure of ~3X10-* mm Hg, and the cryostat was 
then precooled with liquid air. When precooling was 
complete, the cryostat was carried to the Collins 
Helium Liquefier and the sample holder and liquid 
helium reservoir were filled, taking great care to prevent 
contamination of the sample by solid air. The cryostat 
was then set in position in the x-ray collimating system. 

The method of taking data varied according to the 
plan for a given run. Since the evaporation rate of the 
sample was relatively large (approximately 5 cm*/hr 
out of a total capacity of 65 cm*), and since a minimum 
of one-third of the liquid was lost in pumping down to 
1.5°K, it was not possible to cover the entire range of 
temperature in detail in any one run. However, the 
general procedure in taking data was to make a reading 
of the intensity at a given angle and temperature with 
the two Ross filters. Then either the angle or the 
temperature was varied and the process repeated. It 
was customary to wait 15 minutes at the beginning of 
a run and several minutes between readings where the 
temperature was varied for the sample to come to 
thermal equilibrium. 

At the end of the run, the sample holder was evacu- 
ated and a background taken. The cryostat was then 
allowed approximately 12 hours to warm to room 
temperature. It was not moved during this time. The 
sample holder was then filled with sulfur hexafluoride at 
room temperature and pressure and the scattering 
measured as a function of angle in the same way that 


A. Wexler and W. S. Corak, Rev. Sci. Instr. 22, 941 (1951). 
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it had been for liquid helium. The use of the SFs 
permitted calibration of the liquid helium scattering in 
a way which will be described in detail below. The SF¢ 
scattering was checked with the scattering from freon 12 
(dichlorodifluoromethane) from time to time, and the 
ratio of the scattering by the two gases was found to 
agree satisfactorily with theory. The anomalous dis- 
persion of Cu Ka x-rays in these gases is negligible. 
The incident x-ray beam intensity was monitored from 
time to time during a run with an iron foil fluorescer. 
Fluctuations in intensity from one half of a run to the 
next were not found to be excessive. 

A total of ten runs was made, of which one was 
thrown out because of difficulties with the x-ray voltage 
control. A number of angular distributions were meas- 
ured at 4.2°K, and one each at 2.2°K, and 2.0°K, for 
angles between 0.015 radian and 0.090 radian. The 
scattering was measured as a function of temperature 
between 1.5°K and 4.2°K for angles from 0.020 radian 
to 0.040 radian. 

The counting rates for the liquid helium scattering 
were about 17 counts/sec Cu Ka at 4.2°K and 0.015 
radian, including a background of 10 counts/sec. The 
background, which was principally due to the beryllium 
outside windows on the cryostat, dropped off rapidly 
with angle to about 1.7 counts/sec at 0.030 radian and 
essentially to zero at 0.090 radian. The SF¢ counting 
rates were about 30 counts/sec. 

It was customary to take 6400 counts with the nickel 
filter and 3200 counts with the cobalt filter for the 
heavy gas measurements, and between 640 and 6400 
counts for the liquid helium, depending on the angle 
and temperature. 


IV. ANALYSIS OF THE DATA 


The liquid structure factor, the quantity calculated 
in all theoretical treatments of the liquid scattering, 
is defined to be the ratio of the intensity actually 
scattered by the liquid sample to that which it would 
scatter if all the molecules were to scatter independ- 
ently. By definition 


L=1 He/N Hel m; (1) 


where £ is the liquid structure factor, J”, is the actual 
liquid scattering, Vu. is the number of helium atoms 
irradiated, and J, is the intensity scattered by an 
isolated helium atom illuminated with the incident 
intensity J». The absolute determination of Ny, and 
Io would be difficult and subject to large systematic 
errors. However, they may be eliminated from the 
expression for £ by the use of the comparison gas SF. 

At standard temperature and pressure, intermolecular 
interference is negligible in SFs, and hence 


I,=N,1F,’, (2) 
where J, is the scattering by SF. at STP, N, is the 


number of gas molecules irradiated, J, is the intensity 
scattered by a single electron, and F, is the SF, mo- 


lecular structure factor. F, was calculated by standard 
methods using the known constants of the SF, mole- 
cule." At angles less than 5° F, does not deviate 
greatly from the number of electrons in the SF, mole- 
cule. Equation (1) may be rewritten 


Tne/L=Nul Fue’, (3) 


where Fy. is the atomic structure factor for helium. 
Dividing (2) by (3), we get 


(4) 


Fu? nue I, 


where m, and my, are the number densities of SF¢ 
molecules and helium atoms, respectively. Explicit use 
has been made of the fact that the scattering geometry 
was identical for the SF, and the liquid helium. Also, 
it has been assumed that the incident intensity was the 
same during both halves of a run. The iron fluorescer 
monitoring verifies this. 

The scattered intensities to be inserted in Eq. (4) 
must be gotten from the raw data by the application 
of a series of corrections. The data must be corrected 
for the appreciable absorption of the Cu Ka x-rays by 
the heavy gas and the liquid helium, and the background 
scattering from the slit system and evacuated cryostat 
must be subtracted. In the case of the SF¢ scattering, 
the resulting expression must then be corrected to 
STP. For the SF, data, therefore, 


” 


7, ve 
I,=(S,/X—B}—:-—, 
273 P 


where S, is the raw heavy gas scattered intensity, X is 
the transmission of the gas at 7, the atmospheric 
temperature in degrees Kelvin, and P is the barometric 
pressure in cm Hg. B is the background. Similarly, for 
the liquid helium data, 


Tne=(Sue/X(T)—B], 


where Su, is the raw scattered intensity and X(7) is 
the liquid transmission, which is a function of temper- 
ature since the absorption coefficient is a linear function 
of the liquid density. 

The rest of the quantities on the right-hand side of 
Eq. (4) are known; hence, £ may be obtained immedi- 
ately. 

The conventional theories’: of the liquid structure 
factor predict that in the limit of x-ray scattering at 
vanishing angles, the liquid structure factor reduces to 
L=nkTXr where n is the number density of particles, 
k is Boltzmann’s constant, T is the temperature in 
degrees Kelvin, and Xr is the isothermal compressi- 
bility. Unfortunately, the calculation of this quantity 


uL, O. Brockway and L. C. Pauling, Proc. Natl. Acad. Sci. 
U. S. 19, 68 (1933). 

2 F, Zernicke and J. Prins, Z. Physik 41, 184 (1927). 

4 L, Brillouin, Ann. phys. 17, 88 (1922). 
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Fic. 2. The ratio of the specific heats as a function of temper- 
ature for liquid helium. The error bars result from estimated 
uncertainties in the experimental values of the partial derivatives 
and the latent heat. 


for comparison with experiment cannot be done in a 
straightforward manner for liquid helium, since X7 has 
not been measured directly for the liquid under its 
saturated vapor pressure. However, Xs, the adiabatic 
compressibility, can be obtained from measurements of 
the velocity of first sound“ and X7=‘Xg, where vy is 
the ratio of the specific heats. Using a method first 
employed by Groenewold" it is possible to calculate +. 
From a relation between c” and cp,"* it can be shown 


that 
ee), 
ave p 


for E(®) GR (Ey | 


where c’’ is the specific heat at saturated vapor pressure, 
V is the volume of a unit mass of the liquid, AV is the 
change in volume on evaporation, L is the latent heat 
of evaporation, and p is the liquid density. A plot of 
+ vs T is given in Fig. 2. The error bars refer to estimated 
uncertainties in the partial derivatives and the latent 
heat. All the other quantities are assumed to be exact.'” 





V. RESULTS AND ERROR DISCUSSION 


The results of the scattering as a function of angle 
at 4.2°K, 2.2°K, and 2.0°K are shown in Figs. 3 and 4. 
The error bars refer to uncertainties due to counting 
statistics alone. In each case, the point at zero angle 


“K. R. Atkins and C. E. Chase, Proc. Phys. Soc. (London) 
AG64, 826 (1951). 

1H, J. Groenewold, Nature (London) 142, 956 (1938). 

1° E. A. Guggenheim, Thermodynamics, An Advanced Treatise 
for Physicists and Chemists (Interscience Publishers, New York, 
1949), p. 124. 

17 The numerical values of the quantities in this formula, as 
well as other numerical data on liquid helium used in this experi- 
ment, are taken from W. H. Keesom, Helium (Elsevier, Amster- 
dam, 1942). 


is the calculated value of the theoretical zero-angle 
liquid structure factor. The experimental results for £ 
as a function of temperature for various angles are 
shown in Fig. 5. Each of the points indicated in Fig. 5 
is actually an average of two individual datum points 
in most cases, with the error bars reduced accordingly. 
The solid line is the calculated value of £>=nkTXr. 

It is easily seen from the length of the error bars 
that most of the spread in the data can be attributed 
to counting statistics, which ran between 4 percent 
and 13 percent. Examination of the other errors shows 
that the rest of the spread in the data can be largely 
accounted for in terms of other known random errors. 
An error was assumed to be random, if it could change 
sign unpredictably from one measurement to the next. 
The significant known random errors and their esti- 
mated sizes are as follows: 

(a) Errors in measurement of the temperature of the 
liquid helium scattering sample from measurements of 
the vapor pressure—less than 1 percent. 

(b) Errors in measurement of the pressure and 
temperature of the SF, comparison gas in the sample 
holder—1 percent. 

(c) Fluctuation in x-ray beam intensity during a 
count—2 percent. 

(d) Fluctuation in x-ray beam intensity for one-half 
of a run to the next as estimated with the fluorescent 
monitor—3 percent. 

The square root of the sum of the squares of these 
errors is 4 percent. 

In addition to the random errors, there were possible 
systematic errors, due to instrument design and pro- 
cedure, whose effect on the measured value of £ can be 
estimated. They are as follows: 

(a) Incorrect value for the transmission of the liquid 
helium—2 percent. This was due to uncertainty in the 
value of the mass absorption coefficient for helium, 
which was taken to be 0.69 for Cu Ka, by graphical 
interpolation in a table in Compton and Allison."* 
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Fic. 3. Experimental values of the liquid structure factor of 
liquid helium as a function of angle at 4.16°K. 


“8A. H, Compton and S. K. Allison, X-Rays in Theory and 
— (D. Van Nostrand Company, Inc., New York, 1935), 


p. 80. 































































(b) Effect of non-uniformity of the sample holder 
window thickness—2 percent. Since the sample holder 
shifted position in the x-ray beam from one-half of a 
run to the next due to thermal expansion, the thickness 
of the window must be uniform. The estimate given 
here is believed to be conservative. 

(c) Impurities in the SFs—1 percent. The SF used 
in this experiment was at least 98 percent pure by 
volume, the principal impurity being air.” 

The sum of these systematic errors is 5 percent. 

Besides the relatively large errors described above, 
there were a number of smaller sources of error, largely 
systematic, which could add another 1.5 percent to the 
total error. They included such things as a temperature 
gradient in the He I, thermal expansion of the sample 
holder, possible error in the accepted value of the 
density of liquid helium, nonideality of the SFs,” 
imbalance in the Ross filters, and the finite resolution 
of the slit system. 

Finally, there were two sources of error which it was 
impossible to estimate quantitatively. 

There is a possibility that the liquid heliam sample 
bubbled, since its temperature was lowered by pumping 
directly on its surface. This would make the measured 
value of the liquid structure factor too low. It is 
believed that the sample holder evaporation rate of 
about 5 cm*/hr was small enough so that bubbling was 
not important, particularly in view of the experimental 
procedure described above. The fact that there was no 
sudden change in the scattered intensity as the temper- 
ature dropped below the A point is the best indication 
that bubbling of the He I was not a serious problem. 

Contamination of the liquid helium scattering sample 
could have been a very troublesome source of error in 
this experiment. The impurity content of the Amarillo 
well helium used was so smal] (~10~ molar percent)” 
that it was not an important source of contamination. 
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Fic. 4. Experimental values of the liquid structure factor of 
liquid helium as a function of angle at 2.2° and 2.0°K. 
% M. O. Ericson, General Chemical Company, 205 South 16th 
Street, Milwaukee, Wisconsin (private communication). 
*K. E. MacCormack and W. G. Schneider, J. Chem. Phys. 
19, 845 (1951). 
21 G. E. Erlandson, Chief, Production Branch, Helium Division, 
Region VI, P. O. Box 911, Amarillo, Texas (private communi- 
cation). 
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Fic. 5. Experimental values of the liquid structure factor of 
liquid helium at various angles and temperatures. The solid line 
is the value of the zero-angle liquid structure factor, as calculated 
from the ratio of the specific heats (see Fig. 2) and the velocity 
of first sound. 


Great precautions were taken during filling of the 
cryostat to prevent contamination through the con- 
densation of solid air and water vapor into the scat- 
tering sample. It can be shown, with the aid of Stokes’ 
law, that particles of solid air of radius > 10~* cm were 
not a source of contamination, since they will not 
remain suspended in the liquid sample more than 10 
minutes. The surest indication that solid air did not 
seriously contaminate the sample is that there is no 
unaccounted for variation in the data for different runs. 
Since the procedure for filling the cryostat was not 
identical for all runs, it is extremely unlikely that the 
same amount of solid air and water with the same 
particle size distribution would have gotten into the 
sample holder each time. Consequently, it is believed 
that the contamination problem was effectively over- 
come. 


VI. DISCUSSION OF RESULTS 


In Fig. 3, it appears that the experimental curve of 
liquid-structure factor vs angle at 4.16°K, when extra- 
polated to zero angle, matches the theoretical value of 
£o quite well. Moreover, the shape of this angular 
distribution is typical of the scattering by liquids not 
too far from the critical point. The critical temperature 
and pressure of helium are small enough, 5.2°K and 
2.3 atmospheres, respectively, so that at 4.2°K and 
76-cm Hg helium is still at a point on its diagram of 
state where the angular dependence of its scattering 
exhibits a maximum at zero angle and an appreciable 
decrease with increasing angle. Eisenstein and Ging- 
rich,” in an extensive series of measurements of the 
x-ray scattering from liquid argon under its saturated 
vapor pressure from the triple point to the critical 
point, have demonstrated how the peak at zero angle, 
which is much more pronounced near the critical 
point, flattens out more and more with decreasing 
pressure and temperature until the curve of £ vs angle 


% A. Eisenstein and N. S. Gingrich, Phys. Rev. 62, 261 (1942). 
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eventually has a positive curvature at zero angle near 
the triple point. Similar results have been obtained by 
Wild” on nitrogen. The data in this experiment, while 
incomplete, seem to indicate a similar behavior on the 
part of liquid helium. The angular distributions near 
2°K shown in Fig. 4 are considerably flatter than that 
of Fig. 3. It is almost possible within the experimental 
error, to draw a line of zero slope through the data 
points on both plots. However, such a line does not 
extrapolate to the theoretical value of the zero-angle 
liquid structure factor. 

In view of the probable shapes of the angular distri- 
butions for temperatures somewhat below 4°K, it is 
believed that there is substantial agreement between 
the experimental and theoretical curves of £ vs T 
shown in Fig. 5 from 3°K to the normal boiling point. 
The relative positions in Fig. 5 of the points taken 
at different angles (see legend) and roughly the same 
temperature, support this conclusion. 

There is no evidence in Fig. 5 of a peak in the liquid 
structure factor near 2°K as predicted by Goldstein‘ 
for a perfect Bose-Einstein gas asymptotic model of 
liquid helium. This indicates that there is no anomalous 
ordering of the configuration of liquid helium at the A 
point. Thus, statistical correlations in the liquid are 
considerably less important than interatomic forces in 
governing the structure. A similar conclusion can be 
reached by considering the results of De Boer and 
Lunbeck’s™ investigation of the quantum corrections 
to the equation of corresponding states for He* and Het 

It is believed that the discrepancy between theory 
and experiment in Fig. 5 is outside the experimental 
error below about 2°K and that it probably cannot be 
explained as an angular effect. Consequently, it may be 
necessary to find some other explanation of this appar- 
ent difference. It is interesting to note that, if one 
inserts the experimentally observed temperature de- 
pendence of the fraction of atoms in the condensed 
state into Goldstein’s final formula for the liquid struc- 
ture factor” in place of the $ power expression obtained 
in the Bose-Einstein condensation theory, the predicted 
peak in the liquid structure factor occurs at 1.5°K 
rather than at 2°K for a scattering angle of 0.03 radian. 
Such an ad hoc substitution is rather dubious, since it 
essentially takes account of the interactions at the end 
of the calculations instead of at the beginning. However, 
careful calculation of the liquid structure factor based 
on a more realistic model of liquid helium than the 
perfect Bose-Einstein gas might very well reveal 


%R. L. Wild, J. Chem. Phys. 18, 627 (1950). 
at De Boer and R. J. Lunbeck, Physica 14, 139, 510 (1948). 
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peculiarities in its behavior below the d point. Recent 
work*”* seems to indicate that such a model need not 
be very complicated in order to be a good approximation 
to the actual liquid. It would appear that an adaptation 
of the methods of Fournet?? might be made so as to 
take into account the effects of both statistics and 
atomic interaction in the calculations. 

Price® has pointed out the possibility of anomalous 
scattering in liquid helium caused by the existence of 
zero-point fluctuations in density. 

A final point is concerned with the problem of the 
proper way to obtain Xr. It may be calculated directly 
from equation of state data, or it may be determined 
from the velocity of first sound and the ratio of the 
specific heats. The latter method was used since it 
does not depend as sensitively on the equation of state 
data, which are difficult to obtain accurately. This 
method is particularly desirable below about 2.5°K, 
where is very close to unity, and it is necessary only 
to know the first sound velocity in order to get the 
isothermal compressibility. However, first sound is 
strongly attenuated near the \ point and the velocity 
is complex. Consequently, the simple expression for the 
velocity will not hold, and it is possible that it is not 
correct to compare the x-ray scattering data with the 
theoretical expression in the way it has been done here.§ 
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An investigation has been made of second sound in mixtures of He?—Het in the temperature region 


obtained by demagnetization of a paramagnetic salt. Several concentrations of He* were used ranging 
between 0.0017 percent and 4.3 percent. The velocity of second sound for the mixtures was found to reach 
a maximum value of about 35 meters/sec just below 1°K and to approach 20 meters/sec near 0.2°K. In 
addition, essentially no dispersion of second-sound pulses in mixture below 1°K was observed. This is in 
marked contrast to heat pulses in pure Het in this temperature region. Our results show general agreement 
with the theoretical predictions of Pomeranchuk, provided the effective mass yu of the He’ atom is allowed 


to vary from 2.0 m; at 0.2°K to 3.6 ms; at 1.8°K. 








INTRODUCTION 


ECOND sound is the name given to a type of wave 

motion, as yet found only in liquid helium II, in 
which a temperature variation, propagated through the 
liquid, obeys a wave equation. Experimental] studies of 
the velocity, absorption, dispersion, and shock effects-of 
second sound in pure He‘ made by a number of investi- 
gators,'~* have been quite valuable in checking and 
guiding the theories of liquid helium. Likewise of 
interest has been the effect of impurities, such as He’, 
added to the He‘ on the second-sound properties. 
Pomeranchuk,’ in 1949, treated this problem theoreti- 
cally and showed that the velocity of second sound, #2, 
should be drastically changed by quite small additions 
of He* in He‘. In the higher-temperature region above 
1°K, the principal effect of the He’ is to increase the 
entropy and, thus, the velocity. In 1950 Lynton and 
Fairbank* reported second-sound velocity measure- 
ments in dilute mixtures of He* in He‘ from 1.2°K to 
the lambda point which showed this increase in velocity 
and substantially supported the predictions of Pomeran- 
chuk. Recently, Weinstock and Pellam,’ using a thermal 
Rayleigh disk, have measured the velocity down to 
0.9°K in 4 percent He’ with similar results. 

In the low-temperature region below 1°K, small 
amounts of impurities should affect “.: even more 
drastically on Pomeranchuk’s theory. He shows that as 
the temperature is reduced, “2 for dilute solutions 
should pass through a maximum value and decrease 


* Assisted by the U. S. Office of Naval Research. 

t Part of a dissertation submitted by J. C. King for the degree 
of Doctor of Phil hy at Yale University. 

t Now at Bell Telephone Laboratories, Murray Hill, New 


ersey. 

J 1V. Peshkov, J. Phys. (U.S.S.R.) 8, 381 (1944); 10, 389 (1946). 
2 Lane, Fairbank, and Fairbank, Phys. Rev. 71, 600 (1947). 
*D. V. Osborne, Proc. Phys. Soc. (London) A64, 114 (1951); 

Nature 162, 213 (1948). 
4J. R. Pellam, Phys. Rev. 75, 1183 (1949). 
5K. R. Atkins and D. V. Osborne, Phil. Mag. 41, 1078 (1950). 
*R. D. Mauer and M. A. Herlin, Phys. Rev. 76, 948 (1949); 

81, 444 (1951). 

7I. Pomeranchuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 19, 42 

(1949). 

8 FE. A. Lynton and H. A. Fairbank, Phys. Rev. 80, 1043 (1950); 

79, 735 (1950). 

* B. Weinstock and J. R. Pellam, Phys. Rev. 89, 521 (1953). 
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toward zero. This is in striking contrast to the behavior 
in pure He‘, where the velocity increases several-fold 
below 0.8°K to “;/v3,"° where u; is the velocity of first 
sound in liquid helium IT at 0°K. On the other hand, 
Dingle" has suggested that the energy of interaction 
between He* atoms at very low temperatures may be 
sufficiently large that Pomeranchuk’s treatment would 
no longer be valid and #2 should approach the same 
limiting velocity ,/V3 as for He‘ at 0°K. 

We have extended the second-sound measurements 
into the ultra-low temperature region down to 0.2°K 
and obtained results in substantial agreement with the 
predictions of Pomeranchuk, leaving little doubt as to 
the validity of his basic approach. No evidence of the 
increase in “2 suggested by Dingle appeared, although 
this does not rule out such behavior at still lower 
temperatures. A preliminary report of our measure- 
ments of #2 below 1°K has already appeared.” This 
paper elaborates on the experimental techniques, gives 
more complete results, and discusses in more detail the 
theoretical implications. 


Il. EXPERIMENTAL METHOD 


The low temperatures were obtained by the adiabatic 
demagnetization of a pressed paramagnetic salt pill, 
thermally connected to the second-sound cavity as 
shown in Fig. 1. The salt-pill and second-sound cavity 
assembly was contained within an outer cylindrical 
cavity, closed at the top with a helium-tight “O”-ring 
sea! made of gold.” Around this cavity were wound the 
primary and secondary coils used to measure the mag- 
netic susceptibility and hence the temperature of the 


” This is the theoretical value of u, at absolute zero for pure 
He‘, assuming the phonon mean free path to be small. Recent 
measurements of deKlerk, Hudson, and Pellam [Phys. Rev. 89, 
326 (1953)], Kramers, van den Burg, and Gorter [Phys. Rev. 
90, 1117 (1953)], as well as some of our own [Fairbank, King, 
and Wheeler (to be published) ], give velocities that approach the 
velocity of first sound near 0°K with a large spreading of the 
received pulses, indicating long phonon mean free paths. This is 
no longer second-sound transmission in the ordinary sense. 

1 R. B. Dingle, Phil. Mag. 42, 1080 (1951). 

2 J. C. King and H. A. Fairbank, Phys. Rev. 90, 989 (1953). 

48 Wexler, Corak, and Cunningham, Rev. Sci. Instr. 21, 259 
(1950). 
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Fic. 1. The ultra-low temperatures assembly. An enlarged drawing 
of the second-sound cavity is shown on the right. 


salt.“ The pumping tube, soldered to the outer top, 
was connected outside the helium Dewar flask to a 
smal] He‘ reservoir and a 50-1/sec oil-diffusion pump. 
A pressure of 10-* mm Hg of helium was allowed in the 
outer cavity when the magnetic field was turned on, 
and then, just before demagnetization, the cavity was 
pumped to a pressure between 10-* and 10-* mm Hg. 

In this manner, a heat switch between the outside 
helium bath and the paramagnetic salt was effected. 
The helium bath, surrounding the outer cavity, was 
held at a temperature near 1°K by pumping on it with 
a high-capacity Kinney forepump. 

A 10-kilogauss magnetic field was provided by a 
Weiss-type electromagnet with 6-in. pieces and a gap 
of 2 in. The magnet was mounted on steel runners and 
could readily be moved several feet from the para- 
magnetic salt to effect the demagnetization. 

‘ The salt pill, illustrated in Fig. 2, was made of 11 
grams of chromium potassium sulfate. Crystals about 
1 mm in diameter were pressed into a cylindrical form, 
about a grid of copper, with a pressure of 2.5<X10° 
atmos.'* The filling factor f for the specimen, given by 
the density of the pill over the density of the pure 
crystal, was 0.94. The effective area of the embedded 
copper was calculated to be 40 cm? and was so dis- 


“N. Kurti and F. Simon, Proc. Roy. Soc. (London) 149, 152 


Mendoza, Ceremonies Langevin-Perrin, Paris, 1948 


(unpublished), p. 53. 
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tributed in the pili that no part of the salt was greater 
than 3 mm from a portion of the copper. This greatly 
improved the thermal contact between the inner cavity 
and the salt. 

The inner cavity, or the second-sound cavity, shown 
in detail at the right in Fig. 1, was made of machined 
copper. The top section, which was threaded to screw 
onto an extension of the copper embedded in the salt, 
functioned as a small helium reservoir as well as a mount 
for a carbon disk-type resistor.!* A second such resistor 
was mounted at the bottom of the cavity. One resistor 
served as a second-sound transmitter and the other as 
the receiver. The body of the inner cavity, containing 
the second-sound channel, was sealed between the 
resistor retainers by gold “O”-rings. Electrical leads 
were brought to the carbon disks through Araldite!’ 
seals. The channel was 8.54 mm in length and 2.8 mm 
in diameter. However, the design of the cavity makes 
any alteration in the geometry of the channel relatively 
easy. This type of cavity construction proved to be 
quite simple, reliable, and flexible. Our earlier designs, 
in which the electrical leads were brought in through 
Kovar-glass seals and the cavity was sealed with solder 
rather than with “O”-rings, were much more trouble- 
some to assemble and considerably more susceptible to 
misfortunes such as leaks. 

The inner cavity was filled via a small-bore, stainless- 
steel capillary having an inside diameter of 0.15 mm. 
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Fic. 2. The pressed paramagnetic salt ey showing the 
imbedded copper network. 


16H. A. Fairbank and C. T. Lane, Rev. Sci. Instr. 18, 525 


(1947). 
11 Obtained from CIBA Company, Inc., New York. 
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The small-diameter tubing was chosen to reduce the 
heat leak to the cavity brought about by the Rollin'* 
film. The calculated heat leak after demagnetization, 
caused by the creeping film’s evaporating at a higher 
temperature up the filling tube and recondensing in the 
inner cavity, is of the order of 10* erg/min. In view of 
the extremely poor thermal conductivity of the salt in 
the ultra-low temperature region," a heat influx to the 
copper cavity of this amount will naturally lead to an 
appreciable temperature difference between the copper 
and the salt. 

With these considerations in mind, a secondary 
thermometer in the form of a }-watt 270-ohm L.R.C. 
resistor was locked thermally to the inner cavity and 


calibrated versus the magnetic or Curie temperature — 


T*. The warm-up time for the calibration demagnetiza- 
tion, with the cavity void of helium, was over 80 min. 
This allowed for temperature equilibrium between the 
salt and the resistor. The resistance calibration was con- 
stant during a single run with a number of successive 
demagnetizations. However, the calibration shifted 
slightly between runs. 

All the electrical leads were thermally locked to the 
helium bath at the outer cavity top and brought outside 
the helium flask through the main pumping tube. 

The gas handling system, consisting of two Toepler 
pumps and associated manometry, provided the means 
to dilute accurately small amounts of the original 
He’— He‘ mixture (supplied by the Stable Isotopes 
Division of the U. S. Atomic Energy Commission) 
prior to condensing it in the inner cavity. 

The original gas sample, as analyzed with a mass 
spectrograph by the U. S. Atomic Energy Commission, 
was 4.30 percent+0.07 percent He’. As an added check 
on the value of the concentration, we measured the 
vapor pressure of this mixture at several temperatures 
below the lambda point in a specially designed appa- 
ratus and found good agreement with the vapor pressure 
values of Sommers” for the concentration given above. 
The lower concentration samples, prepared by diluting 
the original mixture by measured amounts of pure He‘, 
are estimated to be in error in concentration no greater 
than +5 percent of the concentration. 

The vapor volume above the inner cavity was kept 
sufficiently small to insure that the He’ concentration 
in the liquid was never depleted by more than 1 percent. 
This is a rather important consideration, since the vapor 
He’* concentration is much higher than that of the 
liquid.” # 

The velocity of second sound was measured using the 
pulse method?*.* whereby the time of flight of a single 
heat pulse between the transmitter and receiver, a 
known distance apart, is measured from the photograph 


18 B. V. Rollin, Proc. Intern. Congr. Refrig., 7th Congr. 1, 187 
(1936). 

” Kurti, Rollin, and Simon, Physica 3, 266 (1936). 

*” H. S. Sommers, Phys. Rev. 88, 113 (1952). 

*1 Taconis, Beenaker, Nier, and Aldrich, Physica 15, 733 (1949). 


SECOND SOUND IN He*—He* 


MIXTURES 23 





of an oscilloscope trace, using standard radar tech- 
niques. The error in the determination of m is no 
greater than 1 percent. 

The electronic components employed to generate and 
detect the heat pulse were essentially the same as those 
previously described.* The square voltage pulse sent to 
the transmitting resistor was usually between 20 and 60 
microseconds wide. The power dissipation at the resistor 
during the pulse was 0.2 watt/cm?. The receiver current, 
on for less than a second per measurement, dissipated 
about 60 ergs/sec. Care was taken to keep the power 
fed to the transmitter and the receiver resistance small 
in each pulse for the following reasons: 

(1) The isotope equilibrium can be easily upset by 
the “heat flush” effect,” the He® atoms being swept 
away from the heat source. For very low He’ concen- 
trations this effect was observed and will be discussed 
later. However, there was ample evidence that no 
appreciable isotope separation was occurring for He* 
concentrations of 0.3 percent and above for the power 
inputs used. 

(2) Shock-wave effects with larger apparent velocities 
will show up for large transmitter pulse amplitudes as 
observed earlier by Osborne’ in pure He‘. However, 
the pulse amplitude has to be increased considerably 
above that normally used before the shock-wave effects 
become noticeable. In this temperature range, shock 
waves can be detected by the sharpening of the leading 
edge of the heat pulse and by the increase in velocity 
with increasing pulse amplitude. 

(3) The specific heat of the liquid becomes very low 
in this low-temperature region (although considerably 
higher in the mixtures than in pure He‘), It is therefore 
necessary to reduce the transmitter pulse power accord- 
ingly as the temperature is reduced, if one is to keep the 
temperature amplitude of the pulse to a reasonable size. 

The procedure for making the measurements was as 
follows. After demagnetization from a field of 10 kilo- 
gauss, heat pulses were triggered and photographed on 
the average of every 30 seconds, during the warm-up 
period. For the mixtures, this warmup time varied 
between 22 and 52 minutes. During this period, the 
resistance of the secondary thermometer was recorded 
as a function of time and compared with the calibration 
curve of R versus T* to determine the Curie temperature 
at the time the pulse was triggered. 


Ill, TEMPERATURE MEASUREMENT 


In determining the thermodynamic temperature of 
the liquid, using the susceptibility of the salt pill as a 
primary thermometer and the carbon resistor attached 
to the copper second-sound cavity as a secondary 
thermometer, three corrections must be considered: 


* Lane, Fairbank, Aldrich, and Nier, Phys. Rev. 73, 256 (1948). 
*% Reynolds, Fairbank, Lane, McInteer, and Nier, Phys. Rev. 
76, 64 (1949). 
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Fic. 3. Cathode-ray oscilloscope trace of second-sound pulses. 
The transmitted pulse, beginning at A and ending at B, is picked 
up in the receiver by stray electromagnetic coupling. The be- 
ginning of the received pulse occurs at C. Top trace: 20-yusec 
pulse at 0.45°K in pure He* (250-ysec sweep). Middle trace: 
30-ysec pulse at 1.6°K in pure He‘ (1000-usec sweep). Bottom 
trace; 35-ysec pulse at 0.45°K in 0.32 percent He? mixture (1000- 
psec sweep). A 50-kc/sec sine wave is superimposed on two of 
the traces for calibration. 


(a) The Curie temperature 7* of the salt may deviate 
slightly at the lowest temperatures from the thermo- 
dynamic temperature. 

(b) Since the salt pill is not spherical, a correction for 
the actual shape of the pill must be made in calculating 
i 

(c) There may be a difference between the tempera- 
ture of the salt and the resistance thermometer during 
the calibration warmup period. 


The correction under (a) can be shown to be small for 
potassium chrome alum in the temperature range of 
these measurements. At the lowest temperature, 0.2°K, 
7*—T is no more than 0.01°K on the theory of Hebb 
and Purcell.“ This correction has not been made, and 


% M. H. Hebb and E. M. Purcell, J. Chem. Phys. §, 338 (1937). 


the temperatures reported are Curie temperatures. The 
shape-factor correction (b) was made by calculating 
T* from the modified form of Curie’s law 


I/Ho=a/(T—A), 


in which J is the intensity of magnetization of the salt, 
Hp is the external applied field, a is the Curie constant 
of the salt, and A= {(49/3—D) is the factor introduced 
to account for the shape of the pill (A is zero for a 
sphere). Here f is the filling factor of the compressed 
salt pill and D is the demagnetization factor.”* A for 
our pill was 0.020°K+0.002, the uncertainty arising 
mostly from the difficulty of calculating the demagnet- 
izing factor of the pill with the copper network present. 
Our actual procedure was to measure the mutual 
inductance M of the coils surrounding the salt pill (by 
the ballistic galvanometer method)" at several temper- 
atures between 1 and 4°K. The temperatures were 
obtained from the vapor pressure of the surrounding 
bath, using the 1949 scale of temperature. A plot of M 
(or galvanometer deflection) vs 1/(T—A) gave a 
straight line which then could be extrapolated to give 
T* for temperatures below 1°K. 

There remains the possibility, (c), that there was a 
temperature difference between the carbon-resistance 
thermometer and the salt pill during the calibration 
run. We estimate this to be small, less than 0.01°K at 
the lowest temperature. Resistance and salt-tempera- 
ture measurements were taken simultaneously on 
several runs where the heat flow from cavity to salt was 
several times greater than during the calibration run. 
By comparing the results from different runs a good 
check of the above estimate was obtained. 


IV. RESULTS 


Second-sound pulses in dilute mixtures at ultra-low 
temperatures exhibit two distinct features which are in 
contrast to heat pulses in pure He‘ at this temperature. 
First, #2, after reaching a maximum value of about 
35 m/sec just below 1°K, decreases with decreasing 
temperature. Secondly, there is almost a complete 
absence of the spreading of the heat pulses which occurs 
for heat pulses propagated in pure He‘ below 0.6°K. 
These features can be observed in Fig. 3. The top 
picture is that of a scope trace showing the time of 
flight of a 20-microsecond heat pulse in pure He‘ at 
0.45°K. It can readily be seen that the pulse suffers 
considerable dispersion and, too, that its velocity is of 
the order of 200 m/sec. (The calibration signal is a 
50-kc/sec sine wave.) The scope picture at the bottom 
of Fig. 3 is of a pulse in a 0.32-percent He* mixture at 
the same temperature. The calibration signal is un- 
changed. In addition to the almost tenfold decrease in 
tua, the pulse is very little distorted. 

In Table I are listed the values of m2 together with 
their corresponding 7* values for 4.30-, 0.62-, and 


= E. C. Stoner, Magnetism and Matter (Methuen and Company, 
London, 1934), p. 38. 
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0.32-percent He’ concentration, respectively. These 
and 7* values are used in plotting the curves shown in 
Fig. 4. The curve, shown without points in this figure, 
is for pure He‘ and represents the composite results of 
several investigators.!.?-6.8.10 


V. DISCUSSION 


General theoretical treatments of the effects of addi- 
tion of He® to He‘ upon the thermodynamics of He II 
and upon the propagation of second sound have been 
put forth by Pomeranchuk,’ Koide and Usui,” and 
recently by Price.2”7 Pomeranchuk starts with the two- 
fluid hypothesis and further assumes that the He’ 
contributes only to the normal component density pn. 
His theory applies to dilute solutions (e«<0.01, where « 
is the mole fraction of He*) at temperatures above 
0.2°K where classical statistics can be applied to the 
He’ atoms. He also treats the behavior very close to 
0°K, where the He* can be considered a completely 
degenerate Fermi-Dirac gas. Price’s approach is some- 
what more general in that he does not restrict the He* 
to the normal component only, However, if this as- 
sumption, which now has considerable experimental 
support,”'~*.?8 is imposed on his theory, his expression 
for the velocity of second sound reduces to that of 
Pomeranchuk. We will attempt no comparison of our 
data with the theory of Koide and Usui, since it is 
restricted by the authors to the region between the 
lambda point and 1.5°K. 


TABLE I, Velocity of second sound versus temperature 
for various He? concentrations. 








4.30% He® 
T*(°K) u2(m/sec) 


0.293 21.35 
0.309 22.25 
0.324 22.82 
0.350 23.70 
0.381 24.80 
0.415 25.70 
0.433 26.52 
0.453 26.50 
0.473 27.55 
0.517 28.85 
0.567 30.07 
0.624 31.40 
0.687 32.60 
0.722 33.36 
0.761 34.16 
0.806 34.70 
0.856 35.55 
0.914 35.85 


0.62% He® 
T*(°K) u2(m/sec) 


0.206 21.35 
0.215 21.68 
0.226 21.90 
22.83 
23.52 
24.53 
25.11 
25.87 
26.52 
27.36 
28.45 
29.65 
30.95 
32.10 
33.50 
34.42 
35.15 
34.72 
32.60 
31.40 


0.32% He® 
T*(°K) u2(m/sec) 


0.260 24.95 
0.267 25.10 
0.287 25.40 
0.312 25.72 
0.337 26.36 
0.359 27.02 
0.377 27.55 
0.397 28.10 
0.418 28.65 
0.453 29.65 
0.477 30.50 
0.503 30.95 
0.531 32.10 
0.561 32.83 
0.629 34.43 
0.667 34.70 
0.730 35.15 
0.779 35.00 
0.837 34.16 
0.903 32.58 
0.973 30.50 
1.010 29.05 
1.035 28.45 
1.060 27.55 
1.072 26.84 











26S. Koide and T. Usui, Progr. of Theoret. Phys. (Japan) 6, 
506 (1951). 

27 P, J. Price, Phys. Rev. 89, 1209 (1953). 

28 Daunt, Probst, Johnston, Aldrich, and Nier, Phys. Rev. 72, 
502 (1947). 
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VELOCITY OF SECOND SOUND IN METERS PER SECOND 


Fic. 4. Second-sound velocity versus temperature for several 
He® concentrations. Curve A, pure He*. Curve B, 0.32-percent 
He®. Curve C, 0.62-percent He*. Curve D, 4.30-percent He’. 


For the velocity of second sound in dilute solutions 
above 0.2°K, Pomeranchuk obtains the expression 


pO ke\? ke 
w=" (s+—) +c}, 
ms, 


Pn ms, 


where Sy and p, at temperature T°K are the entropy of 
pure He‘ and the superfluid component density, respec- 
tively. In this expression ¢, the mole fraction of He’, 
enters into the expression for C, the specific heat of the 
mixture, as well as for p,, the normal component density 
of the mixture. Pomeranchuk suggests that the ele- 
mentary excitations connected with foreign atoms, 
namely He’, dissolved in Het, will give rise to one of 
two possible energy spectra, either 


B= Eqt #*/2% (2) 
E= Ext (p—po)?/2u, (3) 


where, by Eq. (2), the minimum energy corresponds 
to po=0 and by Eq. (3), to ~px¥0. The most important 
effect of the energy spectrum upon the velocity of 
second sound enters into the”expression for p,, which 
can be expressed as 

(4) 


where pxo is the contribution to the normal component 
density due to pure Het and p,, is the contribution due 
to the He*® impurity atoms. For the two postulated 
spectra Pomeranchuk, following Landau,” shows that 


(1) 


Pn=Pnot Pri; 


[for po=0, assumption (2)], (5) 


p 
Pni=——HE 
ms 


p e 
Pui=———e [for pox¥0, assumption (3) ], 
ms, 3 


* L. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941); 11, 91 (1947). 


(6) 
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where p is the density of the mixture, and yw is the 
effective mass of the He’ atom in solution. Since p,, is 
independent of 7 in one case and inversely proportional 
to T in the other, an experimental determination of pp; 
as a function of T can determine which energy spectrum 
is obeyed. 

Qualitatively, the effect of impurity atoms on the 
second-sound velocity as given by Eq. (1) is the same 
on either assumption for the energy spectrum. In the 
higher-temperature region above 1°K the velocity is 
increased by the presence of the He’ through the terms 
involving «. At lower temperatures the effect of € on pas 
becomes the predominating effect because pai>pno, 
and #, falls to low values. Below about 0.6°K, when 
ke/m>>So, Eq. (1) reduces to 


u;'=5kT/3u (for po=0), (7) 
u2= 3kT/ po (for pox). (8) 


The experimental values of #2 from 0.2°K to 1.9°K 
for dilute solutions less than 1 percent He* are in 
excellent qualitative agreement with these predictions 
of Pomeranchuk and in good quantitative agreement if 
the first assumed energy spectrum, with po=0, is used 
[ Eq. (2)]. However, the adjustable parameter « turns 
out to be larger than the actual mass of the He* atom 
and slightly temperature-dependent, as will be seen. 

The confirmation of Pomeranchuk’s theory in the 
higher-temperature region above 1.25°K was evident 
from the earlier “, measurements of Lynton and Fair- 
bank® taken in 0.09, 0.21, 0.41, and 0.80 percent He’ 
in He‘. Using these experimental values of “2 in Eqs. 
(1) and (4), Khalatnikov® and Lynton and Fairbank" 
independently calculated pj; for several temperatures 
and concentrations and found it to be proportional to 
«and nearly independent of temperature, in agreement 
with Eq. (5). This then confirmed the energy spectrum 
with fo=0 for the impurity atoms.” The effective 
mass was found to be about three times the mass of a 
He’ atom.” 

In the lower-temperature region the data of this paper 


I. M. Khalatnikov, Akad. Nauk S.S.S.R. (Doklady Akad. 
Sci.) 79, 57 (1951). 

FE. A. Lynton and H. A. Fairbank, Proc. Internat. Conf. on 
Low Temp. Physics, Oxford University, Oxford, p. 88 (1951). 

* The suggestion made in the earlier paper of Lynton and 
Fairbank (see reference 8) that their data were in better agreement 
with the assumption o»0, was based on the assumption that yu 
was the mass of a He* atom. This assumption is not required in 
Pomeranchuk’s theory, and by letting wu take on larger values 
than m;, Lynton and Fairbank (see reference 31) came to the con- 
clusion outlined above (i.e., p90). There is little doubt that this 
conclusion is correct, especially in view of the results of this paper 
below 1°K. 

® Khalatnikov found u=2.85m, to within +5 percent between 
1.2 and 1.7°K. Lynton and Fairbank found poor ¢ me at 1.25°K, 
rising to about 3.8 between 1.4 and 1.9°K. This discrepancy is 
unexplained, although some difference could easily arise from a 
different choice of values of the other parameters in Eq. (1). The 

parent increase in yw with increasing temperature, seen in 
Lynton and Fairbank’s calculations, remained when we recalcu- 
lated the values using Kramer’s Sp and Co values. This is con- 
sistent with the temperature dependence of wu at lower tempera- 
tures (see Fig. 5). 
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likewise are in good agreement with Pomeranchuk’s 
predictions with the same energy spectrum assumption 
(po=0). However, to obtain good agreement between 
experiment and theory, » must be allowed to vary from 
about 2.0 m; at 0.2°K to 3.6 m; at 1.8°K, as shown in 
Fig. 5. Our procedure in arriving at these results was 
to calculate 4 from Eqs. (1), (4), and (5), using the 
experimental values and “2 and the So and Co values of 
Kramers, Wasscher, and Gorter.™ pao was calculated 
from the equation = (7T/Co)(p./pno)So?, where the 
second-sound velocities were the combined results of 
several investigators. In the temperature region above 
1.25°K, the values of u in Fig. 5 were recalculated from 
the “2 values of Lynton and Fairbank in solutions up 
to 0.8 percent He’, using the latest specific-heat and 
entropy data for pure He*. The points at 1.0 and 1.1°K 
were taken from our values of #2 in a 0.95 percent He’ 
mixture, and the lower points calculated from the 0.6 
percent He* mixture results (Table I). The estimated 
error in the temperature determinations below 1°K is 
indicated in this figure ty a line through each point. 

Below 0.6°K it should be noted that our results show 
uz to be nearly independent of He* concentration, as 
required by Eq. (7). Likewise, the experimental values 
of “2 below 0.6°K are nearly proportional to T4, as 
predicted by Eq. (7). The deviation from this prediction 
is a reflection of the temperature-dependence of yu. 

In the temperature region below 0.6°K, the normal 
component density of the He II becomes exceedingly 
small; hence, the density attributed to the He’® atoms 
given by Eq. (4) becomes increasingly dominant. 
(This holds as well for the entropy and specific heat of 
the mixture.) In other words, the primary excitation 
energy in a dilute mixture at ultra-low temperatures 
can be attributed to the He* atoms which apparently 
have a roton type of spectra. 

In pure He‘, on the other hand, the excitations are 








Fic. 5. The effective mass of He* as a function of temperature. 


* Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 

% Indeed, a concentration of 0.6 — He is sufficiently 
large to give to the mixture a normal density equal to the normal 
density of pure He‘ at 1.0°K. 








SECOND SOUND IN He!—He‘ 


almost entirely phonons below 0.6°K, with the rotons 
predominating at higher temperatures. Thus, the large 
rise in the velocity and the spreading of the received 
pulse which occurs in pure He‘ below 0.6°K (e.g., see 
Fig. 2) would not be expected in the mixtures, since 
this behavior is a consequence of the phonon-type 
excitation spectrum. Instead, one might expect the 
propagation of a heat pulse in the mixtures at low 
temperatures to be similar to the propagation in pure 
He‘ in the higher-temperature region where the excita- 
tion spectrum is similar. Qualitatively, the shape of 
the heat pulse in a dilute mixture (see Fig. 3) does 
indeed resemble a heat pulse in pure He‘ at higher 
temperatures and shows none of the spreading char- 
acteristic of pulses in pure He‘ at low temperatures. 
Putting this another way, the phonon mean free path 
is so long at low temperatures that heat propagation in 
pure He‘ becomes a diffusion process. However, in the 
mixtures the He’ excitation mean free path is still short 
enough to allow genuine second-sound propagation. 

It is of interest to speculate upon how little He’ is 
necessary to change effectively the velocity cf second 
sound in He‘ in the ultra-low temperature region. At 
low enough temperatures any impurities present would 
govern the behavior on Pomeranchuk’s theory. An 
experimental attempt to this end was made using a He’ 
concentration of 0.017 percent. The results are shown 
in Fig. 6, together with the theoretical curve calculated 
from Eq. (1) using values of u taken from Fig. 5. For 
purposes of comparison, “2 for pure He‘ is included, 
taken with the same apparatus under identical condi- 
tions.** Apparently the large deviations between the 
theoretical curves are brought about by heat-flush 
effects”* in the cavity produced by the heat influx 
from the creeping film. This effect essentially sweeps 
out most of the He® atoms from the second-sound 
channel below about 0.4°K, since 2 for this mixture 
approaches the value for pure He‘ below this tempera- 
ture. Reliable measurements of u: for e310 thus 
appear impossible unless the heat leak to the cavity is 
greatly reduced or the mixture stirred. For the above 
reasons it is not likely that the small concentration of 
He’ in ordinary Het is likely to affect appreciably the 
second-sound properties even at the lowest tempera- 
tures. Commercial helium has a He’ concentration ratio 
of 1.3X10-* in atmospheric helium and 1.6X10~’ in 
well helium.*’ 

It should be observed, however, that since u, below 
about 0.6°K is virtually independent of He’ concen- 


36 The 2 values for pure He‘ in Fig. 6 were taken in the same 
cavity with the same pulse amplitude as for the He*— He‘ mixture 
curves for direct comparison. These values are slightly high in 


the low-temperature region because of a shock effect which shows 
up in pure Het for these pulse amplitudes. They are also higher 
than values of uz obtained with come cavities, probably as a 
result of the long mean free path of the phonons below about 
0.6°K. We are publishing the details of our helium 4 measurements 
in a separate paper (see reference 10). 

37. T. Aldrich and A. O. Nier, Phys. Rev. 70, 983 (1946); 
71, 911 (1947). 
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Fic. 6. Second-sound velocity as a function of temperature in 
0.017 percent He* mixture, illustrating the effect of heat-flush 
separation of the isotopes at low temperatures and concentrations. 
Curve A represents the predictions of Pomeranchuk’s theory. 
Curve B gives the experimental results, Curve C is a comparison 
curve for pure He‘ under the same conditions. 


tration for dilute solutions, gradients in the isotope 
concentration caused by heat flush would not be ex- 
pected to effect materially the measured velocities 
unless nearly complete heat flush occurred. 

Pomeranchuk’s theory outlined above is a valid 
approximation only in the region where classical sta- 
tistics can be applied to the He’ atoms. In the very low 
temperature region, assuming complete, Fermi-Dirac 
degeneracy for the He*® atoms, Pomeranchuk derives 
another expression for #2 in which the limiting value of 
the velocity of second sound at 0°K is small but finite 
and proportional to the cube root of the He’ concen- 
tration (for ~o=0). This is in contrast to Dingle’s 
suggestion that #2 should approach u,/V3 near 0°K in 
He*— He* mixtures. Measurements at lower tempera- 
tures are clearly required. 
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Second Sound Propagation below 1°K* 
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The pulse method has been employed to measure the velocity of second sound in liquid helium, ue, in the 
temperature range 0.015°-1.0°K. The liquid helium was in thermal contact with a sample of chromic 
potassium alum and cooling was achieved by adiabatic demagnetization. 

In the region of 0.8°K, u2 rises quite abruptly, reaching the Landau velocity of u;/v3 by 0.5°K. Thereafter 
it continues to increase, but much less rapidly, with decreasing temperature. A further sharp rise was ob- 
served for low-energy pulses at about 0.05°K, suggesting an approach to the velocity of sound u; at ab- 
solute zero. 

In the phonon region below 0.5°K, the thermodynamic quantity p,/p shows very nearly the fourth-power 
(actually 4.18) dependence on temperature predicted by Landau. Values for the roton contribution to the 
normal fluid concentration (pn)rot/p agree very well with Landau’s predictions, with a small adjustment of 
the constants in the theory. 

For the smallest pulses used, the distortion (or dispersion) is very small when the pulse temperature is 
smaller than the ambient value and large when the reverse is true. For larger pulses the spreading decreases 
very slowly as the temperature rises through the phonon region, then rapidly with the onset of excitation of 
rotons. Above 0.05°K, the velocity associated with the leading edge of the received pulse appears to be 


independent of pulse energy and the degree of distortion. 


I. INTRODUCTION 


HERE has been need for some time for a precise 

and reliable determination of the wave velocity 
of second sound below 1°K and its extension down to 
within a few hundredths degree above absolute zero. 
Important theoretical conclusions may be drawn from 
the general behavior of thermal waves in this tempera- 
ture range, and basic thermodynamic quantities may 
be evaluated from the velocity measurements. This is 
particularly the case in view of new and unexpected 
behaviors of second sound in the region below 0.1°K 
or 0.2°K, suggesting need for rather more sophisticated 
theoretical treatment of the problem at these extreme 
low temperatures. 

The original early stalemate between the Tisza' and 
Landau’ viewpoints had already begun to be resolved 
in favor of Landau’s predictions even prior to investiga- 
tions at demagnetization temperatures. For example, 
Peshkov’s' measurements down to 1.03°K revealed a 
suggestion of a minute upward trend with decreasing 
temperature. Shortly thereafter Maurer and Herlin‘ 
achieved a temperature of 0.9°K and observed the 
velocity to rise to 23 m/sec, compared with the mini- 
mum of roughly 18.7 m/sec near 1.05°K. 

First observations of second-sound velocity behavior 
at temperatures attained by adiabatic demagnetization 
were made by Pellam and Scott,’ who effectively elimi- 


* Supported in part by the U. S. Office of Naval Research. 
t On a one-year leave of absence from the University of Leiden, 


Netherlands. 

‘LL, tf phys. et radium 1, 165, 350 (1940) ; Phys. Rev. 72, 
838 (1947); 75, 885 (1949). 

*L. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941); 8, 1 (1949); 
Phys. Rev. 75, 884 (1949). 

8V. Peshkov, J. Phys. (U.S.S.R.) 10, 389 (1946); J. Exptl. 
Theor. Phys, (U.S.S.R.) 18, 951 (1948). 

4R, Maurer and M. Herlin, Phys. Rev. 76, 948 (1949). 

5 J. R. Pellam and R. B. Scott, Phys. Rev. 76, 869 (1949). 
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nated Tisza’s predictions for below 1°K by measuring 
velocities as high as 34 m/sec. The object of the experi- 
ment being an unambiguous decision between the op- 
posing Tisza-Landau viewpoints, no effort was made 
to ascertain the temperatures reached. More recently, 
Atkins and Osborne® performed a similar experiment in 
which they cooled samples of liquid helium sufficiently 
to observe velocities in the range of 150 m/sec and from 
which they plotted wave velocity versus temperature 
below 1°K. This experiment contributed immensely to 
the final substantiation of Landau’s predictions, but 
unfortunately their rapid warm-up time of about one 
minute effectively precluded meaningful temperature 
determinations. Although their plotted curve was 
roughly correct in general shape, it now appears that 
the measured temperatures were too low by about 2/10 
deg throughout much of the range below 1°K, and in 
fact they evidently reached lowest temperatures of 
0.3°K rather than their reported value of 0.1°K. 
Present measurements’ actually in the range from 
0.3°K down to a few-hundredths deg K (apparent) 
reveal further, and quite unexpected, rises in velocity 
to values considerably exceeding the Landau prediction 
of 1/v3 times the velocity of first sound which Atkins 
and Osborne had appeared to have fully substantiated. 
Furthermore, it now appears that the well-known 
second sound pulse broadening’? may, under some 
circumstances—particularly at the lowest temperatures 
—constitute an ‘“over-loading” phenomenon in which 
the liquid helium II is simply incapable of carrying 
sufficient heat current to transmit a well-bunched pulse. 
Precise determination of second-sound velocity has 
now permitted an indirect evaluation of the normal 
fluid concentration p,/p from 1°K down to 0.02°K. This 


6K. R. Atkins and D. V. Osborne, Phil. Mag. 41, 1078 (1950). 
1 de Klerk, Hudson, and Pellam, Phys. Rev. 89, 326 (1953). 
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is of particular interest in the 1.0°K-0.5°K range,where 
the effects of the roton contribution are most striking. 


Il, APPARATUS 
A. Cryogenic 


The low temperatures were produced by the adiabatic 
demagnetization of a mixture of paramagnetic salt and 
liquid helium from a starting temperature of 1.15°K 
and an initial field of about 20 000 oersteds. The ‘‘mag- 
netic temperature” immediately after demagnetization 
was then of the order of 0.05°, corresponding to an 
absolute temperature of about 0.015°K.* 

The cryogenic apparatus is very similar to that used 
by Kramers, Wasscher, and Gorter® for specific heat 
measurements and embodies the technique for main- 
taining liquid helium at very low temperatures de- 
veloped by Hudson, Hunt, and Kurti. The demag- 
netization unit A (Fig. 1) is enclosed in a vacuum 
chamber comprising a soft-glass envelope B which may 
be evacuated through the tube 7. The unit is connected 
at a ring seal D to a second pumping line E via a capil- 
lary C, 8 cm long and a few tenths of a millimeter inside 
diameter. The salt (potassium chromic alum) was hand- 
packed into an ellipsoidal space G, 5 cm by 2.5 cm, small 
wads of glass wool H being inserted to prevent move- 
ment of the salt crystals during handling. 

The second sound chamber is a cylindrical extension, 
J, of the salt container. The current leads from the 
heater elements (see below) pass upward through the 
salt to platinum-glass seals K, which are soldered to 
spirals of (No. 36) constantan wire Z suspended from 
a second set of platinum-glass seals M. [From here the 
leads pass upward through the liquid helium bath via, 
coaxial conductors (see below) and out of the cryostat 
through a simple rubber vacuum seal. ] The constantan 
has the advantage of high thermal resistance at low 
temperatures and the disadvantage of a fairly high 
electrical resistivity, such that the consequent Joule 
heat developed in them could impair the thermal in- 
sulation of the liquid helium after cooling. The size of 
wire chosen effected a compromise between these con- 
flicting considerations: the (uncoiled) wires were about 
15 cm long and so had a resistance of about 4.5 ohms at 
1°K which was quite small in comparison with the 
resistance of the transmitter and receiver (about 800 
ohms and 2500 ohms, respectively). The heat influx 
through each wire was estimated, from the data of 
Berman," to be about 2 ergs/min. (Spirals of fine lead 
wire were used at first, but their lack of strength and 
rigidity outweighed the advantage of the very small 
thermal conductivity of pure lead in the superconduct- 
ing state.) 


8 de Klerk, Steenland, and Gorter, Physica 15, 649 (1949), 
® Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 
” Hudson, Hunt, and Kurti, Proc. Phys. Soc. A62, 392 (1949). 
"4 R. Berman, Phil. Mag. 42, 642 (1951). 

12 W. J. de Haas and A. Rademakers, Physica 7, 992 (1940). 
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and, for the sake of clarity, it has been drawn at right 
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Fic. 1. Apparatus. 


In this type of apparatus, there is an unavoidably 
large heat influx through the capillary due to the evapo- 
ration of the mobile helium film in the upper part of C 
(Fig. 1) and the subsequent recondensation of that part 
of the vapor which is not removed by the pumps con- 
nected to EZ. In our arrangement, this amounted to 
about 1800 ergs per min under the best conditions, 
corresponding to a “natural” warm-up time (i.e., with 
no injection of energy by pulsing) of well-over an hour. 
In general, 20-30 velocity measurements were made per 
demagnetization, and the system returned to bath- 
temperature in about 30 minutes. 

Radiation from the high-temperature parts of the 
cryostat can, however, contribute far larger heat- 
influxes, and for this reason the envelope B was silvered 
externally. The lines E and F were also provided with 
radiation traps; in Fig. 1 only one such trap is shown 
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angles to its real position so as to lie in the plane of 
the paper. 

“Magnetic temperatures” were derived from meas- 
urements of the susceptibility of the paramagnetic salt, 
made by means of a Hartshorn-type ac mutual in- 
ductance bridge.” A primary coil was wound on the 
liquid helium Dewar vessel so as to produce a uniform 
magnetic field over the salt. A secondary winding 
around G on the outside of the vacuum case, B (com- 
prising 350 turns of No. 42 Formex), completed the 
mutual inductance of which G constituted the core. 


B. Electronic 


The usual well-known methods of heat pulsing" were 
employed. This involved feeding electrical impulses to 
the resistor comprising the transmitter element and 
detecting the resulting heat pulses upon their arrival 
at the opposite end of the second sound unit. The ob- 
served time in transit through the known separation 
between the inner faces of these elements provided the 
direct determination of second sound wave velocity. 

The second sound unit was designed along more or 
less standard lines. This device, which is set vertically 
within the cylindrical enclosure J (Fig. 1) beneath the 
paramagnetic salt, consists of a thermal transmitter and 
receiver spaced with their effective inner surfaces 5.1 
cm apart. Each element is composed of a thin layer of 
carbon supported on the inner surface of a noncon- 
ducting disk (commercial resistance strip); the outer 
edges and centers are coated with silver electrode paint 
to form electrodes. In each disk, current flows radially 
between the inner and outer electrode rings. These 
disks are spaced at the fixed distance of 5.1 cm and kept 
parallel to each other by means of a bakelite rod of 
diameter equal to the outside diameter of the inner 
conductor ring. Thus, in addition to providing support, 
the rod occupies the central cylindrical portion over 
which signals were not generated, thereby assuring 
plane-wave propagation. The diameter of the disks is 
about 4 mm less than the inner diameter of tube J to 
provide thermal contact (via the liquid helium IT) with 
the remainder of the system. The liquid helium within 
J, supporting the second sound propagation, is thus 
thermally linked with the paramagnetic salt for both 
cooling and temperature measurement. Above M (Fig. 
1), one lead from each element is grounded to a small 
(zy-in. copper-nickel) tubing providing coaxial shield- 
ing, the other constituting the coaxial center conductor. 


Ill. PROCEDURE 
A. Cryogenic 


The method of calibrating the magnetic thermometer 


and measuring the magnetic temperature is well known 
——______s 

48 L. Hartshorn, J. Sci. Instr, 2, 145 (1925); Casimir, de Haas, 
and de Klerk, Physica 6, 241 (1939). 

“J, Pellam, Phys. Rev. 75, 1183 (1949); D. V. Osborne, Proc. 
Phys. Soc. (London) A64, 114 (1951). 


enough to obviate the need for detailed description. 
Absolute temperatures were derived from the 7* values 
according to the measurements of de Klerk, Steenland, 
Gorter,’ and Bleaney."* 

We found it convenient to avoid the use of “exchange 
gas” and to remove the heat of magnetization by pump- 
ing off vapor from the capillary. The! loss of liquid 
helium from the salt chamber per magnetization was 
only a small fraction of a cubic centimeter. 

After demagnetization the warming-up of the system 
was observed by susceptibility measurements at inter- 
vals of a few seconds, with an interruption after every 
5 or 6 readings while a velocity determination was 
being made. 


B. Electronic 


The data were observed oscillographically by trigger- 
ing the horizontal time scale simultaneously with the 
start of the initial generating pulse, the received signal 
being presented upon the vertical scale at the position 
representing the intervening time delay. These voltage 
impulses were produced by the temperature dependence 
of the carbon detector surface carrying constant dc 
current (i.e., acting as a bolometer) and were amplified 
for presentation on the oscilloscope screen. Such data 
were recorded photographically for later analysis, the 
time delays being determined directly by counting the 
intervening scope delay time markers (for the fastest 
time sweep, employed at the lowest temperatures, the 
markers were 10 ysec apart ; for the higher temperatures 
the markers occurred at 50-ysec intervals). 

Whereas square wave dc pulses had been used in 
earlier investigations, the present experiments were 
conducted by applying square wave modulated ac 
electrical pulses to the thermal generator. These square 
wave pulses were of 22.5-kc/sec carrier-wave frequency, 
80 ywsec-100 usec duration, and a repetition rate of 88 
per second, The primary advantage of these “c-w 
pulses” was to reduce the effect of direct electrical 
pick-up between the transmitter and receiver leads 
along their unshielded portions within the extremelow 
temperature portion ef the apparatus. (dc pulses shock 
the receiver unidirectionally and thus often leave it 
partly insensitive at the arrival-time of the heat 
pulse.) Actually these 22.5-kc/sec electrical pulses pro- 
duced heat pulses of double this frequency, 45 kc/sec, 
superposed on a background dc square-wave pulse of 
equal amplitude (the two terms of RJ? cos*wi=}$RP 
+4RI cos2wt). Since the receiver amplifier was not 
tuned to this second sound frequency of 45 kc/sec, but 
had instead essentially flat characteristics, the dc back- 
ground component comprised the predominant received 
signal; the comparatively high thermal inertia of both 
the transmitter and receiver elements at 45 kc/sec 
apparently suppressed this signal relative to the steady 


16 B, Bleaney, Proc. Roy. Soc. (London) A204, 216 (1950). 






































































background heat current accompanying each pulse. 
Thus, from the standpoint of interpreting the data, the 
results may be considered as representing simple dc 
pulsing. 


IV. RESULTS 


The majority of the results were obtained in a series 
of experiments conducted during July-August, 1952, 
and have been described briefly in an earlier publica- 
tion.’ Further work was carried out in February, 1953, 
by two of us (RPH and JRP) in order to determine 
whether the measured velocity was dependent on pulse- 
size and particularly to observe velocities for very small 
pulses at the lowest temperatures, where the problem of 
temperature equilibrium becomes acute. In these latter 
experiments we benefited from the kind cooperation of 
Dr. C. K. McLane, on leave from the University of 
Wisconsin. 


A. Velocity 


The velocity results are presented in two graphs, 
Fig. 2(a), showing the detailed variation of second 
sound velocity with temperature from 1.1°K down to 
0.5°K, and Fig. 2(b), showing the over-all behavior 
from 1.1°K down to 0.015°K. Regarding the upper 
temperature range, we have already pointed out the 
large amount by which our measured values exceed 
those of Atkins and Osborne and have given the ap- 
parent reasons so that we need not dwell further on 
this discrepancy. 

The primary purpose of an accurate determination of 
wave velocity uz in the 0.5°K-1°K range is to provide 
data for evaluating the normal fluid concentration p,/p 
at these temperatures below the working range of the 
direct Andronikashvilli type of measurement. Accurate 
information on second sound velocity also permits the 
evaluation of the roton portion of normal fluid concen- 
tration (p»)roton/p- 

For temperatures below 0.5°K, the second sound 
velocity behaves in a somewhat strange manner. Al- 
though the velocity shows some tendency toward level- 
ing off at about the Landau value of u;/V3 in the vicinity 
of 0.5°K, this effect is only partial. In fact the velocity 
continues to rise at a reduced but fairly uniform rate 
down to about 0.1°K and below this rises even faster. 
It appears that an ultimate value in the neighborhood 
of first sound velocity “,; may occur at low enough 
temperatures. 

From run to run the quality of the results obtained 
varied considerably, major difficulties being interference 
and instability in the electronic equipment and “cross- 
talk” between the transmitter and receiver circuits. 
The results here presented are derived only from such 
oscilloscope traces as could readily be ‘“‘counted,” and 
these were considerably fewer in the second series of 
experiments than in the first. 
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Fic. 2. (a) Second sound velocity between 0.5°K and 1.1°K. 
(b) Second sound velocity from 0.015°K to 1.1°K. @ First series: 
measurements (see reference 7) of July, 1952. X, a Second series: 
measurements of February, 1953, at low input energy levels. 


It is believed now that little weight should be at- 
tached to the points below 0.1°K obtained in the first 
series. The pulses were of such magnitude as probably 
to cause a rise in temperature of the liquid helium above 
that of the salt in this region of low thermal conduc- 
tivities. (See Sec. V.) Indeed, it was frequently ob- 
served—just as a pulsing was initiated and the trace 
inspected momentarily prior to photographing—that 
there was a suggestion of an initially high wave velocity 
which almost instantaneously diminished to a steady 
lower value, that “appearing” in the photograph. On 
occasions, a “ghost” trace was actually found in the 
photograph, slightly ahead of the main one (an example 
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of which may be seen in the lowest picture of the se- 
quence of Fig. 6). 

The final curve through the cluster of experimental 
points has been drawn to be reasonably smooth and to 
represent closely the mean of the observed velocity 
values. At the lowest temperatures the low-energy- 
pulse points have been heavily weighted, and these 
show a very steep rise in wave velocity towards the 
(extrapolated) velocity of ordinary sound in liquid 
helium"* at these temperatures. 

Values of velocity read from this curve at regular 
temperature intervals are listed in Table I. 


B. Normal Fluid Concentration 


As pointed out earlier, our velocity measurements 
provide the means for determining the normal fluid 
concentration p,/p in the temperature range below 
1°K. At these temperatures the direct evaluation of 
p»/p by means of the Andronikashvilli!’ rotating disks 
experiment is not feasible owing to the extremely low 
concentration of normal fluid (i.e., down to less than 
one percent even at 1°K). Accordingly the only avail- 
able method at present for determining p,/p between 
0.01°K and 1°K appears to involve the evaluation of 
the Tisza-Landau thermodynamic expression 


pn/p=(14+Cu2/ST}. (1) 


This is a purely thermodynamic relationship based on 
the two-fluid model but valid for any two-fluid model 
as long as the thermal content of the mixture is associ- 
ated solely with the normal fluid (i.e., excited) com- 
ponent, The values of specific heat C and entropy S 
obtained by Kramers ef al. were used for this evaluation. 


TaBLe I. Second sound velocity determinations (taken at 
regular intervals from smoothed curve of Fig. 2). 








- 9 ue T us T us 
degree K m/sec degree K m/sec degree K m/sec 





0,015 222 0.32 0.72 45.0 
0.02 215 0.34 0.74 39.4 
0.03 207 0.36 0.76 35.3 
0.04 201; 0.38 0.78 32.05 
0.05 197 0.40 29.40 
0,06 194, 0.42 27.25 
0.07 192; 0.44 25.35 
0.08 191 0.46 23.95 
0.09 189, 0.48 22.70 
0.10 0.50 21.75 
0.12 0.52 20.95 
0.14 0.54 20.35 
0.16 0.56 19.95 
0.18 0.58 19.60 
0.20 0.60 19.35 
0,22 0.62 19,20 
0.24 0.64 19.05 
0.26 0.66 18.90 
0.28 0.68 18.80 
0.30 161; 0.70 
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Fic. 3. Normal fluid concentration p,/p versus temperature. 
Values below 1.1°K derived,from present second sound velocity 
measurements; values between 1.1°K and 1.35°K derived from 
Maurer and Herlin’s‘ data; values above 1.35°K are direct p,/p 
measurements by Andronikashvilli (see reference 17). 








Values of p,/p obtained in this manner are plotted 
versus temperature in Fig. 3. A log-log scale has of 
necessity been used and shows the approach of this 
quantity to the fourth-power behavior at temperatures 
below about 0.5°K. It will be noted that the measured 
values (circles) drop to an effective concentration at 
0.015°K of only about 2.6 10-". This value is about 
40 thousand times lower than the normal helium 3 
content of well helium (10-7) so that it must be con- 
cluded from these measurements that all the initial 
helium 3 content was swept out of the sample during 
early magnetizations. 

Considerable information of significance to theory is 
contained in the data of Fig. 3. The existence of the 
phonon region at the lower temperatures is clearly 
shown by the transition from the steep nonlinear por- 
tion of the curve above about 0.5°K to the nearly 
linear part below. The slope of this linear portion does 
not quite attain the value four predicted by Landau for 
(pn)phonon/p on the basis of his phonon gas theory, 
reaching instead a lower limit of 4.18. This difference 
is the direct result of the continued increase in second 
sound velocity past the Landau prediction. The be- 
havior predicted by Landau is represented by the dotted 
line, obtained by combining his u,/V3 velocity with the 
above-mentioned values® of C and S. (In our earlier 
publication'* we had regarded the velocity increase 
above about 160 m/sec as spurious and had extrapolated 
to this value in deducing our (pn)pn/p; accordingly 
these previous determinations appeared to have a more 
nearly fourth-power dependence.) 

The difference between the total p,/p and (pn)pn/p 
may be interpreted in terms of Landau’s roton gas 
concept. Thus it is apparent from Fig. 3 that the roton 
contribution sets in above 0.6°K, becoming very rapidly 


18 de Klerk, Hudson, and Pellam, Phys. Rev. 89, 662 (1953). 
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predominant with increased temperature; by 1°K the 
roton mass already contributes nearly 99 percent of the 
total normal fluid density. Our determination of roton 
contribution is shown in the curve of Fig. 4 where 
(pn)roton/p is plotted versus temperature. This was ob- 
tained as the difference between our measured values 
above 0.6°K and an extrapolation of the straight-line 
“phonon portion” of the curve, assuming that 


(pn) total = (pn) phonont 1 (2) 


We will discuss the behavior of (px)rot/p in connection 
with Landau’s calculations which also include Croton 
and Ssoton- 


A tabulation of (pn/p), (on)pn/p, and (px)rot/p deter- 
mined from these measurements appears in Table II. 


Landau’s Roton Evaluation 


Using only Peshkov’s second sound velocity measure- 
ments down to 1.35°K,’ and the specific heat measure- 
ments available to him at the time (1947), Landau 


TABLE II. Tabulation of normal fiuid concentrations [total 
le phonon contribution (p,)phonon/p, and roton contribution 
n/ roton/ Pj. 











T in S7/C in ua in 
degree K joule/g cm/sec pn/p (pn)phonon/p (pn)roton/p 
0.02 4.18107 2.15108 9.0310" 
0.04 6.68 X10 2.015 1.65 X107- 
0.06 0.338 1,945 8.94 
0.08 1,07 1.91 2.93 X10 
0.10 2.61 1,885 7.35 
0.15 13.2 1.83 3.95 X10-* 
0.20 41.8 1.765 1.33 X107 
0.30 2.11 X10? 1.615 8.06 
0.40 6.68 1.49 3.010X10-* 2.344K10-* 0.67 x10~* 
0.50 1.63 X 108 1.39% 8.383 5.957 2.43 
0.60 3.36 1,10 2.771 X1075 ¥ teal * 1.501075 
0.70 5.44 0.521 2.004X10"4 2.42 1.76 X10~4 
0.80 8.13 0.294 9.605 4. 234 9.18 
0.90 1.38 X10 0.218 2.900 X10°% 6,995 2,83 X10~% 
1,00 2.71 0.194 7.145 1.076X10-* 7.04 
1,10 5.32 0.188 1.484X10°2 1.59¢K10-* 1.47 X10" 











deduced expressions for the entropy S,or, specific heat 
Crot, and normal fluid concentration (p,)r0:/p for the 
roton gas. He expressed these quantities, which he used 
for predicting second sound behavior below 1°K, in 
terms of three arbitrary constants adjusted to fit the 
existing data. Thus 





2(ku)'prar  3kT 
-——— 1 —— ewe (3) 
(29) *pTth® 24 
ubpts? fT 3 ie 
“ape ty +-(= -) k 
(p ) 2utpo! eg AlkT (5) 
meen 32x) (AT 


where the constants were specified as 


A/k=9.6°, po/h=1.95X10' cm™, y=0.77mae. (6) 
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Fic. 4. Roton contribution to normal fluid concentration 
(pn)roton/p versus temperature. @ Values derived from present 
second sound velocity measurements and the calorimetric data of 
Kramers et al. (see reference 9) X Values derived from the data of 
Andronikashvilli and of Maurer and Herlin (see Fig. 3). ~~~ 
Landau’s theoretical curve (see text). ——~ Modified Landau 
curve for (px) roton/p using modified constants, Eq. (7). 


The subsequent measurements of specific heat (and 
entropy) by Kramers ef al.® and our more recent second 
sound results provide the necessary data for a direct 
numerical check of Landau’s predictions regarding 
roton behavior. Actually the Leiden workers did check 
their specific heat results for an ¢~4/*? dependence, 
obtaining a value of A/k=8°. The variation between 
this and Landau’s 9.6° value is not surprising since 
their exponential factor had to be less sensitive to 
temperature to atone for neglecting the 7" factor in the 
denominator [see Eq. (4)]. We have compared both 
the results of Kramers ef al. and our own with the com- 
plete Landau expressions for Cyor and (px)rot/p. We find 
full agreement between the Leiden specific heat meas- 
urements (modified to give the roton contribution 
alone) and Landau’s expression for Cros [Eq. (4) ] using 
his constants (6). 

The comparison between Landau’s roton expression 
for (pn)rot/p and our determined values [obtained by 


ARS AAGELS 


“at i++} 











100 








so 


VELOCITY OF SECOND SOUND IN M/SEC 




















O 1 O2 O03 O4 OS Of OF 08 O89 10 








"MAGNETIC TEMPERATURE,T® 


Fic. 5. “Dispersion” of second-sound pulses. 
Pseudovelocity versus temperature. 
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Fic. 6. Effects of power level on pulse characteristics. Sequence of oscillograms illustrating the progressive changes (a-d) in the 
appearance of the received signals as H is increased. Note that while the time at which first observable portion of the signal arrives 
seems to be independent of H, the received pulse width increases systematically with input power level. 


subtracting the (pn)pn/p from (pn)totai/p aS explained ] 
is illustrated in Fig. 4. Here the ‘‘measured” values are 
plotted versus temperature on a log-log scale, with the 
dotted curve representing Landau’s predictions using 
(5) with the same constants (6). The Landau curve 
agrees adequately with the observed results above 
about 1.2°K (except near the A point) as should be 
expected, since Landau evaluated his constants with 
data available to him in this temperature range. One 
does observe, however, a moderate deviation below 1°K 
between Landau’s predictions for (pn)rot/p and our 
observed values. This would apparently indicate the 
need for a slight adjustment of the constants po and yu. 
That is, the nearly exact correlation with specific heat 
data appears to verify the Landau values for both 
A/k and the product (u'o*), leaving only the possibility 
of modifying u and fp» so as to leave this product un- 
changed. An attempt to do so is illustrated by the solid 
line of Fig. 4, which was drawn both to fit our data for 
(pn)rot/p below 1°K and to intercept unity (nearly) at 
the A point. Such an adjustment gives the following 
evaluation of the constants: 


A/k=9.6 deg, po/h=2.30X 108 cm, p=0.40my.. (7) 


C. Pulse Behavior 


The spreading of the pulses observed below about 
0.75°K, which has been reported by several authors,” 
has not been satisfactorily explained, although tentative 
explanations have been given—ranging from true dis- 
persion to extraneous causes such as thermal barrier 
effects in the elements of the apparatus. 

That the phenomenon is truly a property of the liquid 
helium and not the result of certain features of the 
apparatus appears to have been confirmed by the fact 
that no spreading occurs if a He*-He* mixture” is used 
instead of pure He‘. For pure Het, the observed spread- 
ing disappears at the temperature where the roton 
density begins to mount rapidly (about 0.5°K), and it 
would therefore appear that, crudely speaking, rotons 
in the one case and He’ atoms in the other play a 
similar role in preserving the compactness of the pulse. 

Taking the shape of a pulse to be as given in the inset 
of Fig. 5, and approximately defined by the points A, 
B, C, D, E, its variation with temperature may be 
illustrated by taking the time delay for each of these 
points and deriving a pseudo-velocity. This has been 


1 J. C. King and H. A. Fairbank, Phys. Rev. 90, 989 (1953). 
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done in Fig. 5; the first-series points in Fig. 2(b) corre- 
spond to point A and are practically coincident with 
the points of curve B of Fig. 5. 

The most striking feature of the latter figure is that 
the pulse spreading changes but little as the temperature 
rises from very low values to about 0.5°K. Then, 
coincident with the rapid fall in true wave velocity and 
rapid overpowering of the phonon concentration by 
that of the rotons, the broadening diminishes until by 
0.8° the pulse shape is well preserved during trans- 
mission. 

The data in Fig. 5 were taken from the first series of 
measurements (see Sec. IV) wherein relatively high- 
energy pulses were used. The second series, made at 
pulse-energy levels varying from the lowest practical 
value (H = 4800 erg sec! cm~*) up to the order of in- 
tensity used in the first series (H =2-10°), was carried 
out in the hope of obtaining further insight into both 
the pulse-spreading phenomenon and the anomalous 
velocity behavior. In Fig. 6 are shown 4 oscillograms for 
pulses of different intensities and the same ambie.it 
temperature, 0.05°K. It is to be noted that the lowest- 
energy pulse is well bunched, and one is tempted to 
draw the conclusion that no spreading at all would 
occur if sufficiently small pulses could be employed (and 
detected!). But if the pulse energy is a dominant factor 
in causing spreading, the ratio of pulse “temperature” 
7(=AT) to ambient temperature 7 calculated from 
the formula 


T+r 
H=pu. f CdT (8) 
T 


should be highly significant. (It should be noted that 
these values of r/T are computed on the basis of un- 
distorted pulse propagation and so constitute upper 
limits only.) 

For pulses of such magnitude that r/7>1, the basic 
differential relationships from which the wave equation 
is derived will be radically altered. For example, the 
normal condition of heat-flow continuity must be 
modified to take into account the rate of conversion of 
thermal energy to mechanical energy (or vice versa) 
(H/T)-VT, so that the heat-flow equation becomes 


aT H 
pC(T)—+V-H+—-VT=0. (9) 
dt T 


Whereas for small signals the effects of conversion be- 
tween thermal and mechanical energy are small com- 
pared with the actual heat flows involved, these may 
become very important in the nonlinear case of large 
pulses. It is not surprising, then, that such an added 
“sink” for heat should result in a diminished velocity 
for large portions of the heat carried by the pulse. 

In Fig. 6, approximate values of r/T have been 
calculated, and there is certainly some internal con- 
sistency in that, at this particular temperature, the 
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spreading is slight for the case r<7T and very marked 
for r>T. Further evidence of the significance of 7/T 
(at very low temperatures) may be seen in Fig. 7, 
which shows a series of oscillograms for a constant 
pulse-energy setting [the same as for (a) of Fig. 6] 
and varying temperature. As noted above, the pulse at 


T (°K) 


250 500 750 
psec 


Fic. 7. Second pulses at extremely low tempefatures. Sequence 
of received pulses at lowest practicable power input (constant at 
4800 ergs sec“! cm™*) during warm-up from 0.015°K. Increase of 

ific heat of the helium with temperature causes progressive 
iminution of signal strength, resulting in barely visible signals 
even with the increased amplification used for the lower four 
photographs. 
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0.05°K, for which r~4T7, is very little spread out. In 
contrast, the pulse at 0.015°K, for which r~47, closely 
resembles (d) of Fig. 6 in shape and for which r~ 37. 
[The decrease of r with rising temperature, due to the 
increase in the specific heat of liquid helium, is illus- 
trated in Fig. 7 in that the received signal has all but 
faded into the background noise in the last 3 pictures, 
despite the fact that for these three the gain of the 
amplifier was increased and that the sensitivity of the 
receiver element (i.e., dR/dT) has increased. ] 

The phenomenon, however, cannot be explained 
solely in terms of the magnitude of r/T since, for fixed 
input power, the general shape of the pulse such as in 
(d) of Fig. 6 is maintained throughout the temperature 
range up to about 0.5°K (compare the separation be- 
tween curves C and E, Fig. 5) at which point 7/7 has 
fallen to approximately 1/1500 of its value at 0.05°K, 
i.e., from 3 to 0,002. 

Another explanation of the pulse-spreading a/ very 
low temperatures has been put forward by Atkins,” and 
by Mayper and Herlin. These authors consider the 
effects of the increased mean free path for phonons at 
such temperatures, the flow of phonons becoming 
analogous to Knudsen flow in a gas. Mayper and Herlin 
envision the result as a building-up of the received pulse 
to appear “as if it were caused by diffusive heat flow,” 
whereas on Atkins’ picture the “decay” of the received 
pulse beyond its maximum, at least, is accounted for 
by a time lag in the escape of the injected heat to the 
main part of the low-temperature enclosure. [This latter 
effect would, of course, vary according to the precise 
structural details. } 

Finally, Gorter” has examined further the suggestion® 
that at the lowest temperatures one may actually have 
diffusive heat flow, rather than second sound proper. 


D. Anomalous Velocity Behavior 


The continued increase in wave velocity past the 
u;/V3 value observed for second sound below 0.5°K was 
suspected at first of being spurious. It appeared at that 
_ time that shock-wave effects might be enhancing the 
unperturbed wave velocity by an amount corresponding 
to the normal fluid particle velocity v,. Effects of this 
nature might be expected to increase the observed 
velocities by varying amounts depending upon pulse 
size. As pointed out earlier,’ at low enough tempera- 
tures a situation might ultimately be reached where 
even the smallest observable heat pulse would have to 
proceed at about the first sound velocity 4. 

The normal! fluid particle velocity v, may be obtained 
by combining relationship (8) with the entropy flow 
condition, 


H/(T+1)=pStn, (10) 


” K. R. Atkins, Phys. Rev. 89, 526 (1953). 
% VY, Mayper and M. A. Herlin, Phys. Rev. 89, 523 (1953). 
“C. J. Gorter, Phys. Rev. 88, 681 (1952). 


and taking into account the 7* nature of phonon specific 
heat and entropy, to give 


von) 


We thus see that for extremely low temperatures, for 
which observable signals would require r>7, the ob- 
served pulse velocity would be, very roughly, 


(11) 


US Ust?p, 


> (14+3/4)u2™ um, (12) 


as given in reference 7. 

Although this type of argument might conceivably 
explain our observed velocity decrease at the very low 
temperatures between 0.015°K and 0.05°K [see Figs. 
2(b) and 7] it could not account for the anomalous 
velocity at a few tenths of a degree Kelvin where 
7/T<1. 

In fact, contrary to expectations, our attempts to 
observe such energy dependent velocity effects even at 
temperatures in the 0.05°K region produced singularly 
negative results. Thus the constant temperature series 
of Fig. 6 shows the initial precursor arrival time to be 
effectively independent of the heat pulse magnitude. 
This behavior of course lends credence to the velocity 
measurements obtained by observing point A of the 
pulse front. Despite distortion, the leading edge of the 
pulse proceeds as a precursor at a characteristic fixed 
velocity. 


V. CONSIDERATIONS OF TEMPERATURE 
EQUILIBRIUM 


In the region below 0.1°K where thermal conduc- 
tivities become very small, any heat influx, whether the 
natura! “drift” or that due to pulsing, will cause tem- 
perature inhomogeneity and errors in temperature 
measurement. 

The most obvious effect is that the liquid helium 
should warm up ahead of the bulk of the salt. In our 
experimental arrangement this will be the case for pulse 
heat input, but, as far as “drift” is concerned, the 
divergence in temperature will tend to be lessened by 
the fact that the incoming heat reaches both the bulk 
of the liquid and of the salt via high-resistance paths. 

It was observed that the major portion of the heat 
generated during a pulsing was absorbed by the salt in 
less time than the interval between the end of the 
pulsing and the first ensuing susceptibility determina- 
tion (a few seconds). A small thermal “after-effect” was 
evident, however, (except in the case of the very low 
energy pulses) which persisted for a period of up to one 
minute, depending on the size of the pulse. 

Multi-trace pictures were only observed in the region 
of 0.6°K, where the velocity is extremely sensitive to 
temperature variation, and only for the larger pulses. 
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We invariably obtained too low values of # whenever 
the warm-up time was short—i.e., a few minutes—and 
also when employing pulses large enough to produce a 
significant jump in the temperature of the system. 
Under our experimental conditions (best 1800 ergs/min, 
normal 4000 ergs/min) it is most likely that the indi- 
cated temperatures are rather lower than the true values 
below 0.1°K, although the errors in the velocity curve 
[ Fig. 2(b)] are most probably small above 0.05°K 
where #2 is varying rather slowly with temperature. 


VI. SUMMARY 


In conclusion, our investigation of second sound 
propagation below 1°K has shown: 

A. In the region immediately below about 0.8°K, the 
second sound velocity rises quite abruptly, reaching the 
Landau 4;/V3 velocity by 0.5°K. This is nearly thrice 
the value reported by Atkins and Osborne at 0.5°K. 

B. Although the velocity curve tends to level off 
somewhat in the 0.4°K-0.5°K region, the values con- 
tinue to rise above the Landau value at the still lower 
temperatures, appearing to approach first sound ve- 
locity #, at absolute zero. 
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C. With regard to the thermodynamic quantity p/p, 
the phonon region below 0.5°K shows very nearly the 
fourth power (actually 4.18) dependence on tempera- 
ture predicted by Landau. The gross increase of p»/p 
past the fourth-power behavior above 0.5°K represents 
the excitation of rotons, and our values for the roton 
contribution to the normal fluid concentration (pn)rot/p 
check Landau’s predictions very closely. Our results 
allow a small modification of the values of the Landau 
constants. 

D. Heat pulse distortion at a very low temperature 
such as 0.05°K appears to be small when the pulse 
temperature is smaller than the ambient value. At these 
temperatures and higher, even in the presence of pulse- 
spreading, the first observable signal precursor appears 
to be a significant and reproducible quantity. 
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The Bhabha cross section for positron-electron scattering is used to derive the average rate of collision 
loss by positrons passing through matter, which differs from the corresponding expression for negative 
electrons by a few percent. The spin and exchange terms of the Bhabha and Mgller cross sections produce 
small corrections also in the Landau distribution of energy losses by positive and negative electrons in thin 
foils, the most probable energy loss being less affected than the shape of the distribution. Positron-electron 
differences in the average cosine of the multiple-scattering angle, and in the penetration depth at which the 
particles have lost their memory of initial direction, are calculated from the appropriate elastic cross sections; 
the difference in rate of energy loss is included in the calculation. Numerical examples for Al and Pb are given. 





I. INTRODUCTION 


HE theoretical scattering cross section of positrons 

differs from that of electrons for scattering by a 
nuclear Coulomb field, as well as for scattering by 
enother electron. In the first case the difference has beer. 
confirmed by the single-scattering experiments of Lipkin 
and White," and in the second case by those of Howe and 
MacKenzie and of Ashkin and Woodward.’ Although 
the fundamental differences have been known for a long 
time, there seems to be little published literature con- 
cerning the theoretical evaluation of their effect on the 
passage of electrons and positrons through matter.’ 
Several recent experiments indicate the usefulness of 
such investigations.‘ Differences in stopping power, 
energy straggling, multiple scattering, and range need 
to be discussed, and it seems worth while at least to 
estimate the magnitude of, these differences and to 
inquire under what conditions they need to be taken 
into account. The present paper is intended as a step 
in this direction, for the energy range from 50 kev to 
a few Mev. 

We shall consider in Sec. II the average collision loss 
and in Sec. III the energy straggling on transmission 
through a thin foil. These two effects involve only the 
difference between electron-electron and positron-elec- 
tron scattering. In Sec. IV we shall discuss the longi- 
tudinal distribution caused by multiple scattering in an 
infinite medium. This involves the positron-electron 
difference in both elastic and inelastic scattering. 


* This work was supported in part by the U. S. Atomic Energy 
Commission and the Higgins Scientific Trust Fund. 

t Now at Department of Physics, State University of Iowa, 
Iowa City, Iowa. 

1H, J. Lipkin and M. G. White, Phys. Rev. 79, 892 (1950); 
85, 517 (1952). 

* H. A. Howe and K. R. MacKenzie, Phys. Rev. 90, 678 (1953) ; 
A. Ashkin and W. M. Woodward, Phys. Rev. 87, 236 (1952). 

* Notable exceptions include W. Miller, Phys. Rev. 82, 452 
(1951) and Chang, Cook, and Primakoff, Phys. Rev. 90, 544 
(1953). We are indebted to Professor Primakoff for sending us a 
copy of this paper before its publication. 

‘ Groetzinger, Humphrey, and Ribe, Phys. Rev. 85, 78 (1952); 
HEH. Seliger, Phys. Rev. 88, 408 (1952); reference 3. 
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Il. AVERAGE ENERGY LOSS 


The well-known Bethe-Bloch formula’ for the average 
energy loss by collisions is derived for electrons under 
the assumption that above a certain fractional energy 
transfer, ¢;, the atomic electrons can be regarded as 
free, so that Mgller’s cross section® for scattering of free 
electrons by free electrons at rest in Born approximation 
is applicable: 


esa) 


27-1 


7 


do 
de 


x 


T 

1 
e(1—e) { 
2 


7o=-—. 


me 


2re* 2arre?mc 


+ pcre 
mv 


bal (2) 
BP? 

The incident total energy is E=-yme’, the kinetic energy 
is T= (y—1)me’, and « is the energy transfer in units 
of T. Since the outgoing electron of higher energy is by 
definition the primary electron, the maximum energy 
transfer is ¢,=4. Therefore, the average energy loss 
per atom of Z electrons due to hard collisions is 
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For low energy transfers («<¢,) an explicit summa- 
tion over the various excitation probabilities of the 
atom must be carried out. One finds® 
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5 See, for example, H. A. Bethe, Handbuch fiir Physik (Julius 
Springer, Berlin, 1933), Vol. 24/2, p. 273. 
*C. Moller, Ann. — 14, 531 (1932). 
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where J is an average ionization energy. From (3) and 


electrons in a medium with N atoms per unit volume is 
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In the case of positrons, the derivation of the average 
energy loss proceeds along exactly the same lines, with 
only two basic differences: (a) the upper limit of the 
energy transfer is now ¢m=1 rather than 4, because 
electron and positron are distinguishable; (b) for col- 
lisions with large energy transfer, the relativistic elec- 
tron-electron collision cross section has to be replaced 
by the corresponding positron-electron cross section, 
which was first derived by Bhabha,’ 
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The difference between the Bhabha and Mller cross 
sections is indicated in Fig. 1. In this figure are plotted 
the ratios of these cross sections to their common 
leading term, x/7Té. Three different incident energies 
are shown, y=1.1 (~50 kev), y=v2 (212 kev), and 
y=3 (~1 Mev). In the intermediate case the initial 
slopes of the two cross sections are equal. 

The contributions to the energy loss from small 
energy transfers are determined by the oscillator 
strengths of the atom and are, therefore, to a good 
approximation, independent of the charge of the in- 
cident particle. Thus, Eq. (4) will also be valid for 
positrons. 

In this manner, one finds for the average collision 
loss per unit path length of positrons 
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7H. J. Bhabha, Proc. Roy. Soc. (London) A154, 195 (1936). 
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(4) the average collision loss per unit path length s of 
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Fic. 1. The ratios rg and rg of the Mgller and Bhabha scattering 
cross sections to classical relativistic Rutherford scattering as 
functions of the fractional energy transfer e. Curves for three 
different kinetic energies T= (y—1)me* are shown. For y= v2 the 
slopes of ry and rg at e=0 coincide. 


The positron-electron difference in collision loss is 
determined by the functions f*(y) given in Eqs. (6) 
and (9). These functions, which depend only on the 
incident energy and are independent of the atomic 
number, are plotted in Fig. 2. Collisions in which a 
positron loses more than half its energy make a roughly 
constant contribution of about 0.4 to ft. 

The percentage difference in energy loss is shown in 
Fig. 3. One sees that, almost independent of atomic 
number, positrons lose energy more rapidly than elec- 
trons below about 345 kev, but less rapidly above that 
energy. The effect increases percentagewise with average 
ionization potential, but is only about ¢ to 4 larger in 
lead than in aluminum. A positron-electron difference 
of several percent may seem surprising until one re- 
members that the hard collisions, although relatively 
rare, are weighted heavily in the average energy loss. 
The question now arises whether this difference is 
detectable in experiments concerned with the penetra- 
tion of electrons and positrons through matter. The 
answer to this question depends on the problem of 
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Fic, 2, The functions f‘*(y) and f(y), which occur in the 
average energy loss formulas for positrons and electrons, as func- 
tions of the kinetic energy T of the incident particle in units of me’. 
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Fic. 3. Percentage positron-electron difference in average energy 
loss for Pb, Sn, and Al as a function of the kinetic energy T in 
units of me. 


multiple scattering, to be discussed in Sec. IV, but we 
turn first to a case in which the distribution of losses, 
rather than the average loss, is of interest. 


III, ENERGY STRAGGLING 


If a beam of monoenergetic electrons passes through 
a foil, the electrons emerge with a distribution of 
energies because of the statistical nature of the collision- 
loss process. If the foil is thin compared with the 
electron range, the distribution has a characteristic 
shape and, by suitable choice of units, can be com- 
pared with a universal curve derived theoretically by 
Williams*® and Landau.’ The appropriate unit of energy 
is {7 = NZxz; it serves to define a dividing line between 
“soft” and “hard” collisions, according to whether the 
fractional energy transfer ¢ in the collision is smaller or 
greater than {. The definition is so chosen that on the 
average an electron suffers one hard collision in trav- 
ersing the foil. 

¢ depends on the electron energy through x= 2me*/mv* 
and on the characteristics of the foil through the 
number NZ of electrons per unit volume and the foil 
thickness z. (More exactly, z should be regarded as the 
path length s. Unless the foil is very thin, multiple 
scattering will produce a distribution of path lengths 
and thereby an extra contribution to the energy 
straggling which is not included in the Landau curve. 
This effect has been discussed by Williams® and Yang.") 
In experiments on straggling, { is typically about 0.005 ; 
{T is ordinarily large compared with the average ion- 
ization potential (J=Ry-Z); and in most of the col- 
lisions with energy transfers comparable to ¢, the atomic 
binding effects have already assumed a minor role. 


*E. J. Williams, Proc. Roy. Soc. (London) A125, 420 (1929). 

*L, dau, J. Phys. (U.S.S.R.) 8, 201 (1944). 

”C. N. Yang, Phys. Rev. 84, 599 (1951). See also Goldwasser, 
Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 
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Both hard and soft collisions with energy transfers of 
the order of { will be called intermediate collisions. 

The peak of the straggling distribution occurs at the 
most probable energy loss, A,, which is determined, as 
Williams pointed out, by the very soft and intermediate 
collisions; very hard collisions (€>{) are too rare to 
affect it. For this reason Landau introduced only a 
negligible error in A, by extending an integration of 
the free-collision cross section to infinite energy trans- 
fers; for this reason, also, it is clear that the difference 
of a factor two between the maximum energy transfers 
in positron-electron and electron-electron collisions has 
no effect on the most probable energy loss. 

Williams showed further that the straggling distri- 
bution can be resolved into two parts: a Gaussian 
distribution caused by the soft collisions, centered about 
an energy loss close to the most probable loss and with 
rms deviation ¢7; and a long tail due to the hard col- 
lisions. However, it is only the intermediate collisions 
(e~f) which contribute significantly either to the 
Gaussian or to the tail. The very soft collisions (e«<{) 
are so frequent that the statistical fluctuation in the 
resulting energy loss is negligible; the very hard col- 
lisions (€>>¢) are extremely rare and in any case in- 
fluence only that remote part of the straggling tail 
which is too small to be ordinarily observable. In sum- 
mary, the shape of the straggling distribution is essen- 
tially determined by the intermediate collisions alone, 
whereas the displacement of its peak from the incident 
energy is determined by those in conjunction with all 
softer collisions. 

Any positron-electron difference in most probable 
energy loss or in the shape of the Landau curve must, 
therefore, result from a difference in cross section for 
fractional energy transfers of the order of 0.005, and 
is more likely to show up in the shape of the curve than 
in A,. Since the spin and exchange terms of both the 
Mgller and Bhabha cross sections are of minor im- 
portance at low fractional energy transfers, the differ- 
ence will necessarily be small. 
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Fic. 4. The negative slopes ct and c~ at e=0 of the curves 
rs and ry, respectively (see Fig. 1), as functions of the kinetic 
energy 7 in units of mc*. 

































































transfers «. An expansion of these cross sections in 
powers of ¢ leads (see Eqs. (1) and (7)) to 


1 
= see), (10) 





ct=6(2—(y+1)*], 
c~= (2y—1)/7’*. 


The functions ct and c~ are plotted in Fig. 4. It is 
analytically convenient, as well as a slightly better 
approximation, to use 


(E)Eewces 


This. choice makes the analysis closely parallel to 
Landau’s, the integration again being extended to 
infinite energy transfers, since the very hard collisions 
do not affect the observable straggling. The final in- 
version of the Laplace transformation can be reduced 
by change of variable to the integral which Landau 
evaluated numerically. The results given below reduce 
to Landau’s results when + signs are omitted and c is 
taken to be zero. 

The probability (normalized to unity) of an energy 
loss in the range dA is 


f*(x, A)dA=exp[—a*(A+Ina*) ]y(A)dr, (12) 
where ¢(A) is the universal Landau curve, a*=c*f, and 


4 [ue T?2(y+ 1) 
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= -#+0.42], (13) 
tT 


The peak of the distribution occurs at 
A,p*= —0.05— vat, (14) 
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and the corresponding most probable energy loss is 
$T?2(y+1) 
a,=47 in — -#+031—ra (15) 


By numerical integration, » is found to be 2.8. Since the 
logarithm is of the order of 10 to 20, the negative cor- 
rection due to the last term is indeed very small. If 
¢=0.007 and c=1, it serves only to reduce 0.37 to 0.35, 
a correction of A, of about 0.2 percent. 

The exponential factor in Eq. (12) which corrects 
the shape of the Landau curve is larger than 1 for small 


where 
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In order to obtain a more quantitative estimate, we 
follow Landau’s analysis but replace the Rutherford 
cross section by improved approximations to the Mgller 
and Bhabha cross sections for low fractional energy 
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Fic. 5. The percentage correction to the Landau curve for 


various values of a=cf, plotted as a function of the Landau 
parameter \ [Eq. (13)]. : 


and is shown for several values of a in Fig. 5. Its effect 
is always to make the tail smaller in comparison with 
the peak of the distribution, the change being greatest 
for high-energy positrons and low-energy electrons. As 
an example, the values of g(A) at A=8 and \=0 are in 
the ratio one to ten. If ¢=0.005 and y=7 (about 
3 Mev), the ratio is decreased by 8 percent for positrons, 
but by only 1 percent for electrons. 

The shape correction also produces a small change in 
the full width at half-height, [=3.98f7. From the 
graph in Landau’s paper, the slope of g(A) is found to 
be approximately 0.12 and —0.030 at the half-height 
points. From these slopes, it can easily be shown that 
the half-height point near A= 2.5 shifts by A\= —7.6a, 
while the point near \=—1.5 shifts by AA=—1.0a. 
The resultant change in I'/{T is —6.6a, or — (165a) 
percent. Thus, the corrected full width at half-height is 


r+=¢T(3.98—6.6a*). (16) 


For the numerical example of the last paragraph, the 
width at half-height is decreased by 1.6 percent for 
positrons and 0.2 percent for electrons. 


IV. MULTIPLE SCATTERING 


The exact cross section (neglecting radiative cor- 
rections) for the elastic scattering of electrons and 
positrons by the Coulomb field of a charge Ze was 
given by Mott" in the form of a series in Legendre 
polynomials. An expansion of this cross section in 
powers of aZ (a= 1/137) is equivalent to the solution in 
iterated Born approximation. This expansion is useful 
for light elements where the second Born approximation 


uN. F. Mott, Proc. Roy. Soc. (London) Al24, 426 (1929); 
A135, 429 (1932). 
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is sufficient. One finds” for positrons and electrons: 


da\ * en a 
o4(0, 7) = ( —) =} (roZ/f*)*(1/sin46) 
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x [1-— sin*}0FaZxrB sin}0(1—sin}6) ]. (17) 
The ratio (o,—o¢_)/o— vanishes at 0=0° and 180° and 
is negative for all other angles. It has a minimum of 
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at sin(@/2)=~y/(y+1), ie., at an angle which varies 
from 60° to 180° as the energy increases from 0 to ~. 

For heavy elements the power series in aZ converges 
too slowly, and one must resort to a numerical summa- 
tion of the Mott solution. This was done for Hg at 
various energies by Bartlett and Watson" for electrons, 
and by Massey" for positrons. Except at small angles 
the positron-electron differences are large and amount 
to as much as a factor of approximately three at suitable 
energies and angles. The electron cross section always 
exceeds the positron cross section. 

‘In order to estimate the effect of the positron-electron 
difference in multiple scattering, we shall calculate the 
average penetration depth at which the original direc- 
tion of the particle beam has been essentially lost. For 
this problem we would need the solution of the Boltz- 
mann equation for a semi-infinite medium. Since this 
solution is rather complicated, and since back-scattering 
from the target will be unimportant, we shall work 
under the assumption of an infinite medium. The exact 
solution for this case was given by Lewis."® Let s be the 
path length, 


. Eo dE —1 
s= f as'= f —1| dE, 
0 E ds’ 


TABLE I. Numerical values of the constants that occur in Eqs. 
(27) and (28) for the average cosine of the multiple-scattering 


angle. 


(18) 








a b 
0.297 0.014 
0.034 
0.057 
0.052 








0.305 
0.311 
0.430 








#W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 
(1948); R. H. Dalitz, Proc. Roy. Soc. (London) A206, $09 (1951). 

J. H. Bartlett and R. E. Watson, Proc. Am. Acad. Arts Sci. 
74, 53 (1940). 

4H. S, W. Massey, Proc. Roy. Soc. (London) A181, 14 (1942). 
See also N. F. Mott and H. S. W heory of Atomic 


Massey, 7 
Collisions (Clarendon Press, Oxford, 1949), where the results of 
references 13 and 14 are given, but where our Eq. (17) is given 


incorrectly. 
16H, W, Lewis, Phys. Rev. 78, 526 (1950). 
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Fic. 6. The function F(y)=aZ In[(y+1)/(y—1)]+-6Z/6 for 
positrons and electrons in Al. The average cosine of the multiple 
scattering angle is 1/e for a kinetic energy T= (y—1)mc*, such 
that F(y) =F (yo)+1. 


and let z be the penetration depth into the medium. The 


longitudinal distribution is determined by (2"P;(cos@))» 
for all n and /, In particular, 


(cos) ry = ki, 


(2) = kids’, 


0 
n)=en(-f neds’), 
0 


xi(s)=24N rf a (6, s)(1—cos@) sin6dé. (22) 


(19) 


(20) 


where 


(21) 


By Eq. (18) s is a monotonic function of E, so that the 
labels s and E are equivalent. o(6, E) is the elastic 
cross section per unit solid angle for particles of total 
energy E. 

For the evaluation of x; the elastic cross section is 
cut off at angles smaller than 4, which correspond to 
impact parameters exceeding a/Z* (approximately the 
Thomas-Fermi radius of the atom), i.e., 


sin (0o/2)=1/f, t= 2By/aZ!. (23) 
For light elements we find from (17), (22), and (23) 
that 
Ki *(s) =«1*(y) =4aN (Zr0/B*y)* 


X [Info—6*/2F raZB($—Eo)]. (24) 
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Fic. 7. The cosine of the multiple-scattering angle ame 
over all (negative) electrons whose initial kinetic energy To has 
dropped to T because of collision loss in Al. Curves for three 
different incident energies T>= (yo—1)mc* are shown. 


For heavy elements, numerical work is required to 
evaluate the integral in 


x1*(y)=44N (Zr) Info+4 f 
60 
x[r+@, 7-1] cot(/2)d0, (25) 


where r(@, y) is the ratio of the scattering cross section 
to the relativistic Rutherford cross section for spinless 
particles. The ratios calculated for Hg by Bartlett and 
Watson and by Massey" are valid for Pb with suffi- 
cient accuracy. Their results can be used directly in a 
numerical integration, or, alternatively, their curves can 
be fitted with polynomials in sin(@/2) and the integra- 
tion carried out analytically. Polynomials of first and 
fourth degrees give good representations of r+ and r~, 
respectively, the coefficients being, of course, different 
for different energies. 
When (24) or (25) is inserted in 


Ki*(y) 


— In(cos6) += f ki *(s)ds= f lay/asle” 


(26) 
the integrand is found to be Z/(y’—1) times a slowly 
varying function of y which can be fitted quite satis- 
factorily by a function of the form 2a+5(7’—1)~!. The 
constants @ and 6 differ for positrons and electrons but 
are of the same order of magnitude for small and large Z, 
as is shown in Table I. With this approximation, integra- 
tion of (26) gives'® 





(cos) m= ki (Yo, ¥) aoe (27) 
O89) w= RilYo, ¥)= ? 
G(y) 
y+1\% 
co)=(—) - gPZ/8 = @F(), (28) 
y—-1 


16 A similar approximation, with a single constant corresponding 
to a, was obtained from the spinless Rutherford cross section by 
C. H. Blanchard and U. Fano, Phys. Rev. 82, 767 (1951). They 
do not distinguish between electrons and positrons. 





G(r) is seen to increase very strongly with decreasing +. 
The advantage of the particular form (27) is that it 
reduces the function k, of two variables to the function 
G(y) of a single variable. One can easily find ki (yo, 7) 
from a plot of F(y)=InG(y), such as that shown in 
Fig. 6 for Al. (cos®),~ as a function of y for several 
incident energies yo is shown in Fig. 7 for Al. For heavy 
elements these curves would be much steeper. 

The average total energy Ey=-yamc* at which the 
particles have lost their initial orientation is con- 
veniently defined by (cos@),=1/e. An approximate 
value of ya can easily be obtained from Fig. 6 for any 
given Yo by using F (ya) =F (yo)+1. 

The average penetration depth corresponding to ya is 


vo 
a= f ki(vo, ¥) 
14 


Typica! values for Ta-= (ya~—1)me* and 2 (i.e., for 
negative electrons) can be found from Table II. 2a is 
given in units of the experimental range. A similar 
calculation for positrons permits the computation of 
the positron-electron difference in zg and in yg. These 
results are also shown in Table ITI. 

The intensity distribution of the electrons or positrons 
for penetration thicknesses larger than zq has been 
studied by several authors!? on the basis of the age 
equation of diffusion theory. This equation is obtained 
as an approximation of the Boltzmann transport equa- 
tion and is found to be 

OF 1 
—+—V'*F = 0, (30) 
Os 3x1 


dy|— 
—| dy. (29) 
ds 








One finds for the intensity distribution due to a uniform 
plane source at z= 24 


£2—24 
I(e)=1(ca| 1—er )} (31) 
1.225%, 





TABLE II. Energy loss and penetration depth at which the 
average cosine of the multiple-scattering angle has dropped to 1/e. 
To= (yo—1)mé* is the initial kinetic energy, W*= (yo—~ya*)me* is 
the loss of kinetic energy, and z4* is the corresponding average 
penetration depth. The experimental range R has been assumed 
to be the same for Pb as for Al when expressed in g/cm’. 








Wt—-W- sat—se7 








yo To W~-/To sa~/R - aa 

Mev % % % % 

1.2 0.102 22 34 7.0 1.0 

Al 1.7 0.358 27 36 44 3.7 
3 1.02 36 39 2.9 4.9 

5 2.04 46 47 2.2 4.5 

1.2 0.102 2.8 6.9 32 24 

Pb 1.7 0.358 3.6 7.1 34 35 
3 1.02 5.3 8.2 35 39 

5 2.04 7.9 10.1 34 39 








7 See, for example, Bethe, Rose, and Smith, Proc. Am. Phil. 
Soc. 78, 573 (1938). 








44 F. ROHRLICH AND B. C. CARLSON 


valid of course only for z>z,4. The energy loss is taken 
into account in ry, which is given by 


ca | 


1a 1 |dy 
rim 1.05 f —|—| dy. 
0 «1 ds; 


(32) 


In this way one can calculate a theoretical estimate 


of the range, 
Ru = Zat Ty. (33) 


This theoretical range should be compared with the 
experimental range obtained by extrapolating the 
straight section of the plot of intensity against target 
thickness.'* r» is the intersection of the tangent at 
z= 24 of the distribution (31) with the z axis. 

Equation (33) accounts for about 90 percent of the 
experimental range in Al, but only about half the experi- 
mental range in Pb. This disagreement is not very 
surprising. The transport mean free path 1/«; which 
enters Eq. (30) is easily found to be between 0.7 and 1.3 
times the remaining range (Rex»—2za) in Al, but only 
0.11 to 0.15 times the remaining range in Pb. Com- 
pared to zg the transport mean free path is up to three 
times larger in Al, but of the same order in Pb. It 
follows that Eq. (30) is not a good approximation to 
the actual situation and that a less naive approach, 
which takes better account of the strongly peaked 
cross section, must be adopted. 


V. SUMMARY AND CONCLUSIONS 


In passage through matter, the statistical behavior 
of positrons and electrons reflects, although not very 
strongly, the marked differences that distinguish them 
in single-scattering events. These are differences in 
(a), the cross section for inelastic scattering by the 
atomic electrons, (b), the maximum possible energy 
transfer in inelastic scattering, and (c), the elastic cross 
section. Single scatterings through large angles, for 
which these differences may amount to factors of 2 
or 3, are relatively so rare that processes involving 
many collisions show much smaller differences. 

The positron-electron difference in energy straggling 
in thin foils, which is affected only by (a), appears as 
a small difference in shape of the straggling distribu- 
tions, with hardly any shift of the most probable 
energy loss. The Landau curve becomes slightly higher 
and narrower for positrons at energies above a few 
hundred kev, and for negative electrons at lower 
energies (Eqs. (15) and (16)). 

( “ mg Marshall and A. G. Ward, Can. J. Research 15, 39 
1937). 


The difference in stopping power, i.e., average rate 
of energy loss, receives contributions of the same order 
of magnitude from (b) as from (a). At energies below 
a few hundred kev, positrons lose energy a few percent 
more rapidly than electrons, and the reverse occurs at 
higher energies (see Fig. 3). 

Although useful in calculations, the stopping power 
is not easy to measure directly; and in observable 
effects where it plays an important part, such as the 
range, the positron-electron difference in multiple scat- 
tering, resulting from (c), is larger than the difference 
in stopping power. This is particularly true in heavy 
elements, since the relative difference in multiple scat- 
tering is strongly Z-dependent, unlike the relative 
differences in stopping power and energy straggling. 
For example, in heavy elements positrons penetrate 
about 30 percent farther than electrons before losing 
their memory of initial direction, whereas the difference 
in light elements is only a few percent. 

In addition to scattering, another process that plays 
an appreciable part in the passage of positrons through 
matter is annihilation in flight. The total probability 
of annihilation before coming to rest rises with initial 
energy to 10 or 15 percent for energies of a few Mev," 
and is only weakly Z-dependent. The transmitted in- 
tensity of a positron beam as a function of target thick- 
ness will certainly be reduced by annihilation, but the 
extrapolated range may be fairly insensitive to a small 
progressive reduction in intensity. As yet there is no 
experimental evidence for a positron-electron difference 
in range,” but the available data for positrons seem to 
be restricted to ranges of 8 spectra in aluminum. How- 
ever, the reduction in range due to annihilation, even 
for monoenergetic positrons, might be masked by the 
weaker multiple scattering of positrons as compared 
with electrons. 

Estimates of 2, are not affected by annihilation in 
flight, since 24+ is calculated as an average over positrons 
that have traversed equal path lengths and have, 
therefore, had equal opportunities to annihilate, inde- 
pendent of the directions of their paths. The disappear- 
ance of some of them will affect the intensity but not 
the shape of the distribution. 

The investigations of this paper are naturally re- 
stricted to energies at which nearly all the energy loss 
is due to collisions. At higher energies radiation loss 
rapidly becomes the predominant effect. 


19H. A. Bethe, Proc. Roy. Soc. (London) A150, 129 (1935). 
* 1. Katz and A. S. Penfold, Revs. Modern Phys. 24, 28 (1952). 
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The Vapor-Pressure Curve of Helium between 4.2°K and 4.8°K* 


R. D. Wortey, M. W. Zemansky,f AND H. A. Boorset 
Pupin Physics Laboratories, Columbia University, New York, New York 
(Received September 18, 1953) 


Measurements of the resistance of four Allen-Bradley carbon resistors in the liquid helium temperature 
range from 1.8° to 4.2°K and at the hydrogen triple point have been fitted to smooth calibration curves. 
When the resistance is measured at helium vapor pressures from 760 mm to 1350 mm, and the corresponding 
temperatures are obtained from the so-called “agreed” scale of Van Dijk and Shoenberg, the calibration 
points in this range do not lie on these calibration curves. This discrepancy and the fact that the vapor 
pressure-temperature relation above 4.2°K has not been determined since 1915 suggest that a redetermi- 
nation of the vapor pressure-temperature relation above 760 mm is desirable. 





URING the course of heat capacity measurements 
in this laboratory it was necessary to measure 
temperatures above the normal boiling point of helium. 
For this purpose carbon radio resistors manufactured 
by the Allen-Bradley Company were calibrated as re- 
sistance thermometers in the range of liquid helium 
vapor pressures from 10 mm to 1350 mm of Hg, and at 
the triple point of hydzogen. 

To translate values of helium vapor pressure into 
temperature, a hydrostatic pressure head correction 
was applied at temperatures above the lambda point 
and the so-called “agreed” scale of van Dijk and 
Shoenberg! was used. In the region above the normal 
boiling point of helium this scale makes use of the data 
obtained by Kamerlingh Onnes and Weber’ at Leiden 
in 1915, consisting of five vapor pressure determinations 
all at temperatures above 4.9°K. These measurements 
have apparently never been repeated or confirmed. 

An attempt was made to fit the values of the re- 
sistance R of the carbon resistance thermometer as a 
function of temperature throughout the range from 
1.8°K to 4.8°K and at the hydrogen triple point to a 
smooth curve. Various equations were tried, but none 
yielded a curve that passed satisfactorily through the 
points between 4.2°K and 4.8°K while at the same time 
agreeing with the rest of the data. It was apparent that 
any curve that passed through these points would have 
to have an anomalous curvature, contrary to all results 
so far obtained with Allen-Bradley carbon resistance 
thermometers.’ 

It was decided, therefore, toe ignore the temperature- 
vapor pressure data between 4.2°K and 4.8°K and 
calibrate the resistance thermometers from data be- 
tween 1.8°K and 4.2°K and at the hydrogen triple 
point. These data could be represented satisfactorily 


* Assisted by the U. S. Office of Naval Research and Linde Air 
Products Company. 

¢ City College of New York, New York City, New York. 

{Barnard College, Columbia University, New York City, 
New York. 

1H. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 

*H. Kamerlingh Onnes and S. Weber, Communs. Phys. Lab. 
Univ. Leiden, No. 147b (1915). 

oun Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952 


4 Brown, Zemansky, and Boorse, Phys. Rev. 84, 1050 (1951). 
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by the empiric equation 
logR= A+ BT-'+C logT+ DT‘, (1) 


where the constants A, B, C, and D differ slightly for 
different thermometers. Four Allen-Bradley half-watt 
and one-wati resistors were used. Their nominal re- 
sistances at room temperature were 22 and 27 ohms. 
Each resistor was mounted in a separate metal sample 
for the purpose of making heat capacity measurements. 

With the aid of Eq. (1), temperatures were deter- 
mined and plotted against the corresponding measured 
helium vapor pressures from 760 mm to 1350 mm of Hg. 
These are shown as separate points in Fig. 1. Curve A in 
Fig. 1 is the relation between vapor pressure and tem- 
perature given in the table of van Dijk and Shoenberg 
and based on the determinations by Kamerlingh Onnes 
and Weber, which are represented as inverted triangles. 
It is seen that there is considerable difference between 
the points obtained with the aid of calibrated carbon 
resistors and curve A. 

In 1939, Keesom and Lignac® developed an equation 
to represent the vapor pressure data obtained by 
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Fic. 1. Graph of helium vapor pressure versus temperature. 


5 W. H. Keesom and W. P. J. Lignac, Communs. Phys. Lab, 
Univ. Leiden, Suppl. No. 90c (1939). 
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Schmidt and Keesom® in 1937. Although this equation 
was designed to fit the experimental results only in the 
range from 2.2°K to 4.3°K, it is interesting to extrapo- 
late it from 4.3°K to 5°K. This extrapolation is given 
as curve B in Fig. 1. It may be seen that below 4.8°K 
the extrapolated curve of Keesom and Lignac (B) is in 


6G. Schmidt and W. H. Keesom, Physica 4, 971 (1937). 
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better agreement with the carbon thermometer data 
than the curve of van Dijk and Shoenberg (A). It 
would appear that a redetermination of the vapor 
pressure curve between 4.2°K and the critical point is 
desirable. 

The authors are indebted to Mr. Arnold Berman for 
assisting with the measurements. 
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Electrical Resistivity and Hall Coefficient of Sodium Tungsten Bronze* 
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The electrical resistivity and Hall coefficient of single crystals of sodium tungsten bronze (Na,WOs) have 
been measured 2s a function of temperature and as a function of sodium concentration. The resistivity 
decreased linearly with decreasing temperature from 300°K to 125°K and was very nearly constant below 
30°K. The resistivity at 26°C exhibited a minimum value of (3.20-+0.14) (10-5) ohm-cm at 20.75. The 
residual resistivity at 0°K also exhibited a minimum at x=0.75 and had a value of (1.25+0.10) (10-5) ohm- 
cm. The variation of the Hall coefficient with temperature was less than 2 percent over the temperature 
range 78°K to 370°K. The Hall coefficient varied inversely with the sodium concentration from x=0.584 
to x=().897, and over this entire concentration range the Hall coefficient corresponded to one free electron 
for each sodium atom in the crystal. Hence, the anomalous minimum in the resistivity at x0.75 must be 
attributed solely to an anomalous maximum in the electron mobility. An adequate explanation of the 
minimum in resistivity does not seem possible in terms of thermal scattering alone. 


I, INTRODUCTION 


ODIUM tungsten bronze is the nonstoichiometric 
compound Na,WOs, where x lies between zero and 
one. Huibregtse, Barker, and Danielson! measured the 
electrical resistivity and Hall coefficient of single 
crystals of sodium tungsten bronze having «=0.66. 
They found the resistivity to increase linearly with 
increasing temperature in the temperature range 
— 160°C to 20°C, and obtained a Hall coefficient which 
corresponded to one conduction electron for each 
sodium atom in the crystal. Brown and Banks? measured 
the resistivity of single crystals as a function of sodium 
concentration (0.527<*<0.852) and as a function of 
temperature (— 160°C <7<360°C). Their results not 
only confirmed the metallic nature of the conductivity 
but showed that both the resistivity and the slope of 
the resistivity-temperature curve exhibited a minimum 
at a sodium concentration corresponding to x=0.70. 
To explain this minimum in the resistivity, they tenta- 
tively proposed an equilibrium between undissociated 
sodium atoms and sodium ions plus free electrons. For 
sodium concentrations below x=0.70, they suggested 
that each sodium atom might introduce into the 


* Contribution No. 275 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 

+ Now at the U. S. Salinity Laboratory, Riverside, California. 

1 Huibregtse, Barker, and Danielson, Phys. Rev. 84, 142 (1951). 


* B. W. Brown and E. Banks, Phys. Rev. 84, 609 (1951). 


crystal one free electron and one random scattering 
center (Nat); while above x=0.70, the addition of 
undissociated sodium atoms might contribute only 
additional scattering centers. The increased resistivity 
as x decreases below 0.70 could be caused by a decrease 
in the number of free electrons, while the increase in 
in resistivity about 0.70 could be caused by an increase 
in the number of scattering centers. 

The present investigation was undertaken to test this 
hypothesis by determining the Hall coefficient, and 
hence the concentration of free electrons as a function 
of sodium concentration. By extending both resistivity 
and Hall data it was hoped that a better theoretical 
understanding of the anomalous minimum in resistivity 
at x=0.70 could be obtained. 


Il. SODIUM CONCENTRATION 


The sodium tungsten bronze crystals used in these 
experiments were grown by a method described by 
Brimm, Brantley, Lorenz, and Jellinek.’ Sodium tung- 
state, tungstic oxide, and tungsten were heated in a 
porcelain crucible to 1000°C for six hours and slowly 
cooled to 700°C. The best and largest crystals were 
formed when the mole ratio of NazWO,:WO;:W was 
about 6.4:4:1. Such crystals had a sodium concentra- 
tion corresponding to x2¥0.75 and often had crystal 
faces larger than 5 mm by 5 mm. The sodium concen- 


*Brimm, Brantley, Lorenz, and Jellinek, J. Am. Chem. Soc. 
73, 5427 (1951). 
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tration was increased or decreased by increasing or 
decreasing the proportion of sodium tungstate in the 
initial mixture. The crystals were cleaved easily along 
(100) planes into rectangular parallelepipeds about 3 
mm in length and 2 mm in width and 1 mm in thickness. 

The cubic perovskite structure of the bronzes was 
first suggested by de Jong.‘ Higg® and Straumanis® 
have shown that the structure is cubic only when 
0.3<«*<1.0 and that the lattice constant do increases 
as x increases. This change of lattice constant with x 
is the most convenient and reliable method for measur- 
ing the sodium concentration. 

In order to determine the lattice constant with pre- 
cision, the following procedure was used. A portion of 
each crystal upon which electrical measurements were 
made was powdered and an x-ray powder pattern 
taken. The interplanar spacings for the eight diffraction 
lines having the largest Bragg angles were used to 
obtain eight values for the lattice constant. These eight 
values for ao were plotted as a function of $[(cos’#/sin@) 
+ (cos’#/@) ], where @ is the Bragg angle. This function 
has been proposed by Nelson and Riley.’ The value oi 
a extrapolated to 6=90° was taken as the precise 
lattice constant. 

The following equation relating the lattice constant 
do in angstroms to the sodium concentration x was used : 


(1) 


where a;=0.0820 and a,.=3.7845. This linear relation- 
ship has been established by three independent inves- 
tigations.**-* However, there is some disagreement in 
the value of a) for x=1. In this investigation we have 
taken 3.8587 kx units=3.8665A as the value for ap 
when x=1. This is the value given by Banks*® and 
appears to be the most reliable. 

The sodium concentration in atoms per cubic cen- 
timeter is 


(x/ag*) 104 = [ (12.20a9— 46.15) /ao* ]10", 


a= (a\x+<a2), 


(2) 


where dp is expressed in angstroms. 

The x-ray patterns revealed the presence of free 
metallic tungsten in many of the crystals. Brimm ef al.? 
also reported the presence of tungsten which they were 
unable to eliminate from the crystals. This free metallic 
tungsten probably results from the tendency of the 
crystals to grow around any small particles of tungsten 
which fail to react completely. If one uses tungsten 
wires instead of tungsten powder in the reaction, Sidles® 
has found that all the crystals grow on the tungsten 
wires. The existence of small amounts of free tungsten 
in the crystals appeared to have no appreciable effect 


‘W. F. de Jong, Z. Krist. 81, 314 (1932). 

5G. Z. Hagg, Nature 135, 874 (1935). 

6M. E. Straumanis, J. Am. Chem. Soc. 71, 679 (1949). 

7 J. B. Nelson and D. P. Riley, Proc. Phys. Soc. (London) 57, 
160 (1945). 

8 E. Banks, 3rd Interim Report on Lattice, Polytechnic Institute 
of Brooklyn, Brooklyn, New York (July 6, 1951), Multigraphed. 

*P. H. Sidles, Iowa State College, private communication. 


on the electrical resistivities or Hall coefficients of the 
crystals. 


Ill. ELECTRICAL RESISTIVITY 


Resistivity measurements were made with a dc 
potential method in the temperature range 10°K to 
300°K. A Collins helium cryostat was used to obtain 
the low temperatures. The sample holder consisted of 
two small brass blocks mounted on a Bakelite base. 
These blocks served as the current electrodes and were 
faced with indium solder to give good electrical contact 
and firm mechanical support. One of the electrodes was 
stationary and the other could be forced tightly against 
the sample by means of a screw adjustment. Pressure 
was necessary to give good electrical contact, but care 
was necessary in applying pressure because the crystals 
fractured rather easily. The detecting probes were 
0.020-inch tungsten wires pointed on the end by dipping 
in molten potassium nitrite. The probes were spring- 
loaded to insure good contact with the crystal. Owing 
to the smooth, hard faces of the crystals, the probes had 
some tendency to shift position if not held firmly in 
place by spring loading. The potential between the 
probes was measured with a Brown precision indica- 
tor. The sample current was about one ampere and 
was determined by measuring the potential across a 
0.001-ohm precision resistor. The temperature was 
measured by means of two copper-constantan thermo- 
couples in thermal contact with the current electrodes 
and about 1 cm from the samples. The thermocouple 
voltages were read on a Rubicon Type K potentiometer. 
The thermocouples had previously been calibrated 
against a platinum resistance thermometer down to 
10°K. Potential differences between the probes were 
measured for both positive and negative directions of 
the sample current and for different values of the 
current. These potential differences were always found 
to be linear with current. Since the resistance of the 
samples was of the order of a few milliohms, the voltage 
measured, when the sample current was one ampere, 
was of the order of a few millivolts. 

The results of the resistivity measurements are 
shown in Fig. 1.” The resistivity was found to decrease 
linearly with decreasing temperature from 300°K to 
about 125°K. Below 30°K the resistivity changed very 
little with temperature. By extrapolating to absolute 
zero the residual resistivities were obtained. In Fig. 2 
the residual resistivity and the room-temperature 
resistivity are each plotted as a function of sodium 
concentration. The residual resistivity was subtracted 
from the total room-temperature resistivity to obtain 
the temperature-dependent resistivity, which is repre- 
sented by the dashed line in the figure. It is seen that 
the residual resistivity has almost half the room-tem- 
perature value of the resistivity. Owing to this high 
residual resistivity, it was not possible to verify the 


” Detailed data is available in the unclassified U. S. Atomic 
Energy Commission Report ISC-350 (unpublished). 
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Fic. 1, Resistivity of Na,WO, as a function of temperature. 


dependence of the resistivity upon temperature at low 
temperatures (p~7°) with the sensitivity of the equip- 
ment available. 

The resistivity at 26°C exhibited a minimum value of 
(3.20+-0.14) (10-°) ohm-cm at 240.75, in good agree- 
ment with the results of Brown and Banks. The resis- 


tivity at 26°C was (12.5+0.23) (10°) ohm-cm at 
a= 0.584, and (5.89+-0.20) (10-*) ohm-cm at +=0.863. 
The residual resistivity at 0°K also exhibited a mini- 
mum value. The minimum in the residual resistivity 
had a value of (1.25+-0.10) (10~°) ohm-cm at 20.75. 





RESISTIVITY (N OHM-CM 











SODIUM CONCENTRATION wo 


Fie, 2. Resistivity of Na,WO, as a function of sodium concen- 
tration. Curve A is the measured resistivity at T= 299°K, curve 
B is the extrapolated'residual resistivity at 7=0°K, and curve 
ay = is the temperature-dependent part of the resistivity at 
T= 
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IV. HALL COEFFICIENT 


The Hall coefficient was measured using an alter- 
nating current method similar to that described by 
Huibregtse ef al.' Figure 3 is a block diagram of the 
circuit. An electronic oscillator-power amplifier de- 
livered to the sample about 3 amperes of 100-cycle 
alternating current through an imepdance-matching 
transformer. The Hall voltage (Vz) was first amplified 
by a narrow-band amplifier, which had a voltage gain 
of about 8.5(10°), and then measured on a vacuum- 
tube voltmeter. Resistor R,, which was placed in series 
with the sample in order to measure the primary 
current, had a value of 0.00116 ohm. A voltage divider 
paralleling this resistor R; reduced the voltage by a 
factor of 


R;/(Re+R;)=0.107/(1000+-0.107) = 1.07(10-4). (3) 


In this way the voltage proportional to the primary 
current was reduced to the same order of magnitude as 
the Hall voltage. This reduced voltage V; across the 
resistor R; was amplified and measured in the same 
manner as the Hall voltage. Since only the ratio of the 
Hall voltage to the sample current appears in the ex- 
pression for the Hall coefficient, only the above voltage- 
divider ratio and not the gain of the amplifier need be 
known. The current supply also provided a voltage of 
variable phase and amplitude to the Hall voltage 
measuring circuit. This voltage was used to buck out 
any voltage that might be present at zero magnetic 
field due to misalignment of the Hall probes and to 
inductive pickup. If the Hall voltage and a voltage in 
phase with the current are fed through an electronic 
switch onto an oscilloscope, and the phase of the two 
voltages compared, the negative sign of the Hall coef- 
ficient can be demonstrated, as pointed out by Hui- 
bregtse et al. 

The sample holder was similar to that used for the 
resistivity measurements. The sample was held firmly 
between two brass electrodes faced with indium solder. 
The movable electrode was screwed as tightly against 
the sample as was possible without breaking the crystal. 
The two Hall probes were pointed 0.020-inch tungsten 
wires and were spring-loaded. The sample holder was 
braced securely between the pole pieces of the magnet 
to prevent vibration, and all cables were shielded to 
minimize inductive pickup. Magnetic fields up to 10 000 
oersteds were supplied by a Consolidated electromagnet, 
model 23-104A. 

Several values of the Hall voltage for each direction 
of the magnetic field were averaged to obtain the value 
used in each calculation. The observed Hall voltage 
varied linearly with both primary current and magnetic 
field. Several separate determinations of the Hall coef- 
ficient were made for each crystal, and the average was 
calculated. The signal-to-noise ratio was usually over 
forty to one. In order to measure the Hall coefficient at 
low temperatures, the sample and holder were inserted 
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into a Dewar which was filled with liquid nitrogen and 
which was placed between the poles of the magnet. A 
small furnace was constructed for measurements above 
room temperature. The highest temperature used was 
96°C, since above this temperature the indium solder 
began to soften and vibration of the sample took place 
when the magnetic field was applied. The Hall coef- 
ficient varied less than 2 percent with temperature in 
the temperature range — 196°C to 96°C. This variation 
was less than the precision of the measurements. Hence, 
within our experimental error, the Hall coefficient 
appeared to be independent of temperature from 
— 196°C to 96°C. 
The Hall coefficient (Rx) is given by the equation 


Ry= (108V yt/TH f) cm*/coulomb, (4) 


where Vz is the Hall voltage in volts, ¢ is the sample 
thickness in centimeters, J is the current through the 
sample in amperes, and H is the magnetic field in 
oersteds. The shape correction factor (/) was necessary 
because the length of the sample was always less than 
four times the width. Appropriate correction factors for 
various length-to-width ratios are given by Volger." 

The sample current is seen from Eq. (3) to be given 
by the voltage V; across the resistor R;: 


[= V3(R2+R;)/RiR3= V;/(12.4) (10-8). (5) 
Hence from Eq. (4) the Hall coefficient is 
Ru=(Va/V3;) (12.4 t/Hf) cm*/coulomb. (6) 


The ratio (Vy/V3) was obtained from the experi- 
mentally measured voltages gVy and gV3, where g is 
the gain of the amplifier. 

The results of our measurements are given in Table I. 
The value for the Hall coefficient at x=0.658 is in good 
agreement with the results of Huibregtse e al.! They 
reported — (5.1+0.2)(10~*) cm*/coulomb compared to 
an average value of — (5.31+0.17)(10~*) cm*/coulomb 
for this investigation. 

The electron density (m) corresponding to each value 
of the Hall coefficient in Table I was calculated from 
the free-electron relation Ry=—1/ne, where e is the 
magnitude of the electronic charge. The lattice constant 
in angstroms and the sodium concentration in atoms 
per cubic centimeter corresponding to each value of x 
in Table I were calculated from the empirical equations 
(1) and (2). The electron density is plotted as a function 
of sodium concentration in Fig. 4. The estimated prob- 
able error, which arises from uncertainty in the Hall 
coefficient measurements, is also indicated. Within 
experimental error, the experimental points for all 
sodium concentrations fall on a line which has a slope 
of 45 degrees and which represents one free electron 
for each sodium atom in the crystal. The free-electron 
concentration and the sodium concentration thus appear 


1 J. Volger, Phys. Rev. 79, 1023 (1950). 
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Fic. 3. Block diagram of Hall equipment. 


to be equal over the entire range of sodium concen- 
tration. 

Hence, the anomalous minimum in the resistivity at 
x=0.75 must be attributed solely to an anomalous 
maximum in the electron mobility. The electron mobil- 
ity (4) was calculated from the Hall coefficient (Rx) 
and the resistivity (p) by the equation u=Ry/p. The 
values substituted for the Hall coefficients corresponded 
to one free electron per sodium atom, and the values 


TABLE I. Hall coefficients for sodium tungsten bronze 








(Na, WO,). 
—Ra(10*) 
Sample t eVa aVs H (em*/ 
coulomb) 


number «x (cm) (volts) (volts) (oersteds) f 


1 0584 0.154 615 444 5250 0.826 6,10 
2 0643 0.185 428 3.62 5250 0.910 5.68 


3 0.658 0.135 2.76 3.96 2580 0.875 5.20 
6.06 4.07 5250 0.875 5.45 
8.98 430 6900 0.875 5.70 
439 2.00 8580 0.875 4.93 


4 0.705 0.154 7.77 3.72 8580 0.890 5.22 
0.729 0.143 530 2.39 8580 0,955 4.87 


6 0.743 0.121 495 1.92 8580 0.967 4.70 
0.105 583 188 8580 0.975 4,87 


7 0.758 0.103 7.70 2.50 8580 0.963 4.80 
8 0.796 0.114 2.39 3.36 2580 0.930 4.20 


0.800 0.110 7.60 3.18 7600 0.942 4,53 
489 2.30 7830 0.920 4.04 
7.10 2.91 8580 0.920 4.22 
8.73 3.25 8580 0.920 4.64 


10 0.844 0.120 2.25 3.58 2580 0.830 4.38 
2.10 3.31 2580 0.830 4.41 
183 2.97 2580 0.830 4.28 
4.75 3.68 5250 0.830 442 
0.990 
0.968 





11 0851 0.141 130 2.20 2580 4.03 
0.099 3.16 189 5250 4.08 


12 0.864 0.130 502 3.82 2580 0.995 4.04 
7.200 395 6900 0.995 4.28 


13 0.897 0.116 190 3.25 2580 0.795 4.11 
1.68 2.86 2580 0.795 4.12 
164 2.85 2580 0.795 4.02 
138 241 2580 0.795 4.02 
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Fic. 4. The electron density of Na,WO, as a function of sodium 
concentration. “‘hese two quantities are observed to be equal in 
absolute; magnitude from x*-0.58 to x=0.90. 


substituted for the resistivity were taken from the 
experimental resistivity curves. In Fig. 5 the mobility 
of the electrons at 0°K and at 273°K is plotted as a 
function of sodium concentration. Each curve exhibits 
a maximum at «0.75. 


, 
V. ANOMALOUS MINIMUM IN RESISTIVITY 


The anomalous minimum in the resistivity of 
Na,WO;,, when the resistivity is plotted as a function 
of x, has been the subject of much speculation ever 
since its discovery by Brown and Banks.’ These authors 
suggested a tenative hypothesis based upon an equi- 
librium between dissociated and undissociated sodium 
atoms at x=0.70. At this concentration, the number of 
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Fic, 5, The mobility of the electrons in Na,WO, as a function of 
sodium concentration. 





charge carriers would remain constant, but the number 
of scattering centers would continue to increase as x 
exceeded 0.70. Thus, the resistivity would decrease up 
to x=0.70 because of the increase in the number of 
charge carriers, and would increase for x>0.70 because 
of the increase in the number of scattering centers. 
However, Fig. 4 shows that the Hall coefficient has a 
value corresponding to one free electron for each 
sodium atom over the entire concentration range 
(0.58<%<0.90). Hence, no explanation which involves 
an anomalous behavior in the total number of charge 
carriers appears to be tenable. 

Juretschke” has proposed a correlation between a 
possible minimum in the resistivity-pressure curve of 
pure sodium and the minimum in the resistivity-sodium 
concentration curve of Na,WO;. Bridgman" originally 
predicted a resistivity minimum for pure sodium at a 
pressure of 24000 kg/cm?. Later, he found a broad 
minimum at about 45 000 kg/cm’. The calculations of 
Bardeen“ do not show any minimum up to a pressure 
of 30000 kg/cm’. The arguments of Juretschke are 
based upon a correlation of the atomic volume in 
sodium with that in Na,WO;. Although the change in 
resistance with atomic volume is in the right direction 
to produce a minimum, the magnitude of the effect 
seems to be too small to account for the observed 
minimum. This may be seen from the following con- 
siderations. 

According to Bloch'® and Bethe'® the resistivity (p) 
of a metal, due to interaction of the electrons with the 


lattice vibrations, is given by 


1 nel 8Mek de\? 1 
ee nq k=) or’ ”) 
p hK BC aK/ Jus T 


where 7 is the number of electrons per cm’, ¢e is the 
magnitude of the charge of an electron, / is the mean 
free path, K is the propagation vector whose magnitude 
is 2r/A= P/h where d is the de Broglie wavelength and 
P is the crystal momentum, M is the mass of an atom, 
k is Boltzmann’s constant, 4= 27h is Planck’s constant, 
C is the interaction constant between the electrons and 
the lattice vibrations, mo is the number of electrons per 
atom, ¢ is the energy « of an electron at the Fermi level, 
@ is the Debye temperature, and T is the absolute tem- 
perature. 

We can with some confidence apply free-electron 
theory to both sodium and Na,WO;. Hence, we assume 


e= (ah?/2m) K°, (8) 


“H. J. Juretschke, Phys. Rev. 86, 124 (1952). 

% P, W. Bridgman, The Physics of High Pressures (G. Bell and 
Sons, London, 1949), pp. 283 and 430; Proc. Am. Acad. Arts Sci. 
72, 157 (1937); 81, 165 (1952). ‘ 

4 J, Bardeen, J. Appl. Phys. 11, 88 (1940), see Fig. 13. 

16 F, Bloch, Z. Physik 52, 555 (1928). j 

16 A. Sommerfeld and H. Bethe, Handbuch der Physik (Springer, 


Berlin, 1933), Vol. 24, No. 2, p. 523. 
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where m/a is the effective mass of the conduction elec- 
trons. Also, the Fermi energy ¢ is given by 


£= (ah?/2m) (3n/8x)}. (9) 
Hence, 


CK (de/dK)*].-¢= (ah®/m)*(2mg/ah*)! 
=3(amh?/m)?(mo/2), (10) 
where 2=n)/n is the volume occupied by one sodium 
atom. For pure sodium or for Na,WO;, m)=1, and Q 
is reciprocal of electron density. 
The interaction constant C for sodium is given by 
Peterson and Nordheim" and by Bardeen'*® by the 


equation 
C=5s, (11) 


where the constant 6=0.84, and the Fermi energy ¢ is 
given by Eq. (9). 
Substituting (10) and (11) in (7) we obtain for the 


resistivity, 
1/p= BQ'0*(i/T), (12) 
where the constant 
B= (4kM e?/x*h'b*) (xn,?/3)!. 


It is thus seen that the room-temperature resistivity 
of pure sodium or Na,WO;, due to interaction of the 
electrons with the lattice vibrations, depends upon Q, 
the volume occupied by one sodium atom, and upon 9, 
the Debye temperature. 

As the pressure on the sodium metal is increased, 
Gruneisen™ has suggested that the Debye temperature 
will be increased and that the increase will correspond 
to an increase in the forces between atoms and, hence, 
in the maximum frequency of the lattice vibrations. 
Also, the volume occupied by each sodium atom will 
clearly be decreased. The decrease in resistivity owing 
to this increase in © predominates over the small 
increase in resistivity owing to the decrease in Q, and 
hence the resistivity of sodium decreases with increasing 
pressure. 


(13) 


17E, L. Peterson and L. W. Nordheim, Phys. Rev. 51, 355 
(1937). 

18 J. Bardeen, Phys. Rev. 52, 688 (1937). 

1” This dependence of C upon ¢ was not considered by N. H. 
Frank, Phys. Rev. 47, 282 (1935). 

” FE, Gruneisen, Verhandl. deut. physik. Ges. 15, 186 (1913). 


For Na,WO; it follows from Eqs. (2) and (1) that 
the volume occupied by each sodium atom, (i.e., 
reciprocal of electron density) is given by 


(14) 


if we assume that the entire volume of the crystal is 
available to the free electrons, If the volume occupied 
by the oxygen and tungsten atoms is excluded, Juret- 
schke™ gives for the volume occupied by each sodium 
atom 


Q= a3 /x= a,*/x, 


Q= (19.6/x+2.9)A?. (15) 


In either case, the resistivity increases only as the cube 
root of the concentration x. 

It appears reasonable to attribute the initial decrease 
in resistivity to an increase in the Debye temperature. 
However, even if we assume that the Debye tempera- 
ture becomes constant at x=0.75, the increase in 
resistivity cannot be explained quantitatively by the 
increase in x. As x increases from x=0.75 to x=0.85, 
Fig. 2 shows that the temperature-dependent part of 
the resistivity increases from 2(10-°) ohm-cm_ to 
3.4(10-*) ohm-cm, or 70 percent. The decrease in 2! 
from either Eq. (14) or (15) is only 4 percent. Thus, it 
appears that the change in atomic volume of the sodium 
is much too small to account for the observed minimum 
in the resistivity-concentration curve. 

In addition to the above argument, the observed 
minimum in the residual resistivity of Na,WO,; at 
T=0°K requires some explanation apart from the 
properties of pure sodium which would have very little 
residual resistivity. 

A conceivable explanation of the minimum in resis- 
tivity might be made in terms of ordering of the sodium 
atoms at 20.75. So far, however, we have not found 
any evidence for such ordering from a preliminary 
examination of x-ray powder patterns. Also, the mini- 
mum in resistivity is possibly not as sharp as one might 
expect in an ordering phenomenon. However, a further 
search for ordering should be made. 
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The Hall effect and conductivity of zinc oxide have been 
measured in dense polycrystalline samples and two single crystals. 

It has been found that the usual simple Wilson semiconductor 
model is inadequate for the proper interpretation of results. 
Several mevlifications and additions have been suggested for the 
usual single-level impurity semiconductor. Allowance has been 
made for the polycrystalline nature of the sintered specimens in 
deducing the bulk properties. 

Three models are successful in giving the correct interpretation 
for the experimental results of the Hall curves. These are: 
(1) orbital degeneracy of electrons attached to an interstitial 
zinc atom; (2) additional energy levels at traps at the impurity 
level, where the number of traps is much greater than the number 
of donors; (3) traps far below the donor level that greatly out- 


number the donors [this is mathematically the same as (2) but 
necessitates other lattice imperfections for physical realization]. 

Physical realization of these energy level schemes is considered 
in the light of the other physical properties of ZnO, such as 
luminescence and photoconductivity. These physical models are 
examined with the aid of present-day knowledge of the alkali 
halides and other ionic crystals. It is found that pairs of positive 
(zinc) plus negative (oxygen) ion vacancies with excess oxygen ion 
vacancies are capable of reproducing the diversified electrical and 
optical properties of zinc oxide semiconductor. The previous 
scheme of frozen-in interstitial zinc atoms is shown to be incom- 
patible with our experimental results. Experiments are proposed 
for further verification of the proposed model. 





Il. INTRODUCTION 


LECTRICAL measurements have been made on 
densely sintered zinc oxile samples and two single- 
crystal specimens. Resistivity and Hall coefficient meas- 
urements have been made over the temperature range 
from 54°K to 300°K. The sintered ZnO is believed to 
derive its extrinsic semiconductor properties from an 
excess of zinc created by the loss of oxygen in the 
sintering process. The single crystals' were formed 
accidentally, and we had no part in determining their 
physical properties. The data are analyzed to determine 
the variation of the concentration of current carriers 
and mobility with temperature. The results are inter- 
preted in terms of existing theories of semiconduction. 


1. Energy Levels in Zinc Oxide 


ZnO has the wurtzite structure with a c/a ratio 
= 1.60? instead of the value 1.633 for a perfect hexagonal 
close-packed lattice. The specific gravity of ZnO is 5.68, 
and its fusing point is about 1975°C.* The static di- 
electric constant is approximately 12, whereas the index 
of refraction is 2. The conductivity is generally a func- 
tion of the heat treatment of the sample. 

ZnO is an n-type semiconductor. This is due to the 
excess zinc in the lattice.‘ The optical properties have 


* The essential portion of a dissertation in physics presented to 
the faculty of the Graduate School of the University of Penn- 
sylvania in partial fulfillment of the requirement for the degree 
of Doctor of Philosophy. A more extensive account of this work 
was given in Technical Report No. 3, June 30, 1952 (unpublished), 
copies of which can be obtained from P. H. Miller, Jr., Physics 
Department, University of Pennsylvania, Philadelphia, Penn- 
sylvania. 

ft Supported in part by U. S. Office of Naval Research. 

t Now at Eckert-Mauchly Division, Remington Rand, Inc., 
Philadelphia, Pennsylvania. 

1 We are indebted to Mr. E. Burstein of the Naval Research 
Laboratory and Mr. R. Ammon of the American Zinc Company 
for the single crystals. 

*C, W. Bunn, Proc. Phys. Soc. (London) 47, 835 (1935). 

+E. N. Bunting, J. Research Natl. Bur. Standards 4, 131 (1930). 

4 E. Mollwo and F. Stéckmann [Ann. Phys. 3, 223 (1948) ] have 
found excess zinc in their samples by chemical analysis. 


been reported by a number of authors.” This com- 
pound exhibits photoconductivity in the range 2000A 
to 7000A. There is a sharp increase in photoresponse at 
about 3.2 ev which coincides with the onset of the 
absorption of light. This energy is assumed to be the 
long wavelength edge of the intrinsic absorption corre- 
sponding to the electronic transition from the top of 
the filled band” to the bottom of the conduction band 
or to an exciton level close to the conduction band. 

Electrical conductivity measurements of ZnO at low 
temperatures can generally be described by the theo- 
retically well-founded relation: 


o=A exp—(B/kT). (I-1) 


The values of A and B vary over wide ranges among 
the various observers who have measured thin films,!~-“ 
sintered specimens,"+-'® and single-crystal samples."-15 
The relation between A and B has been discussed by 
Meyer'* and Busch.” B is equal to Ep/2, where Ep is 


5 E. Mollwo and F. Stéckmann, Ann. Phys. 3, 240 (1948). 

6 E. Mollwo, Reichsber Physik 1, 1 (1944). 

7™P. H. Miller, Proceedings of the Conference of Semiconducting 
Materials (Butterworths Publishing Company, London, 1951), 
p. 172. 

8 E. Mollwo, Z. Phys. Chem. 198, 298 (1951). 


®*D. Warschauer, Technica] Report No. 2, University of Penn- 
sylvania, Jan. 25, 1952 (unpublished). 

” This is generally thought to be the O-~ band. [See F. Seitz, 
The Modern Theory of Solids (McGraw-Hill Book Company, Inc., 
New York, 1940), p. 448.] However, J. H. DeBoer and E. J. W. 
Verwey [Proc. Phys. Soc. (London) 49, 59 (1937) (extra part)] 
have suggested that the filled band is the 3d Zn** band; for they 
point out that the metallic oxides with incomplete 3d states do 
not show photoconductivity while the oxides of the metals such 
as zinc with complete 3d shells do show a photoresponse. 

uO, Fritsch, Ann. Physik 22, 375 (1935). 

2 F, Stéckmann, Z. Physik 127, 563 (1950). 

8K. Intemann and F, Stéckmann, Z. Physik 131, 10 (1951). 

4 P, H. Miller, Jr., Phys. Rev. 60, 890 (1941). 

8 EF. E. Hahn, J. Appl. Phys. 22, 855 (1951); Technical Report 
No. 17, University of Pennsylvania, U. S. Bureau of Ships Con- 
tract, October 31, 1949 (unpublished). 

16 W. Meyer and H. Neldel, Z. Tech. Phys. 18, 580 (1930). 

17G. Busch, Helv. Phys. Acta 19, 189 (1946). 
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the ionization energy of a donor,'* if we consider the 
single-level impurity semiconductor model as proposed 
by Wilson. The donors have generally been assumed to 
be interstitial excess zinc atoms. However, Stéckmann” 
believes he has evidence for donors in the form of oxygen 
ion vacancies as well as interstitial zinc. For dense 
sintered samples,“5 Ep in the low-temperature region 
is of the order of 0.05 ev. The energy-level scheme is 
sketched in Fig. 1. 


2. Preparation of Samples 


Spectroscopically pure ZnO ™ powder was pressed in 
the form of a cylinder in a multisectioned die, 0.566 in. 
in diameter, to a length of $ to 1 in. at a pressure of 
7000 Ib per inch.? These cylinders were sintered for 18 
hours at temperatures varying from 900-1350°C. They 
were extracted from the furnace at various points on 
the cooling curve and quenched in air. The initial rate 
of heating had no effect on the electrical properties. 
The effects of the cooling rate and sintering tempera- 
ture will be discussed under experimental results. From 


these sintered cylinders the samples used for measure-— 


ment were cut in the form of flatrectangular slices; 
typical dimensions were 2 cmX0.5 cmX0.15 cm. Elec- 
trical contacts to the ZnO were made by first nickel 
plating and then soldering to the nickel plate. 


3. Experimental Procedure 


The fundamental experimental data obtained in this 
investigation were the temperature dependence of the 
Hall coefficient and the conductivity for various ZnO 
samples. The low temperature was obtained with the 
use of liquid oxygen. The temperature was measured 
by a Leeds and Northrup Type 8164 platinum re- 
sistance thermometer. The sample and thermometer 
were fastened to a copper block, and this ensemble was 
placed inside a copper can. All measurements, except 
the Hall voltage, were read with a Leeds and Northrup 
Type K potentiometer. After the misalignment voltage 
had been bucked out, the Hall voltage was read on a 
Leeds and Northrup dc microvoltmeter having a sensi- 
tivity of 1 microvolt per scale division. Magnetic fields 
of the order of 5000 gauss were used. Sample currents 
were 1 ma or less. The Hall voltage was a linear function 
of the field and sample current up to magnetic fields 
of 15000 gauss and sample currents large enough to 
cause Joule heating. 


18 Energy schemes where Ep=B will be considered later. 

Purchased from New Jersey Zinc Company, Palmerton, 
Pennsylvania. 

Representative analysis: 


Loss at 110°C 0.12% Ca 0.003% 
SO; 0.01 Na 0.003 
~~ sol. salts 0.05 Mg 0.0003 

0.0005 Si 0.0003 
Aes 0.000004 Fe 0.0008 
Insol. in HCl _ = 0.01 Cu 0.0004 
CdO than 0.003 Mn 0.0002 
Al in than 0.003 
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Fic, 1. Simple Wilson semiconductor model. 


Il. EXPERIMENTAL RESULTS 
1. Sintered Samples of Moderate Heat Treatment 


In this section we shall first examine the results of 
the measurements of the sintered samples of moderate 
heat treatment. Here “moderate” will designate the 
quenching treatment of the samples and refer to those 
samples quenched from temperatures up to 600°C. All 
samples were at the maximum sintering temperature 
(varying from 900°C to 1350°C) for a period of 18 
hours. 

The interpretation of conductivity measurements of 
polycrystalline semiconductors is, in general, open to 
some question due to the complicating action of grain 
boundaries, localized space charges, nonhomogeneity, 
etc. The exact consequences of grain structure and inter- 
granular barriers on the Hall coefficient have as yet not 
been determined. It can be shown that a Hall measure- 
ment is characteristic of the bulk material when the 
grain boundary layer has a higher resistivity and is 
much thinner than the interior of the grain.'® Small good 
conducting point contacts between grains also give to 
the first approximation a Hall voltage characteristic of 
bulk material. Therefore, we feel that the Hall coeffi- 
cient measurements give a somewhat more reliable 
description of the properties of the semiconductor and 
will discuss them in more detail than the conductivity 
measurements. 

For all samples of moderate heat treatment, the 
experimental results of the measurement of Hall coeffi- 
cient R are found to be similar. The number of charge 
carriers or impurity centers is, therefore, seen to be 
almost independent of the sintering and quenching tem- 
peratures within the limits mentioned above. The slopes 
of a InR vs 1/T°K for the straight line portion of the 
curves have values about 0.02 ev. Two of these Hall 
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a Sample * | 
° Sample * 2 


InR vs 


Px | 


Fic. 2. Typical curves for Hall coefficient vs 1/T°K for samples 
of “moderate” heat treatment. The results are apparently inde- 
pendent of heat treatment. Sample No. 1 was sintered at 1325°C 
and sample No. 2 at 1050°C for 18 hr. 
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curves are given in Fig. 2 and are typical of all of the 
samples of moderate heat treatment. These values of R 
correspond to about 10!’ charge carriers/cm*® at room 
temperature according to the equation 


R= (3/8) (1/ne), (I-2) 


where n= the concentration of electrons in the conduc- 
tion band, e= the electronic charge in coulombs, and R 
is given in cm*/coulomb. The expression for n is 


n= 7.4 10'8/R. (I-3) 


Though the conductivity (¢) has practically the same 
temperature dependence from sample to sample, the 
values measured at any one temperature may vary by 
a factor of 100 from sample to sample. The straight line 
portion of Ino vs 1/T°K has a slope of the value of 
0.02 ev for all samples. Figure 3 shows the conductivity 
plots for the same two samples.” These curves demon- 
strate maxima at about 200°K. The maxima exhibited 
by these curves indicate that the number of electrons 
in the conduction band is approaching the saturation 
value while the mobility is decreasing rapidly as T 
increases. 

In Fig. 4 we have plotted the mobility 5 curves of 
samples 1 and 2. It can be seen that the two mobility 


® No. 1 was sintered at 1325°C, and No. 2 at 1050°C. 


curves have practically the same temperature depend- 
ence. The mobilities of these sintered samples at room 
temperature lie between the values of 6 and 65 cm?/v 
sec. (Mobility 5 equals Ro.) The maximum value of the 
mobility obtained as the temperature is lowered is 
roughly three times that at room temperature. It should 
be noted that the mobility is temperature independent 
from 160° down to 54°K. Figure 4 indicates that the 
mobility is affected by the sintering temperature. X-ray 
measurements reveal that the grain size increases as 
the sintering temperature is raised. Assuming a prefer- 
ential growth of the crystallites, we can expect just 
this variation in curves of mobility if the mobility 
along one axis of the crystal is greater than along the 
second axis. Single crystals of ZnO exhibit a con- 
ductivity ratio between 4 and 10” to 1 at room tem- 
perature, i.e., o parallel to the ¢ axis is 4 to 10 times as 
large as o perpendicular to the c axis. Preliminary 
microscopic examination does not indicate preferential 
growth. This interpretation is not unique since, if one 
considers Hahn’s'® model of cubes of the bulk ZnO 
surrounded by layers oi different stoichiometric com- 
position of ZnO, the displacement of the mobility curves 
as shown in Fig. 4 might also be interpreted as an indi- 
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Fic. 3. Conductivity curves for samples No. 1 and No. 2. Heat 


treatment does affect the conductivity, but the slope remains 
constant. 
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%1 This range in values is due to the fact that in the @ direction 
in a tiny hexagonal] crystal of ZnO it is very difficult to obtain 
accurate conductivity measurements. 








CONDUCTIVITY AND HALL EFFECT OF_Zn0 


cation that the conductivity of both regions is the same 
function of 7. Also, if we assume a model of grains 
held together by narrow necks of identical material, the 
conductivity of the necks would be the same function 
of the temperature as the main body of the grain. 


2. Measurements on Other Samples 
A. Single Crystals 


Measurements of conductivity and Hall effect have 
also been made on two single crystals of ZnO in the 
region 54°K to 300°K. The results of these measure- 
ments are shown in Figs. 5, 6, and 7. 

Sample A had a yellowish-green coloration while 
sample B was almost colorless with a slight trace of 
yellow. A companion crystal of B was found to be 
spectroscopically pure. We had only one crystal of the 
A variety, and chemical analysis was not made. Both 
samples were quite transparent. Pure ZnO would be 
colorless because the intrinsic absorption begins at 
3900A. 

The plots of the Hall effect for both samples indicate 
that the slopes are the same as that of the sintered 
samples considered in Sec. II.1. Also, these curves 
demonstrate a decreasing slope at the lower end of the 
temperature range, indicating the possible effect of the 
impurities that produce the coloration of the crystals. 
The conductivity curve for sample A is very similar to 
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( Sample* | 
sintered at 350° I8hr 
Halislope, 2k =0.048ev 


e*2 
sintered at 000°C, \8hrs. 
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Fic. 4. Mobility »s 1/7°K for samples No. 1 and No. 2. The 
curves have the same temperature dependence. The mobility for 
low temperatures is independent of temperature. 
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Fic. 5. Single crystals A and B, Hall coefficient vs absolute 
reciprocal temperature. The Hall curves of single crystals are 
very similar to polycrystalline samples. 


that of the sintered specimens with the conductivity 
peak appearing about 160°K, which is at a somewhat 
lower temperature than the peaks of the sintered 
samples. For crystal B the conductivity exhibits no 
peak, and we find a curve that is somewhat more 
irregular than the usual conductivity plot. There is also 
an apparent increase in slope with increase in tempera- 
ture. This behavior is not reflected in Hall effect 
measurements. 

The mobility calculated as a product of R and a gives 
a curve for sample A that is similar to the curves of 
Fig. 4. The mobility of sample B demonstrates a rather 
anomalous behavior. See Figs. 5-7. 


B. Other Sintered Samples 


Samples have been quenched by removing them from 
the oven at the sintering temperature. These samples 
exhibit a room temperature conductivity 10~ to 10~* 
times that of the previously discussed samples. The 
Hall coefficient is roughly 10 times as large. A tempera- 
ture dependence of the Hall coefficient is difficult to 
obtain because of large drifts and extraneous voltage 
pulses appearing across the Hall probes. A conductivity- 
temperature plot reveals no conductivity peak (Fig. 8) 
and has a form similar to that of crystal B. Between 
54°K and 90°K the slope is 0.03 ev, which is about 
that usually obtained for the other sintered samples. 
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Fic. 6. Single crystals A and B, conductivity os 1/7°K. The 
conductivity of this crystal is also similar to a polycrystalline 
sample. 


For T between 90°K and 200°K, an activation energy 
about twice this appears. Because of the inability to 
obtain Hall effect curves and the sometimes deceptive 
nature of conductivity, no analysis of these curves is 
attempted except to say that because of apparent 
similarity in the conductivity curves we might imagine 
that the anomaly in the mobility behavior in crystal B 
may be present in this sample and may be characteristic 
of the zinc oxide rather than grain boundaries; i.e., 
crystal B may have had a more radical heat treatment. 
The room temperature measurements throw some doubt 
on the most usual concept of the zinc-oxide donor atom, 
that of the frozen-in interstitial zinc atom. On this 
model we might expect that the samples receiving this 
more drastic cooling treatment would have a higher 
conductivity and lower Hall coefficient, contrary to 
what is experimentally found. 


III. DISCUSSION 
1. Hall Effect and Applicable Models 


In this section the results of the Hall-effect measure- 
ments are considered in some detail. The samples to 
which this part of the discussion applies have been 
sintered at temperatures ranging from 950°C to 1350°C 
for a period of 18 hours and quenched at temperatures 
of 600°C and lower. These measurements were repro- 
ducible, and no time effects were observed in the 
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samples where the electrical properties have been 
analyzed. 

An interpretation of these measurements is sought in 
the light of existing semiconductor theory. Starting 
with the siraple Wilson semiconductor model, the data 
are compared with a series of semiconductor models 
that could possibly apply. It is found that three distinct 
physical models can give a satisfactory interpretation 
of the experimental results. 


A. Disagreement with Wilson Semiconductor Model 


If we consider the usual simple Wilson semiconductor 
model for an n-type semiconductor,” we have as shown 
in Fig. 1, a single impurity level at an energy Zp below 
the conduction band. (In all that follows the energy 
zero will be taken at the bottom of the conduction 
band.) Eg is the intrinsic energy gap, the distance 
between the top of the filled band and the bottom of 
the conduction band. It is large enough so that we can 
ignore the contribution of electrons made to the empty 
band by the filled band. 

The equation for the number of electrons in the 
conduction band is given by 


n= (2Np){2emkT/Ie}! exp{—Ep/2kT}, (III-1) 


Single Crystols ‘ond B, iabve- 
3 


Fic. 7. Single crystal mobilities. Crystal A is similar to the 
moderate heat treatment a we while crystal B exhibits an 
anomaly in the temperature behavior of its mobility. 


2 F, Seitz, The Modern Theory of — (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 






























where Np=number of donors/cm’*. It should be kept 
in mind that (III-1) holds true only when most of the 
donor atoms are not ionized (for low temperatures). 
Each impurity atom is assumed in this model to have 
one electron available for excitation to the conduction 
band. The expression for the number of states in the 
conduction band, the Zn 4s band, is taken to be a 
parabolic function of the wave number. Also, m is con- 
sidered to be the free-electron mass due to the fact that 
the conduction band is the broad 4s band of the 
Zn** jon. 

We would expect then for a plot of In(m/T7*) vs 1/T 
that we should obtain a straight line at low tempera- 
tures. Experimentally such a straight line is obtained 
as shown in the lower curve of Fig. 9, where we have 
plotted the results for sample No. 3. If this theory is 
correct, we should be able to derive a value of Np from 
the intercept (2Np)#(2rmk/h*)' of the straight line 
portion extrapolated back to the ordinate axis. This 
value should equal the number of carriers measured in 
the saturation region. The value at Vp obtained from 
the intercept appears, however, to be approximately 
1/10 to 1/20 of n (saturation). 

Graphically the essential feature of this result is that 
the straight portion of the experimental curve, and most 
of the region for which Eq. (III-1) is not valid (n~Np), 
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Fic. 8. Conductivity of a polycrystalline sample quenched in air 
from its sintering temperature. This sample is unlike those of 
moderate treatment and the curve may be compared with that of 


Crystal B. 
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Fic. 9. Comparison of theoretical curve having the orbital 
degeneracy D=20 with the simple theory and experimental] 
results. A value of orbital degeneracy of 20 fits experimental 
results quite well. 


is displaced downward from a curve plotted for the 
single-level semiconductor model. This is shown in 
Fig. 9. The theoretical curve is plotted using the value 
of m (saturation) for the value of Np, and the activation 
energy is taken to be 2k times the slope of the experi- 
mental plot of In(m/T*) vs 1/7. The comparison of the 
curves indicates that the experimental curve could be 
fitted by using the parameter Np/20 instead of Np. 
This characteristic applies to all results, and the factor 
that serves to reduce the “effective” number of donors 
in Eq. (III-1) we will designate as D. 

There are several additions or modifications that can 
be made to the Wilson semiconductor model. We shall 
discuss here three of those that satisfactorily account 
for the discrepancy between experiment and theory. 


B. Orbital Degeneracy of the Impurity Level 


Serin® has investigated the spectrum of an electron 
revolving around an impurity atom as exemplified by 
phosphorus in silicon (or a hole and aluminum in 
silicon). If the electron bound to the donor has an 
elliptical path, Serin’s results indicate that the energy 
levels are degenerate. In regard to elliptical orbits, it is 


*3 B. Serin, Technical Report No. 4, University of Pennsylvania, 
U. S. Bureau of Ships Contract, June 30, 1946 (unpublished). 
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found” that the crystalline fields in ZnO are such that 
the orbits of the valence electrons are stretched out 
along the c axis of the crystal. From electron diffraction 
results, Johnson” has found that the intensity of the 
diffraction lines can be matched only by an elliptical 
distribution of valence electrons with the ratio of the 
axes of this ellipse ~6, with the major axis along the 
c axis. It should be pointed out that a tighter binding 
along the ¢ axis is indicated because the ratio of c/a is 
1.60 instead of 1.633 for an ideal hexagonal close- 
packed crystal. 

If we use this degeneracy factor D, we are essentially 
stating that an electron bound to a donor can have any 
one of D orbits. It should be apparent that for the sake 
of electrical neutrality only one electron is allowed at 
each donor site and that once an electron occupies one 
orbit, the other D-1 orbits are unavailable for occupa- 
tion. Setting this D factor into the statistics we find 
that the number of electrons in the donor level is 
given by 

1 
(IIT-2) 


ny — 


a 1+-D~ exp{ “ (Ep—u/kT)} 


where the Fermi distribution has been modified by a 
factor 1/D multiplying the exponential term. yu is the 
Fermi energy. 

Equation (III-1) will now become 


(= 4) 2rmkT )! 
4a ) 2 -| e~EDIRT, 
D h? 


Now the plot of In(#/7") for Eq. (III-3) will always 
fall below the plot of Eq. (ITI-1) and give a smaller 
value of the intercept Vp. Agreement with the experi- 
mental results is found if D is taken ~10 to 20. 

In the case of ZnO, an intuitive feeling as to what 
the degeneracy factor might mean can be obtained, if we 
consider the case of the interstitial zinc atom with its 
two valence 4s electrons. The interaction between the 
Zn** ion and the electrons is reduced by 1/K? (K repre- 
sents the effective dielectric constant), and the differ- 
ence between each level of the n= 4 shell is then reduced, 
bringing the levels rather close together. We might then 
obtain an admixture of states for the n=4 shell. 


C. Models with Traps 


Other interesting physical cases can be built up, if 
we consider impurities or lattice defects in the crystal 
that do not have electrons available for excitation to 
the conduction band. These traps can lie at the donor 
level, below the donor level, or above the donor level. 
The first two trap positions correspond to the second 
and third models giving possible explanations of results. 


*C. H. Erhardt and K. Lark-Horowitz, Phys. Rev. 57, 603 


(1940). 
*% VY. A. Johnson, Phys. Rev. 57, 613 (1940). 


a. Nr traps at the impurity level —The number of 
electrons in the conduction band at any temperature 
is given by”® 

n(Nrt+n)/Np—n=2{2amkT/h*}8e-2/*7, (III-4) 
For n<<N 7, low temperatures, this expression becomes 
n= (Np/Nr)2(2amkT/h*)'e-29/*7, —(ITI-5) 

For n>>N 7, high temperatures, with n<N p we have 
n= (2N p)*(2amkT/h?) te 20/7, (III-6) 


Note that these two curves give different slopes. At 
first sight we might reject the applicability of Eqs. 
(III-5) and (III-6) since we do not have two slopes in 
our experimental curves. Equation (III-6) is the same 
as (III-1). However, if we make V7>>Np, then (III-6) 
is no longer valid and Eq. (III-5) holds over the entire 
temperature range where n<Np. Equation (III-5) is 
capable of giving a proper value to the intercept. The in- 
tercept of the In(m/7)! vs 1/T plot is Np/N r(2xmk/h’)}. 
Then for n (saturation)= 2X 10'" electrons/cm', Nr is 
approximately 8X 10'* traps/cm*. Thus, with an ex- 
tremely large number of traps at the impurity we are 
able to obtain a theoretical curve matching experi- 
mental results. This arrangement with N7r>Np we 
refer to as the second scheme. 

b. Nr traps below the impurity level —A third scheme 
that will give satisfactory interpretation of our data 
is that of Nr low-lying traps per cm’, such that the 
number of available electrons is Np—Nr. This is 
mathematically identical (we have merely substituted 
Np—Nr for Np) to the trap scheme just mentioned, 
but we keep this as a distinct mechanism, because of 
the fact that the actual physical models considered in 
the next section are not similar. 

Some evidence for this two-level energy scheme may 
be found in Miller’s results for conductivity.“ Miller’s 
conductivity curve indicates the possibility of two satu- 
ration regions. The low-temperature slope in Miller’s 
work is 0.02 ev, whereas the high-temperature slope is 
0.7 ev. The 0.7-ev slope may be identified with elevation 
of electrons from the trap levels to the conduction band. 

In Fig. 10 we have compared logarithmic plots of the 
various models. Curve A represents a In(m/T*) vs 1/T 
plot of the simple model with Vp= 10"" donors/cm* and 
Ep=0.05 ev. Curve B represents the same type of 
plot as A, but now we have added a degeneracy factor 
of ten. Curve C represents a In(n/T!) plot of the same 
values of » as one finds in the curve B. This plot corre- 
sponds to a model of 2.9X10'* donors/cm* with an 
activation energy of 0.021 ev and 2.8X10'* low-lying 
traps/cm*. A degeneracy of 10 with Np=10" donors/ 
cm! corresponds to NV p= 2.9X 10'* donors/cm! for a low- 
lying trap model. The model consisting of donors and 


** N. Mott and R. Gurney, Electronic Processes in Ionic Crystals 
(Oxford University Press, London, 1948), p. 159; B. R. Nijboer, 
Proc. Phys. Soc. (London) 51, 505 (1939); J. H. DeBoer and 
W. C. Van Geel, Physica 2, 286 (1935). 
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traps at the same level would also correspond to curve C 
if Np=10" donors/cm*®, N7=2.8X 10'* traps/cm’, and 
Ep=0.021 ev. 

It is necessary to note that the discrepancy in Np 
(intercept) can be satisfactorily accounted for if we 
use a value for the electron mass of about 1/7 that of a 
free electron. There is, as far as we can determine, no 
reason to expect that the mass of a conduction electron 
should be so small. 

Traps above the donor level will give a value of Vp 
(intercept) that is too large,” and hence we will not 
discuss this scheme further. 


IV. PHYSICAL MODELS FOR THE IMPURITY CENTER 


In this section we examine the possibilities for the 
physical realization of the impurity energy level models 
that we have discussed earlier. We consider first the 
centers to which other authors have attributed the 
properties of ZnO and how they fit our experimental 
results. Several modifications and additions to these 
earlier proposals are discussed in the light of recent 
work on alkali halides and other ionic crystals. It is 
suggested that perhaps the best physica! model is a 
pair of negative and positive ion vacancies with ua- 
paired negative ion vacancies in the lattice when there 
is a stoichiometric excess of the metallic constituent. 

For pure metallic oxide semiconductors with a stoichi- 
ometric excess of the metallic component we have two 
simple possibilities for lattice defects: interstitial metal 
atoms or oxygen ion vacancies. Either one would indi- 
cate an increase in the lattice constant as is experi- 
mentally found by x-ray diffraction. Mott and Little- 
ton*® have shown that the lattice expands around a 
chloride vacancy in NaCl. It is then reasonable to 
expect a similar result for anion vacancies in ZnO. The 
actual physical density would increase for interstitials 
and decrease for vacancies. No density changes have 
been measured in semiconducting ZnO. 

Wagner” has dismissed the possibility of negative 
ion vacancies in the ZnO lattice by demonstrating that 
the negative ion transport number is very small com- 
pared with that of the positive ion transport number. 
However, in the case of KCI, where again the positive 
transport number is much larger than that of the nega- 
tive ion, Seitz® has assumed that the negative ion 
vacancies move about under thermal agitation in the 
company of positive ion vacancies since such pairs of 
vacancies are much more mobile than the negative ion 
vacancies themselves. Dienes and Seitz have calcu- 
lated the activation energy for a pair of vacancies of 
KCI to be about 0.38 ev. The experiments of Leivo, 


*7S. E. Harrison, thesis (unpublished). 
( O38) . F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 
1 ‘ 
* C, Wagner, Z. physik. Chem. 22B, 181 (1933). 
® F. Seitz, Revs. Modern Phys. 18, 384 (1946). 
31 G. J. Dienes and F. Seitz, Phys. Rev. 73, 1260 (1948); G. J. 
Dienes, J. Chem. Phys. 16, 620 (1948). 
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Fic. 10. Comparison of the various semicenductor models. 

Curve A represents the simple Wilson model. Curve B is the 

orbital degeneracy model with D=10. Curve C is the low-lying 

trap model that gives the same intercept value of available elec- 
trons and temperature variation of m as Curve B 


Estermann, and Stern” show that vacancies diffuse into 
the lattice at room temperature at a rate such that the 
activation energy of this migration is of the order of 
0.5 ev. This pair of vacancies is considered to eject a 
positive ion vacancy on the capture of an electron to 
form an F center. Diffusion of pairs of vacancies may 
then also be considered in the formation or production 
of the semiconducting ZnO. 

DeBoer and Verwey® have assumed that the im- 
purity centers in some metallic oxides are oxygen 
vacancies. Experimental evidence for this is found in 
BaO (NaCl structure). Their arguments cannot be 
extended unambiguously to ZnO because of the greater 
polarizability of zinc and the different lattice structure. 

It should be pointed out that the possibility of 
interstitial positive ions in the case of alkali halides has 
been eliminated by the calculations of Mott and 
Littleton.”* We might expect, however, that the wurtzite 
structure of ZnO would be somewhat more amenable to 
the positioning of a metallic ion in an interstice of the 
lattice. 

Since at the present time we cannot rule out either 
the interstitial zinc atom or the oxygen ion vacancy, 


® Leivo, Estermann, and Stern, Phys. Rev. 75, 627 (1949). 
% J. H. DeBoer and E. J. Verwey, Proc. Phys. Soc. (London) 
49, 57 (1937) (Extra part). 





SOL E. HARRISON 


Be 


Conduction Band 


fa 





Ep 0,02ev 
0-Center levels 


py Uh ergty(Or 329" (pica 300) 


A ‘ile 


Filled OT 4 
vacancies 


Fic. 11. D-center model with excess oxyge nm vacancies. The 
thermal and optical activation energies that hs ave been obtained 
experimentally are shown with the levels to which they correspond. 





we have examined these defects with the purpose of 
suggesting a different physical model to describe each 
of the three methods of interpreting the Hall effect 
curves discussed in Sec. ITI, and to determine which of 
these is physically the most satisfactory. 

We begin with the discussion of the orbital de- 
generacy model. 

An interstitial zinc atom is very amenable to the 
treatment of degeneracy. ‘The polarizability of the 
interstitial zinc atom in its anisotropic surroundings and 
the elliptical distribution of the valence electrons found 
from electron diffraction would both produce the ellip- 
tical orbits of the electrons on the interstitial zinc atom, 
mentioned in Sec. ITI-1. The wave functions necessary 
to describe these orbits would have p and d states and, 
therefore, be highly degenerate. 

For the second energy scheme consisting of Np 
donors and Nr traps at the same level, we may postu- 
late the existence of oxygen vacancies, with the excess 
zinc playing a similar role as the alkali metal in a 
halide crystal that has been heated in an atmosphere 
of the metal. The final number of negative ion vacancies, 
then, is roughly the sum of those originally present in 
the ZnO lattice, which satisfy the conditions of statis- 
tical equilibrium at stoichiometric equality, and those 
which are produced by the excess zinc atoms (actually 
the loss of oxygen). In other words, we have normally 
about 10'* zinc and oxygen vacancies and about 107 
excess zinc ions, using the experimental data oi Sec. 
III-1-C. This model is subject to doubt in the light of 
Pincherle’s“ calculations of the activation energy of 
two electrons bound to a negative ion vacancy. He has 
calculated the binding energy of the outer electron to 


*L. Pincherle, Proc. Phys. Soc. (London) A64, 650 (1951). 


be 2.7 ev for PbS (cubic) crystal. It is interesting to 
note that the same author has shown for this type 
center that the energy of the electrons attached to the 
negative ion vacancies is not inversely proportional to 
the square of the dielectric constant, with the sub- 
sequent result that the radii of these electron orbits are 
smaller than those of the hydrogen atom times the 
dielectric constant.** The overlapping of these orbits 
has been put forward as one explanation for the varia- 
tion of the activation energy with impurity content. 
This variation is for the most part absent in our ZnO 
samples. 

We now examine the third energy model of donors 
and low-lying traps. 

Before the existence of this model we had considered 
only the simple defects, interstitial zinc atoms and 
oxygen ion vacancies. We may take up the concept of 
pairs of vacancies and consider the pair itself as the 
impurity center. With this idea in mind, a model for 
low-lying traps is suggested by Pincherle’s™ treatment 
of the case of a positive and negative ion vacancy pair 
(this is designated as D center by Pincherle) which can 
accept up to two electrons. He finds the binding energy 
of the second electron to be close to zero and the second 
ionization energy is of the order of 0.25 ev. The first 
ionization potential could correspond to the 0.025 
activation energy and the second to 1.4 ev found from 
the high temperature measurements. As shown in 
Sec. ITI, the first activation energy is taken to be 
directly equal to the slope of a semi log plot, while the 
second activation energy is that from a level of com- 
pletely filled traps and, therefore, is twice the slope. 
It is implied that the upper levels are only partially 
occupied due to an inadequate supply of electrons 
caused by a still lower set of traps as illustrated in 
Fig. 11 and explained below. Though good quantitative 
agreement is lacking between this model and Pincherle’s 
calculations, it should be pointed out that his work is 
done for cubic PbS and is admittedly rough. For our 
purposes the important qualitative feature is the exist- 
ence of two levels and widely dispersed activation 
energies as compared with the first and second ioniza- 
tion energies of a Coulomb potential. 

Further corroborating evidence for the D center can 
be found in the explanation of other properties of ZnO 
by means of this physical model. First it will be neces- 
sary to realize that it has been demonstrated experi- 
mentally* for polycrystalline samples, and is now 
generally assumed, that the ZnO semiconductor con- 
tains an excess of zinc. When this is the case, we 
postulate that accompanying the formation of D centers 
(positive plus negative ion vacancies) there exists in 
the lattice network an excess of unpaired oxygen ion 
vacancies which will form additional deep-lying levels 
(>1.4 ev). Thus, the impurity level scheme consists 
of a very low-lying oxygen ion vacancy containing two 
electrons with two higher D-center levels. The lower 


% 1, Pincherle, Proc. Phys. Soc. (London) A64, 664 (1951). 
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D-center level is completely filled, whereas the upper 
D-center level is almost completely empty. Then most 
of the electrons of the excess zinc are divided between 
the levels of the oxygen ion vacancies and the lower 
D-center levels. 

It is apparent that if we used a model of only pairs 
of vacancies and excess oxygen vacancies, the D-center 
levels would not contain any electrons. However, the 
distribution of electrons among the D centers and 
excess oxygen vacancies necessary to describe experi- 
mental results may arise in one of several ways. The 
excess zinc could take up interstitial as well as lattice 
points.** Also, the electrons active in D centers are 
possibly contributed in a large part by the impurities 
in the spectroscopically pure powder. 

Now we can associate the luminescence peak arising 
at 5100A (2.3 ev) with the transition from an excited 
state lying near the conduction band to the lower 
energy level of the D center. This discrepancy between 
the thermal and optical activation energies is certainly 
reasonable, as has been pointed out by Mott and Gurney” 
and by DeBoer and Van Geel.** The luminescence 
peak at 3950A (3.2 ev) may be assumed to be a transi- 
tion from an excited state near the conduction band to 
an oxygen vacancy. Pincherle’s value for a similar 
transition in lead sulfide to a sulfur ion vacancy is 
2.7 ev. Further, the temperature variation® of magni- 
tude and shape of the intensity vs wavelength curve of 
the 3900A luminescence peak represents that of an 
ensemble of individual centers such as that obtained 
from F centers.” The peak moves toward longer wave- 
lengths and broadens with increasing temperature. The 
5100A peak also broadens,” but its wavelength remains 
fixed as the temperature increases. The ultraviolet peak 
is much narrower than the green peak, which has the 
diffuse character of that of the bands in the alkali 
halides which Seitz has associated with centers con- 
taining more than one vacancy. 

It has been found that the ultraviolet peak is missing 
in the luminescent spectrum of single crystals. In this 
case, we postulate that in our single crystals the excess 
of zinc is so small that for our measurements all oxygen 
ion vacancies are paired with zinc ion vacancies. The 
electrons for the D centers can be donated by the 
foreign impurity atoms which are obviously present in 
our single crystals. Then in single crystals we still 
obtain the 0.025-ev slope at low temperatures because 
of the presence of D centers, though we have no excess 
zinc. (See Fig. 6.) 

Heretofore, the impurity center has most often been 
assumed to be “frozen-in” interstitial zinc. However, 
quenching from high temperatures apparently does not 


% The distribution of the excess atoms between lattice and 
interlattice points is discussed by R. H. Fowler and E. H. Guggen- 
heim, Statistical Thermodynamics (Cambridge University Press, 
Cambridge, 1949), Chap. 13. 

wN. Mott and R. Gurney, reference 26, p. 264. 

38 J. H. DeBoer and W. Ch. Van Geel, Physica 2, 286 (1935). 

* F. H. Nicoll, J. Opt. Soc. Am. 38, 178 1950). 


produce more impurity centers, but it does decrease 
the conductivity and increase the Hall effect. At tem- 
peratures below 100°K the high-temperature quenched 
samples demonstrate the slope associated with D 
centers. At these high temperatures of quenching the 
D centers are probably mostly dissociated and, there- 
fore, the fraction of single Zn+*+ and O-— ion vacancies 
is increased by the high temperature quenching.” 

It is, of course, obvious that we have not exhausted 
the supply of possible physical models, but those we 
have discussed will suffice to supply physical interpreta- 
tion of the energy schemes used in Sec. III to analyze 
the Hall effect curves. 

Considering now all of the physical models, we are 
inclined to favor the D centers with accompanying 
oxygen ion vacancy because of its ability to explain 
other properties as well as those that we have measured. 


V. SUMMARY 


The Hall effect and conductivity have been measured 
and analyzed in the temperature range from 54°K to 
300°K for sintered samples of moderate heat treatment 
and two single-crystal specimens. The Hal) effect 
curves of all of these specimens indicate the same slope 
for a InR vs 1/T plot. This same slope was observed in 
the conductivity curves of these sintered specimens and 
one of the single-crystal specimens, demonstrating that 
our results are probably characteristic of the bulk 
ZnO and not subject to the disguising influences of 
grain boundary effects. 

Analysis of the Hall coefficient curves leads to three 
energy level schemes: (1) donor centers with degenerate 
levels, (2) traps at the donor level, and (3) traps lying 
far below the donor level. The preferred physical model 
is D centers (paired zinc and oxygen vacancies) plus 
excess oxygen vacancies, considering, in addition, prop- 
erties of ZnO other than those measured by the paper 
and this corresponds to model (3) above. 

The mobilities of the sintered samples, as defined by 
a product of the conductivity o and Hall effect R 
all have the same temperature dependence but vary 
in magnitude from sample to sample. 

The single-crystal mobilities are, naturally, the 
largest. The mobility of one crystal has the same tem- 
perature dependence as these sintered samples, while 
the second crystal exhibits a rather anomalous be- 
havior. The conductivity curve of the second crystal 
resembles that of samples that have been given a 
more radical heat treatment (higher temperature of 
quenching). 

“ A. B. Scott and L. P. Bupp [Phys. Rev. 79, 341 (1950)] have 
found that there exists an equilibrium between F centers and 
aggregates of defects containing electrons in KCl. These a tes 
tend to form if the KCl crystal is cooled slowly. In Ect the 
aggregates are more stable than F centers below 300°C, whereas at 
temperatures above 500°C the F centers are more stable. At inter- 
mediate temperatures there exists a thermal equilibrium between 
F-centers. Note added in proof: the dissociation energy for paired 


vacancies is 0.89 ev as calculated by J. R. Reitz and J. L. Gammel, 
J. Chem. Phys. 19, 894 (1951). 
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These results suggest that the conductive process are 
influenced by quenching from a temperature some- 
where above 600°C. All of our “moderately” heat- 
treated samples have been quenched at this and lower 
temperatures. If both Hall effect and the conductivity 
of samples quenched from temperatures between 600°C 
and 1100°C can be measured, then we should be able 
to determine at which temperatures these “anomalous” 
conduction mechanisms appear and perhaps gain some 
insight into the temperature of formation or dispersion 
of some of the impurity centers mentioned in Sec. IV. 

An infrared photoconductivity experiment at liquid 
helium temperatures could decide between the first 
model and the last two, while a photoconductivity 
experiment at shorter wavelength to establish the 
existence of traps could eliminate the second or third. 
Thermoiuminescent curves of samples heated from 
liquid helium temperatures after irradiation with ultra- 
violet light should also add some information on the 
shallow impurity levels of the physical models sug- 
gested in Sec. III for each of these energy schemes. 

High-temperature Hall effect and conductivity meas- 
urements should certainly shed some light on the 
mechanism of the D-center formation, At temperatures 
at which the D centers might start to dissociate into 
positive and negative ion vacancies, the Hall coefficient 
should rise due to the capture of two electrons by each 
oxygen ion vacancy. The effect on conductivity may or 
may not be masked due to the possible exponential 
change of mobility with temperature. Further, on 
heating to temperatures that are high enough to dis- 
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sociate the D center and quenching to temperatures 
that are low enough to prevent diffusion, we should be 
able to vary the concentration of D centers. This would 
affect both Hall and conductivity measurements at low 
temperatures. The destruction of D centers with the 
increase of oxygen ion vacancies should diminish the 
intensity of the green luminescence while enhancing the 
output of the ultraviolet peak. 

The existence of two, lattice vacancies of opposite 
sign side by side could be detected by a peak in the 
variation of the dielectric loss constant as a function 
of frequency similar to that reported by Breckenridge“ 
for the alkali halides. This frequency would correspond 
to the jump frequency of the pairs of vacancies. 

Experiments just mentioned may help decide whether 
the D-center model is applicable. Alternatively, they 
may suggest that we need a more complex impurity 
system to explain all of the effects of ZnO or that the 
bulk effects that we have measured are not associated 
with centers that produce the other effects discussed. 
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Lattice-Scattering Mobility in Germanium 


F, J. Morin 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received September 16, 1953) 


The temperature dependence of lattice-scattering mobility in germanium is determined from conductivity. 
It is found to be 7~!-** for electrons and 7~*-* for holes, The result for holes suggests that the valence 
band is not at the center of the Brillouin zone. The ratio Hall mobility/conductivity mobility is also deter- 
mined. It is found to be constant with temperature at ~1.05 for electrons. The ratio for holes shows signifi- 
cant temperature dependence, This suggests that the valence band is composed of multiple surfaces of 


minimum energy. 


HE temperature dependence of lattice-scattering 
mobility in germanium has been reported'~® as 
being different from the theoretically predicted 7-5: in 
general, it is found to be 7~"* for electrons and 7-?# 
for holes. These results have theoretical significance 
since the prediction 7~'-* assumes the band edge to be 
located at the center of the Brillouin zone. In the 
references cited above, the temperature dependence of 
1W. C. Dunlap, Phys. Rev. 79, 286 (1950). 
2M. B. Prince, Phys. Rev. 91, 208 (1953). 
*R. Lawrance, Phys. Rev. 89, 1295 (1953). 


‘P. P. Debye and E. M. Conwell (to be published). 
+L. P. Hunter, Phys. Rev. 91, 579 (1953). 


lattice-scattering mobility was determined from con- 
ductivity and drift or Hall mobility. In this note, it is 
determined from conductivity. This method has some 
advantage over the others since drift measurements are 
more difficult and perhaps less precise, and Hall results 
will be misleading if the ratio of Hall mobility to 
conductivity mobility is a function of temperature. 
The ratio Hall mobility/conductivity mobility, un/u, 
as a function of temperature has also been determined. 
The magnitude and temperature dependence of this 
ratio has theoretical significance with regard to the 
shape and number of the surfaces of minimum energy 
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in the Brillouin zone. For spherical energy surfaces, 
theory predicts uyz/u= 1.18 and constant with temper- 
ature. Early measurement of uz/y for electrons gave a 
value <1 and led Shockley® to suggest the possibility 
of re-entrant energy surfaces. However, recent results 
of Debye and Conwell‘? show uz/u~1.1 in agreement 
with theory. 

The temperature dependence of lattice scattering 
mobility uz can be determined from the conductivity 
of high-purity samples measured in the range where 
carrier concentration is constant (all impurities ion- 
ized). In such samples, the difference between donor 
and acceptor concentration may be 10 cm or less 
with the majority impurity level lying at about 0.01 ev 
from the valence band or the conduction band. Carrier 
concentration is predicted to be constant over the 
approximate temperature range 60 to 250°K. In such 
high purity samples, theory also predicts impurity 
scattering to be negligible above 100°K. Thus, from 
100 to 250°K the conductivity c= (or p) eux and the 
temperature dependence of o gives the oo 
dependence of uz, m and e being constant. 

The conductivity of high-purity n- and p-type ger- 
manium single crystals has been measured on bridge- 
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Fic. 1. Mobility as a function of temperature in the range where 
carrier concentration is constant. 


6 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1951), Sec. 12.9. 
7™P. P. Debye, Phys. Rev. 91, 208 (1953). 
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function of temperature. 


shape samples.*:* Over the range where carrier concen- 
tration is constant, mobility has been determined using 
the relation 
7= / 2/volt 
Mr = M3000 7T/ F300 CIn*/ Voit sec, 


where yr is mobility at temperature 7, 00 is drift 
mobility at 300°K (3800 for electrons and 1820 for 
holes) obtained by M. Prince of these Laboratories, or 
is conductivity at temperature 7, and o300 is conduc- 
tivity at 300°K. Mobility determined in this way is 
plotted against log temperature in Fig. 1, for several 
n-type and p-type samples. Straight-line regions are 
found whose slopes show electron mobility « 7—'** and 
hole mobility « 7~***, Since carrier concentration is 
constant and impurity scattering negligible,’ these 
slopes represent the temperature dependence of lattice- 
scattering mobility uz. Because of assumptions in the 
theory, 7—'-* cannot be considered a significant de- 
parture from 7-'*, T-*-* is significant and suggests 
that the valence band is not at the center of the Bril- 
louin zone. Complete expressions for uz, can now be 
given: uzp=4.90X 10’7—!- for electrons and w,z=1.05 
X 10°7-** for holes. 

The ratio u/p can be determined in the range where 
carrier concentration is constant from measured Hall 
mobility uw and yw determined above. Results from a 
number of samples are shown in Fig. 2. The ratio for 
electrons is nearly constant at ~1.05. The ratio for 
holes shows significant temperature dependence. These 
results suggest that the valence band is composed of 
multiple surfaces of minimum energy. In the region 
below 100° where ux/u for holes approaches a constant 
with temperature, the temperature dependence of 
lattice-scattering mobility is expected to become 7-5, 
This behavior is obscured by impurity scattering in the 
results shown in Fig. 1. 
| The theoretical implications of these results were 
suggested by C. Herring. 

* Some of these data were taken by P. P. Debye. 

* Impurity scattering becomes evident where measured mobility 


departs from the straight-line behavior below 80° for electrons 
and below 100° for holes. 
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Resistivity-temperature data show gold produces a donor level 0.33 ev above the occupied band in 


silicon. 





“OLD has been found to cause deep-lying energy 
levels in p-type silicon. From resistivity-tempera- 
ture data, such as those shown in Fig. 1, there is at least 
one well-defined thermal activation energy for the holes 
of 0.33 ev. Curve 1 of Fig. 1 is for undoped p-type 
silicon which, as determined from the resistivity, con- 
tains 10" carriers per cc. Curves 2, 3, 4, 5 are for p-type 
silicon containing increasing concentrations of gold. At 
liquid air temperature, resistivities much greater than 
10” ohm cm are readily realized. The data have been 
obtained using single-crystal silicon drawn according to 
the Czochralski technique. 

The effect of the concentration of gold in silicon may 
be seen from the curve of Fig. 2 in which the resistivity 
at room temperature is plotted along the length of a 
single crystal. The gold, by rejection from the solid 
during growth, is concentrated toward the bottom of 
the crystal. It is observed that the resistivity increases 
rapidly if the gold concentration exceeds a certain 
value. T — resistivity of undoped p-type silicon de- 
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Fic, 1, Temperature-resistivity plot for gold-doped p-type silicon. 


creases slightly down the length of a grown crystal. 

If we consider a modei in which each gold atom 
accepts one hole, it is possible to determine the ratio of 
gold atoms to holes from the data of Fig. 1. Thus, 
curve 2 may be shown to indicate a gold atom to hole 
ratio of about 0.8 and curve 3 about 0.99. Since the 
hole concentration is given by the expression N = 1/peyy, 
where p is the resistivity before adding gold, the con- 
centration of gold may be evaluated by combining this 
expression with that for the ratio of gold atoms to the 
number of holes. From the concentration of gold atoms 
at various points in the crystal, it is possible to estimate 
a distribution coefficient for gold in solid and liquid 
silicon (C,/C;). Using 370 cm?/volt/sec! for u,, we 
obtain a value for (C,/C;) of about 3X 10-5 averaged 
from the data for several gold-doped silicon crystals. 

Of principle interest at this time is that whereas 
Dunlap’ has reported gold as an acceptor in germanium, 
in silicon it is a donor whose effect is most conveniently 
seen on holes in initially p-type samples. 

Acknowledgment is gratefully made of the profitable 
discussions with Dr. L. Apker and Dr. W. C. Dunlap 
in the course of these studies. 
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Fic. 2. Resistivity of gold-doped p-type silicon 
at room temperature. 


1E. J. Ryder, Phys. Rev. 90, 766 (1953). 
*W. C. Dunlap, Jr., Phys. Rev. 91, 208, 1282 (1953). 
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Infrared Photoconductivity due to Neutral Impurities in Germanium 
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Impurity photoconductivity studies have been carried out at liquid helium temperature over the range of 1 
to 38 microns for n- and p-type germanium containing various donor and acceptor impurities. As expected 
from the thermal ionization energy data, the impurity photoconductive response of germanium containing 
group III or group V impurity elements extends beyond 38 microns, the limit of measurement; the response of 
zinc-doped germanium also extends beyond 38 microns, indicating an upper limit of 0.033 ev for zinc acceptor 
centers; the photoconductive response of copper-doped germanium extends only to 29 microns, indicating 
an optical ionization energy for copper impurity centers of 0.043 ev. An electrical “breakdown” is observed 
at liquid helium temperature in germanium containing small concentrations of group III or group V im- 
purity elements which makes it necessary to use relatively low applied fields in the photoconductivity 


measurements. 


INTRODUCTION 


ERMANIUM exhibits optical absorption extend- 
ing to the near infrared which is due to electronic 
transitions from the filled band to the conduction 
band.' This intrinsic absorption is accompanied by 
photoconductivity whose long wavelength limit coin- 
cides with the intrinsic absorption edge at 1.85 microns.” 
Germanium also exhibits absorption beyond the 
intrinsic absorption edge due to lattice vibrations which 
appears as bands in the region from 12 to 32 microns. 
Free charge carriers arising from intrinsic and impurity 
ionization processes also contribute to the absorption 
beyond the intrinsic absorption edge.*.* 

At sufficiently low temperatures neutral impurities 
may also be expected to contribute to the infrared 
absorption in germanium. Optical absorption by neutral 
impurities involving the photoionization of bound 
charge carriers has previously been demonstrated in 
n- and p-type silicon at liquid nitrogen temperature.!.7 
At liquid helium temperature this absorption is accom- 
panied by photoconductivity which may extend to 38 
microns in the infrared.*.* More recent infrared studies 
at low temperature have revealed further the existence 
of excited states of the impurity centers in silicon and 
have enabled us to obtain rather precise information 
about the ionization energies of impurity centers in 
silicon.” 

Photoconductivity studies have now been carried out 


* Present address: Ohio State University, Columbus, Ohio. 
t Present address: National Bureau of Standards, Washington, 
Cc 


1M. Becker and H. Y. Fan, Phys. Rev. 78, 178 (1950). 

2 F. S. Goucher, Phys. Rev. 78, 816 (1942). 

8 E. Burstein and J. J. Oberly, Phys. Rev. 78, 642 (1950). 

*R. C. Lord, Phys. Rev. 85, 140 (1952). 

5M. Becker and H. Y. Fan, Proceedings of Reading Conference 
(Butterworth Publishing Company, London, 1951), pp. 132-147. 

*H. B. Briggs and R. C. Fletcher, Phys. Rev. 87, 1130 (1952). 

7 Burstein, Oberly, Davisson, and Henvis, Phys. Rev. 82, 764 
(1951). 

§ Burstein, Oberly, and Davisson, Phys. Rev. 89, 331 (1953). 

®*B. V. Rollin and E, L. Simons, Proc, Phys. Soc. (London) 
B66, 161 (1953). 

Burstein, Bell, Davisson, and Lax, “Symposium on Impurity 
Phenomena, June, 1953” [J. Phys. Chem. (to be published) J. 
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at liquid helium temperature for n- and p-type ger- 
manium containing various donor and acceptor impuri- 
ties. These studies demonstrate the existence of optical 
absorption and photoconductivity due to neutral donor 
and acceptor impurities in germanium and enable us to 
obtain information about the ionization energies of 
known or unknown impurities which are present." 
The present studies do not extend beyond 28 microns 
so that such information is limited to impurities having 
ionization energies greater than 0.033 ev. 


EXPERIMENTAL 


Photoconductivity measurements were carried out 
over a range of wavelengths from 1 to 38 microns using 
a model 12-C Perkin-Elmer monochromator equipped 
with interchangeable NaCl, KBr, and KRS-5 prisms. 
Care was taken to eliminate or minimize scattered 
light errors by using appropriate reflection and trans- 
mission filters. A simple arrangement of two concentric 
glass Dewars was used to maintain the specimen at 
liquid helium temperature. Monochromatic radiation 
chopped at 1080 cps entered through a KRS-5 
window at the top of the inner Dewar. A de voltage was 
applied across the specimen in series with a one megohm 
load resistance, and the ac signal across the series load 
resistance was amplified by a tuned amplifier, rectified 
synchronously and recorded by means of a Brown 
Electronik recorder. 

Photoconductivity studies were carried out at 
liquid helium temperature for germanium specimens 
doped with antimony, copper, indium, and zinc, 
respectively. The resistivity of the specimens at liquid 
helium temperature ranged from 10° to 10° ohm-cm. 
Fairly complete data have thus far been obtained for 
germanium specimens doped with copper, indium, and 
zinc. The specimens doped with antimony were found 
to be photoconductive out to 38 microns but were 
noisy and unstable so that it was not possible to obtain 


4 Photoconductivity due to neutral impurities in germanium 
is also being investigated by Dr. G. Morton and his co-workers at 
RCA. We wish to acknowledge the valuable exchange of informa- 
tion between the two groups on these problems. 
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Fic. 1. Spectral response of a GE indium-doped germanium 
specimen containing 410° charge carriers/cm* at room tem- 
perature, 


quantitative data. Spectral response (relative photo- 
conductive response/flux density of incident radiation 
plotted against wavelength) curves are given in Figs. 
1, 2, and 3 for (a) a General Electric (GE) indium- 
doped specimen, No. 132, containing 4X10'* charge 
carriers/cm’ at room temperature; (b) a GE zinc-doped 
specimen, No. 152, ccntaining 2X10'* charge car- 
riers/cm*’ at room temperature; and (c) a Bell 
Telephone Laboratories (BTL) copper-doped specimen, 
No. 153, containing 1X10" charge carriers/cm* at 
room temperature. Preliminary time-constant measure- 
ments were carried out for the zinc-doped specimen 
No. 152. The results indicate a time constant for the 
impurity photoconductive response which is less than 
10~° sec. 
DISCUSSION 


Optical absorption by neutral impurities may involve 
transitions from the ground state of the impurity center 
to higher energy states, corresponding to optical 
excitation of the bound charge carriers, as well as 
transitions from the ground state to the conduction 
band, corresponding to photoionization of bound charge 
carriers (Fig. 4). At sufficiently low temperatures, 
where the density of free charge carriers is small, the 
photoionization absorption by neutral impurities may 
be expected to be accompanied by photoconductivity 
having a long wavelength limit which coincides with 
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Fic. 2. Spectral response of a GE zinc-doped germanium 
specimen containing 210° charge carriers/cm* at room tem- 
perature. 
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the photoionization limit. The position of the long 
wavelength photoionization limit for the various im- 
purities in germanium may be estimated from thermal 
ionization data, since the optical ionization energy may 
reasonably be expected to be equal to the thermal 
ionization energy in homopolar materials (Table I). 
Thus, the long wavelength photoconductive response 
limit should occur at 120 microns for specimens con- 
taining group III or group V impurity elements, 
corresponding to a thermal ionization energy of 0.01 
ev; at 40 microns for zinc-doped specimens, correspond- 
ing to a thermal ionization energy of 0.031 ev; and at 
31 microns for copper-doped specimens, corresponding 
to a thermal ionization energy of 0.040 ev. Optical 
excitation of the neutral impurities would be expected 
to appear as relatively narrow bands at wavelengths 
just beyond the photoionization absorption limit. It is 
not probable that the optical excitation of neutral im- 
purities will be accompanied by any appreciable photo- 
conductivity at liquid helium temperature except, 
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Fic. 3. Spectral response of a BTL copper-doped germanium 
specimen containing 1X10'* charge carriers/cm’ at room tem- 
perature. 


possibly, in the case of transitions to states very close 
to the conduction band, since the probability that the 
excited bound charge carriers will be thermally ionized 
before returning to the ground state may be expected 
to be relatively small. 

As expected from the ionization energy data, the 
photoconductive response of germanium containing 
group IIT and group V impurity elements extends out to 
38 microns, the present limit of measurement. The photo- 
conductive response of the GE indium-doped germanium 
does, however, exhibit some rather unusual structure 
beyond the intrinsic absorption edge. The photo- 
conductive response curve of this specimen (Fig. 1) 
increases with wavelength to a peak at 4 microns but 
falls abruptly just beyond 4 microns. It also exhibits 
structure in the region between 8 and 15 microns. The 
dip in photoconductive response at 29 microns is due 
to the competitive absorption by the 29-micron lattice- 
vibration band. Similar results have also been obtained 
for a BTL indium-doped germanium specimen. The 
peak at 4 microns appears to be due to the photo- 





INFRARED PHOTOCONDUCTIVITY 


ionization of an acceptor level with an ionization 
energy of 0.3 ev. 

The photoconductive response of zinc-doped ger- 
manium also extends to 38 microns (Fig. 2). There is 
some evidence of structure in the region from 3 to 12 
microns. The absence of a long wavelength limit to the 
photoconductive response over the range of measure- 
ments indicates an upper limit to the optical ionization 
energy of 0.033 ev for the zinc acceptor centers for which 
Dunlap” has obtained a value of 0.031 ev from elec- 
trical measurements. The photoconductive response of 
copper-doped germanium, on the other hand, extends 
only to 29 microns (Fig. 3). This long wavelength 
limit indicates an optical ionization energy for the 
copper acceptor centers of 0.043 ev which is in good 
agreement with the value of 0.040 ev which Morin and 
Maita” have obtained from electrical studies. The 
bump in the curve in the region of 2 to 4 microns may 
possibly be associated with the 0.3-ev acceptor levels 
which Burton and his co-workers have shown to be 
present in copper-doped germaniur.." The dips in the 
photoconductive response curve in the region from 15 
to 30 microns, on the other hand, are due to the com- 
petitive absorption by lattice vibrations (Fig. 5). 


TaBLe I. Ionization energies of impurities in germanium. 








Impurity E(ev) (microns) 


Group III 0.01% 120 
Group V 0.01" 120 
Zn 0.031» 40 
Cu 0.040° 31 














* G. L. Pearson and W. Shockley, Phys. Rev. 71, 142 (1947). 
> See reference 12. 
¢ See reference 13. 


During the course of the photoconductivity studies 
at liquid helium temperature, an interesting electrical 
“breakdown” effect was observed in germanium 
containing low concentrations of group III or group V 
impurity elements. Efforts to detect photoconductivity 
due to neutral impurities in such specimens were 
initially unsuccessful. An appreciable impurity photo- 
conductivity was however readily observed in zinc- 
doped specimens containing 10'* charge carriers/cm! 
at room temperature. It was further noted that in the 
absence of background radiation the “dark” resistivity 
of the specimens containing low concentrations of 
group III or group V impurity elements, as measured 
by an ohmmeter, appeared to be several orders of 
magnitude smaller than the values which would reason- 
ably be expected from the concentrations and ionization 
energies of the impurities. Anomalously low “dark” 
resistivities have previously been observed in n- and 
p-type silicon specimens where they were attributed to 

2 W.C. Dunlap, Jr., Phys. Rev. 85, 945 (1952). 

3 F, J, Morin and P. J. Maita, Phys. Rev. 90, 337 (1953). 


4 Burton, Hull, Morin, and Severiens, “Symposium on = od 
Phenomena, June 1953” [J. Phys. Chem. (to be published) ]. 
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Fic. 4. Energy level diagram showing optical excitation and 
photoionization of bound charge carriers. 








the presence of impurity centers with very low or zero 
ionization energies.’ However, a study of the current- 
voltage characteristics of the germanium specimens 
containing group III or group V impurity elements 
revealed the existence of a reversible electrical “break- 
down” effect which set in at applied electrical fields of 
the order of 10 volts/cm.'® These fields were consider- 
ably lower than those normally employed in the photo- 
conductivity studies, and also lower than the fields 
applied to the samples in the ohmmeter measurements. 
An appreciable impurity photoconductivity was readily 
observed when the applied fields were kept below the 
critical breakdown value. The electrical breakdown 
effect, which is also observed when microsecond pulses 
are used, manifests itself as a sharp increase in conduc- 
tivity of several orders of magnitude over a small range 
of applied field and is accompanied by a sharp increase 
in current noise.'® Exposure of the specimen to room- 
temperature background radiation increases the conduc- 
tivity of the specimens by one or two orders of magni- 
tude in the pre-breakdown region, but does not effect 
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Fic. 5. Contribution to the infrared absorption spectrum of 

germainium due to lattice vibrations. 





16 Turner, Davisson, and Burstein, Proceedings of the Schenec- 
tady Cryogenics Conference, October 1952 (unpublished). 

16 A dependence of resistivity on applied fields at low tempera- 
ture has previously been noted by Estermann, Foner, and Zimmer- 
man, Phys. Rev. 75, 1631 (1949). 
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the conductivity at higher fields. No electrical break- 
down effects were observed up to several hundred volts 
in the zinc-doped specimens, which condition accounts 
for the fact that an impurity photoconductivity was 
readily observed in these specimens when higher 
electric fields were employed. Electrical breakdown 
effects were also absent in n- and p-type polycrystalline 
silicon for fields up to 1000 volts/cm. 

The electrical breakdown effect in germanium at 
liquid helium temperature is at present attributed to 
charge-carrier multiplication involving the impact 
ionization of neutral impurities by charge carriers 
which gain the necessary energy from the applied 
field.!”"'"* The relatively low applied field required for 
breakdown is apparently due to the low ionization 
energy of the impurity centers and to the high mobility 
of the charge carriers at low temperatures in germanium 
containing low concentrations of group H{I or group V 
impurity elements. The fact that charge carriers which 
receive their energy from the applied electrical field 
can produce an appreciable impact ionization of neutral 
impurities, suggests that charge carriers produced by 
photoionization may also produce secondaries by impact 
ionization before losing their initial kinetic energy by 
other processes. The quantum efficiency for the 
photoionization process may therefore be greater than 


‘7 Sclar, Burstein, Turner, and Davisson, Phys. Rev. 91, 215 
(1953). 

‘6 Sclar, Burstein, and Davisson, Bull. Am. Phys. Soc. 28, No. 4, 
22 (1953), 
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one for photons whose energies are greater than the 
ionization energies of the impurity centers. 
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Note added in proof.—We have more recently carried out optical 
absorption measurements at low temperature on indium-doped 
germanium. We find, in agreement with the results of Kaiser, 
Collins, and Fan [Phys. Rev. 91, 1380 (1953)] that at liquid 
helium temperature indium-doped germanium exhibits a band at 
3.6 microns. This band is very similar to the 3.6-microns band 
observed at liquid nitrogen temperature which is attributed to 
optical transitions of free holes between two of the branches of 
the degenerate valence band. The 3.6-microns band at liquid 
helium temperature is apparently responsible for the photo- 
conductivity peak at 4 microns and is accordingly now attributed 
to optical] transitions of holes from bound indium acceptor levels 
to levels within one of the branches of the valence band. The 
similarity of the band at liquid nitrogen temperature (where the 
holes are free) to the band at liquid helium temperature (where 
the holes are bound) is apparently due to the very small ionization 
energy of the indium acceptor centers and to the similarity in 
character of free holes at the top of the valence band to bound 
holes at the acceptor levels. 
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It is shown that the general expression for the magnetic resonance frequency of the two-sublattice model 
of a ferrimagnetic crystal has essentially the same form as that originally obtained for the ferromagnetic 
case provided that the product of the molecular field coefficient and the net magnetization is large compared 
to the applied and anisotropy fields. The special cases of vanishing magnetization and angular momentum 
are considered separately, and the relation of these results to the theory of antiferromagnetic resonance 


is discussed. 


INTRODUCTION 


EVERAL magnetic resonance experiments have 

been made with ferrimagnetic' materials in order 

to test the standard theory of ferromagnetic resonance.” 

In general, the agreement between the measured and 

predicted dependence of the resonance frequency upon 

the angles made by the static field with the principal 
1L, Néel, Ann. phys. 3, 137 (1948). 


*C. Kittel, Phys. Rev. 73, 155 (1948); J. H. Van Vleck, Phys. 
Rev. 78, 266 (1950). 


crystallographic axes was very good, so good, in fact, 
that the theoretical expressions for the frequency were 
then used to deduce values of the anisotropy constants 
for the materials.’ There seems to have been no theo- 
retical justification for the detailed use of these formulas 


3L. R. Bickford, Jr., Phys. Rev. 78, 449 (1950); T. Okamura 
and Y. Torizuka, Sci. Repts. Research Insts. Téhoku Univ. A2, 
822 (1950); Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 
744 (1950) ; Okamura, Kojima, and Torizuka, Sci. Repts. Research 
Insts. Téhoku Univ. A4, 72 (1952); D. W. Healy, Jr., Phys. 
Rev. 86, 1009 (1952); T. Okamura and Y. Kojima, Phys. Rev. 
86, 1040 (1952). 





MAGNETIC RESONANCE 


other than that a macroscopic magnetization as pos- 
sessed by the ferrimagnetics is the only quantity really 
dealt with by the theory. 

The present theory of ferrimagnetism,' however, 
accounts for the magnetic properties of these materials 
in terms of magnetic sublattices whose interactions are 
described by molecular fields of the Weiss type. The 
sublattices are obtained by grouping the magnetic ions 
according to the type of crystallographic site they 
occupy ; in the widely studied case of magnetic spinels, 
such as the ferrites, the sites are of two types, having 
different coordinations with the surrounding oxygen 
ions. Since it is thought that the interactions of the 
ions with the crystalline electric fields lead to the 
observed magnetic anisotropy and make the gyro- 
magnetic ratio of the ion different from that of a free 
spin,® we should in general assume in a phenomeno- 
logical treatment of the usual type that the sublattices 
are characterized by different gyromagnetic ratios and 
anisotropy constants. The effect of the different gyro- 
magnetic ratios on the resonance frequency hag already 
been observed® and quantitatively corvelated with an 
“effective gyromagnetic ratio” which is characteristic 
of the material as a whole.’ 

The sublattice structure is known to have a profound 
effect upon the resonance condition in antiferromag- 
netics.* The ferrimagnetic case is not so clear-cut, 
however, as is shown by the diversity of equations 
which have been obtained as possible expressions for 
the resonance frequencies.*”~* With the exception of 
SE(3), these have been obtained for special cases, but 
they all contain explicitly the molecular field coeffi- 
cients, so that the relation with the general result for 
the ferromagnetic case is not at all apparent. Even in 
those cases in which results have been obtained which 
are independent of the molecular field coefficients, as in 
SE, the specific assumptions which have been intro- 
duced for mathematical simplicity should make one 
cautious about drawing general conclusions from the 
results of these special cases; in addition, they do not 
provide a complete theoretical justification for the use 
of the very general result of the ferromagnetic theory 
in the analysis of resonance data obtained with ferri- 
magnetics. 

In the following sections, we shall confine our con- 
siderations to the two-sublattice model of a ferrimag- 
netic because only in this case can the exact expression 
for the frequency be found without undue labor. We 


4 J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 

5 C. Kittel, Phys. Rev. 76, 743 (1949). 

° T. R. McGuire, Phys. Rev. 91, 206 (1953); J. S. van Wieringen, 
Phys. Rev. 90, 488 (1953). 

7R. K. Wangsness, Phys. Rev. 91, 1085 (1953). Hereinafter 
this paper will be referred to as SE, and numbers in parentheses 
following the letters refer to the corresponding equation of this 


paper. 
Pr Nagamiya, Prog. Theoret. Phys. (Japan) 6, 350 (1951); C. 
Kittel, Phys. Rev. 82, 565 (1951). 

°F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952); R. K. 
Wangsness, Phys. Rev. 86, 146 (1952). 
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shall show that, with the exception of two cases which 
are peculiar to ferrimagnetics, the resonance condition 
can be put in the same form as that found for the 
ferromagnetic case and hence explicitly independent of 
the molecular fields. The only condition is that the 
molecular fields be larger than both the applied and 
anisotropy fields; this is generally the case in practice. 
This general result is of particular importance since 
Smit” has recently shown that for an arbitrary number 
of sublattices there is only one frequency which remains 
finite as the molecular field coefficients become very 
large. 

: THE FERROMAGNETIC EQUATION 

The exact expression for the normal frequencies of a 
two-sublattice system for which different gyromagnetic 
ratios and anisotropy fields are assumed is given by 
SE(3); we shall continue to use the notation of this 
paper. 

We shall assume the molecular field coefficient and 
the net magnetization to be large enough so that 
|\M|>>H and H’, where 77’ is any component of the 
anisotropy or demagnetizing fields. We then see that 
both F and R are of the order of \* so that F*?>>R. Thus 
we can expand the radical in SE(3) in inverse powers 
of F*, and we find that, in general, a good approximation 
to the frequency is given by 


w= R/2F, (1) 


where the neglected terms are of the order of \~*. Since, 
to this approximation, P=\M, we find that 


2F =)\?(yM —6A)?=\(y2M1+-71M;2)’, (2) 
as in SE(7). 
Similarly, we find after a short calculation in which 
only terms of order \ are kept that 
(A,;B;—C;D;)/r 
= (y’?- #)MO;+y172(11,M 2+2;M 2), (3) 
where j=x, y, and, with i=1, 2, 
nij= N,3;— Nis. (4) 
If we substitute the results given in (2) and (3) into 
(1), noting that y’—#=v~yyy2 and using SE(4), we find 


the expression for the resonance frequency to be 
independent of \ and given by 


w= yl] (H+ (Nj;—-N.M 
of (n,;M 2+ n2j;M?)/M |. (5) 


In (4), ver is again the effective gyromagnetic ratio 
defined by the equation 


Yett= (M+ M2)/[(Mi/11)+ (M2/72) ]. (6) 


We note in passing that, with the corresponding assump- 
tions, Eq. (5) reduces to the expressions already given 
in SE(9) and (19). 

The main features of (5) which are of interest here 
are the bracketed terms which describe the dependence 


” J. Smit (private communication). 
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of the frequency upon the components of the anisotropy 
fields. At first sight, Eq. (5) appears not to be equivalent 
to the original result of Kittel? which leads to a 
bracketed term of the form 


H+(N;—-N,)M+(N/—-N,)M, (7) 


where the N* are equivalent demagnetizing factors 
arising from anisotropy. (Both Kittel and Macdonald" 
have pointed out that, although the components of the 
anisotropy field are not unique, the final results involve 
only the combinations N;*—N,* which are free of 
ambiguity. A comparison of the calculations of Naga- 
miya and Kittel for the antiferromagnetic case is 
instructive in this connection.) 

In order to see how (5) will lead to results equivalent 
to (7), let us first consider the specific case of cubic 
symmetry, for which we shall write the anisotropy 
energy as 


Eo= Ky (a8 P+ ryr+yi'a:’) 
+K2o(a2’Be+Bey?+y2a2"), (8) 


where XK; is the first-order anisotropy constant and 
(a;, 8:, ys) are the direction cosines for the ith sub- 
lattice. Macdonald has given a thorough discussion of 
the method of calculating the effective demagnetizing 
factors when the applied field is rotated with respect 
to the principal axes of the crystal." The components 
of the anisotropy field are calculated in the principal 
axis system (X, Y, Z) of the crystal from the equations 


Has'= —dE,/9Miz, 


where J=X, Y, Z and M,x=Mj,q,, etc. The direction 
cosines x: of the rotated xyz system are then used to 
transform the components of the anisotropy field into 
this system, and the effective demagnetizing factors 
are found by inspection of the resulting equations. 
When this method is applied to (8), one finds that 


nij= (2K ./M?)f; (nei), (9) 


where /; is a function of the ; which is independent 
of i. We now see at once that 


13M °+- n2;M;? - (Ki+K2) 
M,+M;, 


M 
In the ferromagnetic case, where the first-order 
anisotropy energy would be written E,=K (a°f*+(*y* 
+-y’a*), the result is, of course, that 


(Nj*—N.*)M= (2K/M) f;(mu). (11) 


Since M = M,+ M2, and f; is the same function of the 
ne: in (10) and (11), we see that the resonance condition 
for a ferrimagnetic of cubic symmetry as given by (5) 
will give exactly the same dependence upon the direc- 
tion of the applied field as does the formula originally 
derived for a ferromagnetic material. Anisotropy con- 
stants determined in this way will then be related to 


4 J. R. Macdonald, Proc. Phys. Soc. (London) A64, 968 (1951). 


forma, (10) 


the anisotropy constants of the individual sublattices 
as given by the not too surprising equation K= K,+ K2. 

Having gone through this example, we can now see 
how this result is true in general. When the components 
of H,‘ are computed by differentiation, a factor M; is 
introduced into the denominator. Another M; appears 
when the effective demagnetizing factors are calculated 
by comparison with, say, SE(2), since a direction cosine 
must be replaced by a magnetization component divided 
by M; for this purpose. Thus the m,; will be equal to a 
function of the anisotropy constants and the n,; divided 
by M?, so that when the last term in the brackets of 
(5) is computed, the result will be the same function 
of the K’s and the ,; divided by M. But this result, 
as we have seen in detail for the cubic case, will be of 
exactly the same form as is given by the last term of 
(7) with an appropriate identification of anisotropy 
constants. 

In summary, we have found that as long as the 
product of the molecular field coefficient and the net 
magnetization is large compared with the applied and 
anisotropy fields, the resonance condition for a ferri- 
magnetic is essentially identical with that obtained 
for the ferromagnetic case, provided that one takes into 
account the effective gyromagnetic ratio. The correction 
terms to w* are of order \~* and could be calculated by 
keeping more terms in the expansion of SE(3); in 
most cases, the molecular fields are so large that these 
terms are not needed. 


TWO SPECIAL SITUATIONS 


Under appropriate conditions of composition or 
temperature, the antiparallel orientation of the sub- 
lattices, which is characteristic of ferrimagnetics, can 
lead to two situations which do not correspond to any 
feature of the ferromagnetic case. The first corresponds 
to the disappearance of the net magnetization, i.e., 
M=M,+M2=0, (M120), while the other means 
the vanishing of the net angular momentum, i.e., 
S= (M,/71)+ (M2/y2)=0. It is interesting to see to 
what the exact expression for the frequency reduces 
under these conditions. 


I, M=0 
In this case, we can write our results entirely in terms 
of the magnetization of one sublattice, M,, say, since 
M:=— M,, If we now inspect the terms in SE(4), we 
find again that both F and R are of the order of (AM;)*, 
if we assume that |AM,|>>H, H’. As we know already, 
a good approximation to the frequency under these 
conditions is then given by (1). 
It is easy to show that the exact expressions for F 
and R when M=0 are 


F= (Y+8)IP+Hly (Eu +E) +6(Ex+E;)] 
+ (Ex Ey, + E,E,-)+M if [(N2—A) (6E,,+7E,_) 
+ (Ny—d) 6Es4+7Es-) + 276H (Ns+Ny—2)} 
425M 2(N.—)(Ny—A), (12) 
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and 


R= (vrve)" 1 +H Mi (m1 5— N23) 
—M [m1 sna;+ (Nj—A) (mj+M2;)]}. (13) 


If we now evaluate (12) and (13) only to the order 
of \*, use SE(4), and insert the results in (1), we find 
that 


w= fy’ M TT [(m1j—m12)+ (nej—M20)], (14) 


1 | ESP 
Yo 2y 2 
These reduce to the simpler results previously obtained 


as SE(24) and (25), and the remarks following these 
equations are also applicable here. 


where 


(15) 


II. S=0 


Here we have M = 25M,/7; and A= 2yM,/7;. In this 
case we cannot use our previous method of expansion 
of SE(3) since it is easily verified that F is now only 
of the order \ while R is still of the order A’. If, for 
simplicity, we calculate only the terms of order A, we 
find that 


a. =—)\yMi[6(0.+0,)+ E+E], (16) 
an 
R= (22M)? (60.+ E,-)(80,+ E,-), 
so that 
F’—R= (yv2M,)*[6 (Q.- Q,)+ (Z,-— E,..) f. (17) 


Upon substituting (16) and (17) intow*=F+ (F’—R)! 
in order to find w to the order of A, we see that there 
are two possible values of w* given by 


w2= — 242M, (60,+ E,_) (18) 


and 
w= —2y2M, (6Q,+ E,-). (19) 


For the special case of a sphere and equal sublattice 
anisotropy fields H, Eqs. (18) and (19) give the result 


that 
w= w_*= —2hy2M(6H+7H.), 


which is essentially that given by SE(22) for the case 
S=0. 

In general, however, Eqs. (18) and (19) indicate that 
there exist two different finite frequencies; this could 
be expected, for example, for a nonspherical sample. 


RELATION TO THEORY OF ANTIFERROMAGNETIC 
RESONANCE 


Our principal result has been the justification of the 
use of the formula earlier obtained for the ferromagnetic 
case in discussing the results of experiments on ferri- 
magnetics. In addition, a review of our calculations 
helps us to understand the intrinsically different be- 
havior of a ferrimagnet which has a frequency inde- 
pendent of the molecular field, in contrast to that of the 
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strict antiferromagnet, in spite of the fact that the two 
cases have some conceptual similarities. The distinction 
between the two which is generally made is essentially 
that of the nonequivalence or equivalence of the con- 
stituents of the sublattices,” although this is seldom 
stated explicitly. Thus, a theoretical discussion of the 
antiferromagnetic case generally includes the assump- 
tion of equal gyromagnetic ratios and anisotropy 
constants.?~® 

Now the mathematical reason that we were able to 
reduce the frequency to a form independent of \ was 
that F contained a term of order \*. But in the anti- 
ferromagnetic case where we take 6=0 and E£;,=0, we 
see at once from (12) and (13) that F is, at most, of 
order \, so that the exact expression for w* must be 
used, as was necessary in the case S=0. So in general 
the frequency of the antiferromagnetic case will be of 
the order \!, in agreement with the specialized results 
which have been previously found.’?* It is apparently 
the nonequivalence of the magnetic ions in the ferri- 
magnetic material which is the mathematical source of 
a molecular-field-independent frequency. A more deli- 
cate situation may arise when 6 is so small that even 
the term of order ? in (12) is comparable to the other 
terms. 

It is of interest to evaluate w* in the antiferromagnetic 
case by using the results given by (12) and (13). 
With 6=0 and £;,=0, so that 


11 j= Nej= Nj, 
in agreement with (9), we find that 
F=y{P?+MP[nm,+n.(N,y—d)+n,(Nz—d) }} 
and 


R=y'{H’—Mynfnz+2(N.—A) }} 
X {(?—M n,[ny+2(Ny—A) ]}}. 


Substitution of these results into w*=F+(F*’—R)! 
yields the following expression for the frequency: 


(w/yP?=H?+MY[nny+ nz(Ny—d)-+n,(N2—A) ] 
+M,{H?(n,+n,)[ (n+-n,)+2(Nat+N,—2A)] 
+M(n.N,y—n,N.—X(nz—ny) P}*. (20) 


As a check on this result, we can let n,=n,=H,/M, 
and —\M,= Hg. Equation (20) is then found to reduce 
to the complicated expression already obtained with 
these assumptions."* We should note that this result is 
still approximate in the sense that we have neglected 
corrections because E;, is no longer exactly zero when 
H#0. 
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Magnetic resonance experiments have been carried out at 3-cm 
wavelength in para-magnetic and ferromagnetic samples at very 
high microwave power levels, in a temperature range between 
77°K and 700°K. Changes in the microwave susceptibility and the 
de magnetization have been observed for microwave amplitudes 
between 1 and 50 oersted. 

For a para-magnetic salt, MnSO,-4H,0, these changes are 
readily interpreted in terms of a spin-lattice relaxation mechanism. 
The value for the spin-lattice relaxation time is derived in three 
different ways and agrees well with that obtained by Gorter’s 
nonresonant method. 

When a large exchange interaction occurs between the spins, 
the situation above the Curie point can be described in terms of 
a conversion of magnetic into exchange energy. The magnetic and 
the spin-exchange systems are not always in thermal equilibrium. 
The characteristic time for the transfer of energy between these 


systems is equal to the inverse of the line width, which is given 
by the Van Vleck-Anderson formula for exchange narrowing. 
Experimental results for an organic free radical and some ferrites 
confirm this point of view. 

Below the Curie temperature the situation is more complicated. 
The experimental data for several ferrites and supermalloy show 
qualitatively the same behavior. 

The absorbed magnetic energy is again converted into ex- 
change energy with a characteristic time which is always shorter 
than 3X10~* sec. At high temperatures this time is equal to the 
inverse line width and the transition to the para-magnetic region is 
continuous. At low temperatures the relaxation time increases 
roughly inversely proportional to the temperature although the 
width remains constant. The microwave susceptibility has an 
anomalous decrease at high power levels. No satisfactory explana- 
tion has been found for these effects in existing theories. 





I. THE EXPERIMENTAL METHOD AND ITS APPLICA- 
TION TO A PARA-MAGNETIC SALT 


UMEROUS investigations have been made of 

spin-spin relaxation and spin-lattice relaxation 
in both electronic and nuclear paramagnetism. Gorter 
and co-workers originally investigated relaxation times 
in para-magnetic salts by nonresonant methods.’ The 
determination of relaxation times by resonance methods 
was first carried out for nuclear spin systems? and 
subsequently applied to electron spins by Slichter.’ 
This so-called saturation method has been extended 
and improved. For the first time the z component of 
the magnetization at resonance is observed.‘ A detailed 
description of the method has recently been given by 
Damon.* We shall here mention only its most important 
features and some recent improvements. 

A schematic circuit diagram is shown in Fig. 1. 
Microwave power from a pulsed tunable 2J51 magne- 
tron excites a cavity through an inductive iris. The 
cavity is a shorted X-band guide, 2, long. With the 
aid of calibrated attenuators the amplitude of the micro- 
wave field can be varied up to 50 gauss. This value 
corresponds to 15000 v/cm, which is near dielectric 
breakdown in the cavity. The magnetic sample is 
placed one guide wavelength from the end wall near a 
slit milled in the center of the broad side of the guide, 
0.4 cm wide and 4), long. The presence of the slit did 
not lower the Q of the cavity more than 10 percent. 
No thin metallized window with choke coupling was 
needed as in the earlier arrangement.’ A pick-up coil 


* This research was supported jointly by the U. S. Office of 
Naval Research, U. S. Army Signa! Corps, and U. S. Air Force. 
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4N. Bloembergen and R. W, Damon, Phys, Rev. 85, 699 (1952). 

*R. W. Damon, Revs. Modern Phys, 25, 239 (1953). 
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consisting of 10 turns, 1 cm in diameter, is placed near 
the slit outside the cavity. The dc magnetic field Ho is 
perpendicular to the broad side of the cavity and parallel 
to the axis of the pick-up coil. The coil is connected by a 
coaxial line to a pulse amplifier, the output of which can 
be displayed on a fast oscilloscope. The pulse amplitude 
can alternatively be read on the output meter of a 
detector system described by Damon. Any variations 
in the dc magnetization of the sample can thus be 
recorded. These will occur only at sufficiently high 
microwave power level when the magnetization swings 
away from the direction of Ho. Typical signals are 
shown in Figs. 2 and 3. The voltage induced in the 
pick-up coil is proportional to dM ,,/dt. At the end of the 
magnetron pulse the magnetization returns to its equi- 
librium value M» according to 


M,= (M,—Mo)e—"/*+-Mo. 


The time r is either the ringing time of the microwave 
power in the cavity or the magnetic relaxation time, 
whichever is longer. The current induced in the pick-up 
coil with self-inductance LZ and input resistance of the 
pulse amplifier R is given by 


Ldi/dt+Ri= AdM,,/dl. 


A is a geometric factor depending upon the positions 
of sample and coil. Substituting M, from the first 
equation into the second, we obtain a solution for the 
induced current: 


i= A(M,—My)(L—Rr)“"[e- #7 —e-BYL], 


The induced current at the end of the pulse consists of 
two exponential components and reaches a maximum 


value of 
A L 
Suen = —(Myo— M,) (_-) 
L Rr 


Rr/(Rr-L) 
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Fic. 1, Schematic circuit diagram for the measurement of microwave susceptibility and the component of 
magnetization as a function of the microwave amplitude. 


The maximum deflection is directly proportional to 
M,—M.. In order to compare data at different tempera- 
tures when both the ringing time and the relaxation 
time and consequently + may have changed, the last 
factor involving 7 should be taken into account. 

A similar relationship exists at the onset of the mag- 
netron pulse when the magnetization tends to a new 
equilibrium value smaller than Mo. It is seen that a 
steady state is reached during the one usec pulse in the 
recording of Fig. 2. The decay in this case is determined 
by a characteristic time of the apparatus. It is not the 
ringing of the cavity which is 2X10~* sec for Q= 2500 
nor the response time of the pick-up coil which is 8X 10~* 


Fic. 2. The induced signal by the change in dc magnetization. 
Two spikes with opposite sign occur at the leading and the trailing 
edge of the magnetron pulse, corresponding, respectively, to a 
decrease and a restoration of the magnetization. The magnitude 
of the pulses depends on the microwave power level. The decay 
constant of the pulses is 1.51077 sec and is determined by the 
time constants of the apparatus. Such a pattern is obtained for 


all samples, if the relaxation time is shorter than 10° sec. 


sec, but it is mainly the rise time of the magnetron 
power, which is 1.5X10~’ sec. The relaxation time of 
the magnetic spins must be shorter than this time. This 
situation holds in all samples investigated with one 
exception, MnSO,-4H,O at 77°K. This salt gave the 
oscillogram of Fig. 3. The decay is much slower and 
the initial pulse of the leading edge has not decayed 
completely after one usec when the microwave power is 
shut off. The characteristic time, which must be identi- 
fied with the spin-lattice relaxation time in this case, 
is 1.2X10~® sec. Besides this method of direct observa- 
tion of the M, decay, there is fortunately another way 
of determining the relaxation time from the maximum 
pulse deflection which is applicable even when the 
relaxation time is shorter than the response time of the 
apparatus. When M,— Mo is plotted as a function of the 
microwave amplitude, a value of the relaxation time 
can be obtained as will be outlined below. 

A third, more familiar method consists of determining 
the microwave susceptibility and plotting the imaginary 
part versus the microwave amplitude. This quantity 


Fic. 3. The induced signal by the change in dc magnetization of 
saturated MnSO,-4H,0 at 77°K. The decay constant of the 
trailing pulse is determined by the spin-lattice relaxation time and 
amounts to 1.2 10~* sec. The decay of the leading pulse is some- 
what faster, depending on the incident microwave power. 
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can be calculated from the observed changes in the 
reflection coefficient of the cavity when magnetic 
resonance occurs. 

A fourth method, which has not been applied here, 
would be provided by the direct observation of the 
recovery of the value of x” in a small microwave field 
immediately after the large microwave field from the 
magnetron has been taken off. 

A complete description of the magnetization would 
require the knowledge of two independent complex 
components of the antisymmetric susceptibility tensor** 
besides the static 2 component. When a rectangular 
cavity is used, the data can be interpreted in terms of 
one complex scalar susceptibility, 


x — ix! = (u! — ip" —1)/4er= M/A. (1) 


The y component of the microwave field is suppressed 
by the shorted guide, the corresponding modes being 
beyond cutoff. The observed change in cavity Q gives 
the imaginary part of this scalar susceptibility. The 
change in resonant frequency of the cavity would give 
the real part, which can also be calculated from the 
imaginary part with the aid of the Kramers-Kronig 
relations, which hold for the individual tensor com- 
ponents.® During our experiments the magnetron was 
always retuned to the cavity resonance. The required 
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frequency changes have not been measured, as they 
would be much more inaccurate than the determination 
of Q. At the center of the magnetic resonance x’ is zero. 
The y component of the magnetization remains un- 
observed in our experiment, but is related to the x com- 
ponent in a simple fashion.” 

We shall now describe the results when the method is 
applied to a para-magnetic salt, MnSO,-4H,0. Since the 
theory for relaxation in para-magnetic media is well 
understood and since data for the relaxation time in this 
salt have also been determined by the nonresonant dis- 
persion, this will serve as a check on the reliability of 
the experimental method. It has been well established 
that in para-magnetic media without exchange the mag- 
netic resonance and relaxation can be described by the 
Bloch equations 


dM z,,/dt=7(MXH)x,y—Mey/Ts, 
dM ,/dt=7(MXH),— (M,—Mo)/T;. 


In our experiment the magnetic field H has the com- 
ponents 


(2) 


H,=Hye', H,=0, H.=Ho. 


The steady-state solution of the set of equations (2) 
leads to the following value of the observed quantities, 
the zs component and the imaginary part of the sus- 
ceptibility : 


82w Twy’H oM. 0 


i | (3) 





x "dee 


det + T 3 (od—eP+ T+ SHAT iT oe + aP+ Ts) 
[4w*+ T3? (wo? —w?-+- T3*)? Mo 


——— (4) 





{,=- — - ‘ 
Aes? T? (wo? — w+ T*)? +47 ATT 2 (we? ++ Ts) 


The resonance frequency is 
wo= Ho, 
and at resonance we have 
M,/Mo=p"/po" = (14+-47H/71T:)", (5) 


where Mp is the dc magnetization and yo” the suscep- 
tibility at resonance for vanishingly small microwave 
amplitude. The value of 7; is determined by the inverse 
width of the magnetic resonance line. Then 7; can be 
determined from Eq. (5) by measuring »” and M, as a 
function of H;. It is seen that yu” and M, should be pro- 
portional. The experimental results are in good agree- 
ment with Eq. (5), as shown in Fig. 4. To obtain the 
observed change M,— Mp» in absolute value, the pick-up 
coil system had to be calibrated. This was done by 


*D. Polder, Phil. Mag. 40, 99 (1949). 

7L. Hogan, Bell System Tech. J. 31, 1 (1952). 

*}. A. Young, Jr., and E. A, Uehling, Phys. Rev. 90, 990 
1953). 
' B S. Gourary, Report of the Johns Hopkins University, 
Applied Physics Laboratory, Silver Spring, Maryland, 1953 
(unpublished). 


means of a test coil, consisting of two windings of 
known area. A calibrated fast current pulse was passed 
through it. Uncertainties in the geometry make the 
method rather inaccurate. Alternatively, we can calcu- 
late Mo from the known susceptibility and weighed 
amount of para-magnetic salt and then assume the pro- 
portionality between M, and x”’. This latter calibration 
of the pick-up coil is more accurate and was used in the 
other experiments. It agreed, however, within 30 per- 
cent with the test coil method. The characteristic time 
with which M, approaches its steady-state value of 
Eq. (4) is given by 


r= (Ty '+}/ HT)“. (6) 


It is seen that the decay should be more rapid the 
larger H;. The true relaxation time can only be obtained 
from the trailing edge of the magnetron pulse, when 
H,=0. These findings are confirmed by the experi- 
mental recordings. At room temperature the experi- 
mental decay is not determined by the relaxation time, 
but by the characteristic time of the apparatus. 


10 N, Bloembergen, Phys. Rev. 78, 572 (1950). 














The experimental results for the spin-lattice relaxa- 
tion time by the various methods are listed in Table I. 
The substantial agreement between the various methods 
gives confidence in our experimental procedure. 


Il. PARA-MAGNETIC RELAXATION WITH EXCHANGE 


New results are obtained when these methods are 
applied to materials with a considerable exchange 
energy. 

Although saturation experiments were first carried 
out for ferromagnetic materials below the Curie point, 
in this paper we shall first present the results obtained 
in the para-magnetic region for some ferrites, an organic 
free radical, and an anhydrous ferric salt. The theory 
for the relaxation above the Curie point is much better 
understood and the experimental results can be satis- 
factorily accounted for. In Fig. 5 the dc magnetization 
M, and the microwave susceptibility x’ for the free 
radical a—a-diphenyl-§-picryl-hydrazyl are plotted as 
a function of the square of the microwave amplitude. 
The width of the resonance line is narrowed by exchange 
interaction, the Curie temperature" being in the neigh- 
borhood of 60°K. The second moment of the line in the 


TABLE I. Relaxation time 7; in MnSO,-4H,0. 











Method T: at 300°K Ti at 77°K 
Nonresonant dispersion* 1.0 X10~’ sec 1.3X 10~* sec 
Saturation of x” 0.781077 1.2 10-* 
Saturation of M, 0.78 10-7 1.2x10-* 
Time variation of M, 1.2107 








* The p used by Gorter ef al. is defined in such manner that p=29"7: 
(see reference 1). 


polycrystalline material is 1.45 oersted, while Hutchis- 
son recently found 0.95 oersted for a single crystal. 
There is apparently some anisotropy broadening in the 
powder. It is seen that the saturation is 50 percent 
complete when the linear microwave field is 1.8 oersted 
or approximately a factor two larger than the line width. 
For amplitudes of 10 gauss or more, nearly complete 
saturation occurs. The dc magnetization and x” are 
almost zero. The magnetization of the free radical then 
precesses in an equatorial plane perpendicular to the 
direction of Ho. The curves for M, and x” coincide and 
follow the descriptive Eq. (5) very well. Taking 7;=6.0 
X10~-* sec we obtain T7;=6.4X10~* sec. Thus 7; and 
T; are equal, independent of the temperature, and both 
determined by the exchange narrowing of the dipolar 
interaction, as will be discussed more fully below. 
For anhydrous ferric sulfate (Curie temperature 
T.=70°K) an incipient saturation was observed for 
x’’ at the highest obtainable microwave power level. 
The value of x’ dropped to 95 percent of its value at 


uP, W. Selwood, Magnetochemisiry (Interscience Publishing 
Company, New York, 1943). 

ae H Townes and Turkevich, Phys. Rev. 88, 148 (1950). 
13 C, Hutchisson, J. Chem. Phys. 20, 534 (1952). 
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Fic. 4. The imaginary part of the microwave susceptibility x” 
and the z component of magnetization M,, as a function of micro- 
wave field strength H; at resonance, for MnSO,-4H,0 at room 
temperature and liquid nitrogen temperature. The drawn curve is 
given by Eq. (5). 


low fields for H,=40 gauss. More conclusive results 
could not be expected as the exchange narrowed width 
is 90 gauss, and still higher levels would be needed for 
saturation. The data for line width and saturation in 
Fe2(SO,4)3 can be described by Eq. (5), taking T;=T7> 
=6.3X10-" sec. 

Figure 6 finally shows some data at 200°C for a 
nickel zinc ferrite (11.4 percent NiO, 38.6 percent ZnO, 
50 percent Fe,O;) with a Curie temperature of 40°C and 
manganese zinc ferrite (14.9 percent MnO, 1.5 percent 
FeO, 15.6 percent ZnO, 67.9 percent Fe.O;) with a 
Curie temperature of 137°C. Again the results are satis- 
factorily described by Eq. (5). The linewidth is 140 
oersted or 7,=4.1X10~" sec, and 7;=9.1X10~-" sec. 
There is some uncertainty in the normalization of the 
M, curve. Only the difference M,—Mpo is measured. 
For the organic free radical, complete saturation, for 
which M,=0, was attained. So Mo could be determined 
in that case. For the ferrites no experimental data on the 
magnetization above 7, are available, but a calculation 
with Neel’s formula for the susceptibility of a ferri- 
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Fic, 5. The quantities u” and M, as a function of microwave 
fied strength H, for a—a-diphenyl-6-picryl-hydrazyl at 300°K. 
Substantially the same results were obtained at 77°K. The drawn 
curve is given by Eq. (5). 
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magnetic substance above the Curie point has been 
used and gave reasonable agreement between the M, 
and yw” curve. 

The basic idea of the theory for the linewidth with 
exchange narrowing first suggested by Gorter and 
Van Vleck'*"* is that the dipolar interaction is randomly 
modulated by the exchange interaction in much the 
same way as it is modulated by random motion in 
liquids.* In the latter case the radius vector connecting 
a pair of dipoles varies in a random fashion. The ex- 
change interaction modulates the spin orientation 
rather than the spatial coordinates. The Hamiltonian 
for this problem, which has been discussed in great 
detail by Anderson and Weiss,'* can be written as 


K=HotRercht+Kaip. (7) 


Here 3p represents the energy in the external magnetic 


field 
Ho= gBHo X Se, (8) 
) 


The exchange energy and the energy between classical 
magnetic dipoles are given by 


Hexch™2 >, JeeSi°Si, (9) 


i>k 


Kaip= 2° » [rej *§ Se — 31 jc? (rye -S;) (rye -Sx) J. 
k>i 


(10) 


The case of interest here is when 
Hexch Ko, 
Hexch KH dip- 


Note that 3C.xch Commutes with Ho, but 3ai, does not 
commute with either 3Co or Hexen. In a magnetic reso- 
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Fic. 6. The quantities »” and M, for two ferrites at 200°C as a 
function of microwave field strength H;, Nickel zinc ferrite 
(curve A) has a Curie temperature of 40°C; manganese zinc 
ferrite has a Curie temperature of 137°C, 


“C. J. Gorter and J. H. Van Vleck, Phys, Rev. 72, 1128 (1947). 
16 J. H, Van Vleck, Phys. Rev, 74, 1168 (1948). 
16 P, W. Anderson and P. R. Weiss, Phys. Modern Phys. 25, 269 


(1953). 
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nance experiment the magnetic energy 3Co is increased 
by the absorption of quanta 


hiwo= hvo= gBHo. (11) 


By a relaxation process this absorbed energy is even- 
tually transferred to the lattice. In this case of large 
exchange energy it is possible that the dipolar inter- 
action first transforms the magnetic energy into ex- 
change energy rather than directly to the lattice (Fig. 7). 
The situation is entirely analogous to the relaxation 
in liquids. There the thermal motion randomly modu- 
lates the dipolar interaction. A narrow line results, and 
in the relaxation process magnetic energy is converted 
into thermal energy of the Brownian motion, with a 
T, about equal to 7. Here the exchange energy modu- 
lates the dipolar interaction. A narrow line results, and 
in the relaxation process magnetic energy is converted 
into exchange energy, with a relaxation time 7, about 
equal to 7). The terms in the dipolar interaction which 
connect the states S,+1, S,142 with the state S, are 
responsible for the zelaxation. As Keffer'? and Ander- 
son'® have noted, these terms must also be included in 
the calculation of the width. They must of course be 
excluded wher exch <Ho. Then relaxation by conver- 
sion into exchange energy is not possible, and we have 
the spin-lattice relaxation of normal para-magnetic 
salts. 

The specific heat connected with the exchange energy 
of the spin system is so much larger than that con- 
nected with the magnetic energy that the exchange spin 
system can act like a heat reservoir for the magnetic 
degree of freedom. We can next ask how the energy is 
eventually dissipated from the exchange spin system 
to the crystalline lattice. This will presumably occur in a 
process in which a quantum of the order of the exchange 
energy J is transferred to one or two lattice phonons. 
The dipolar interaction will again connect the initial 
and final states. The relaxation time for this process 
will however remain unobservable as can be shown by 
the following analysis of the balance of energy between 
the “magnetic system,” the “spin exchange system,” 
and the lattice. We introduce the specific heats Cy 
and C, and temperatures 7 and 7, for the magnetic 
and exchange systems, respectively, Cy is to be taken 
at constant magnetic field. Well above the Curie tem- 
perature we have'® 


Cu = CHET y?= = H (dM ,,/dT), 
( re od Claa'T .. 


(12) 
(13) 


where C is Curie’s constant in Curie’s law for para- 
magnetism, and H.x.n=J/8. Furthermore, we introduce 
the relaxation times ¢y:, ‘7. and ¢,; for the energy trans- 
fer between magnetic system and lattice, magnetic and 
exchange system, exchange system and lattice, respec- 

‘7 F. Keffer, thesis, University of California, 1951 (unpub- 


lished). 
18 J, H. Van Vleck, J. Chem. Phys. 5, 320 (1937). 
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tively. The power absorbed by the magnetic system 
from the microwave field during magnetic resonance is 


P=p"HfoV /8r=WM Ao. (14) 


Here W is the transition probability of one spin, pro- 
portional to H,’, w is the angular frequency of the micro- 
wave field H,, M, is the magnetization of the sample 
with volume V. The energy balance for the magnetic 
system is then expressed by the equation 


Cu(Tu-T.) Cu(Tu-Ti) dT x 
WM Hy=+ + +Cu 7 


tite tin t 





. (15) 


The energy balance for the spin exchange system is 


Cu(Ta-T.) CA(T.-Ti) aT. 
Q= —— + —-+¢, 


lite bet dt 


(16) 


The direct heat contact with the lattice is negligible 
when ty:>l.. Experimentally this appears to be the 
case since the saturation effect does not depend on the 
lattice temperature and is therefore wholly determined 
by the temperature 7; independent term with ty.. A 
steady state is reached after a time ¢, or ¢.:, which- 
ever is longer. Then one obtains from Eqs. (15) and (16) 





Cu(Tu-T.) C.(T.—T) 
. =+ . 


(17) 


tite tet 


Since Cy/C.~ H0?/H «cn? 10~, we find that usually 7, 
will practically be equal to 7), unless /,: were a million 
times longer than ty,. The observed change in magnet- 
ization is an indication for ¢y.. There is no equilibrium 
between the magnetic and exchange energy of the 
spin system during the saturation experiment. The 
observed characteristic time is ty,, with which the 
phenomenological 7; must be identified. If the ex- 
change-lattice contact were the bottleneck in the energy 
transfer process, a much slower decay time should have 
been observed. Actually, it was found that a steady 
state was established during a one usec pulse of the 
magnetron. The time to reach a steady state is cnly a 
fraction of this time. The time ¢,; remains therefore 
unobservable. The transfer to the lattice takes place in 
large quanta J, and even if the elementary process for 
this transfer is not very fast, it can still easily keep 
up with a rate, at which energy in the form of small 
quanta g8H> is pumped into the system. The point of 
view given here is similar to that developed independ- 
ently by Anderson” for this para-magnetic case. The 
experimental results can then be interpreted as an 
interesting confirmation of the exchange modulation of 
the dipolar interaction developed by Anderson and 
Weiss.’* The relaxation time in both ferromagnetic and 


1% The authors are indebted to Dr. Anderson for sending his 
unpublished notes. 
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Fic, 7. In a magnetic resonance experiment, power is absorbed 
by the magnetic system. If Hexen>>Ho, heat contact with the ex- 
change spin system and the lattice is established by dipolar inter- 
action. The direct contact between the magnetic system and the 
lattice is usually negligible. 


antiferromagnetic materials above the Curie tempera- 
ture is equal to the inverse line width. 

The nonresonant experiments of the Dutch school! 
usually gave negative results for para-magnetic salts 
with a large exchange energy which is ascribed to the 
high specific heat of the spin system which included 
both magnetic and exchange energy in those considera- 
tions. In the thermodynamical theory of Casimir and 
DuPre these were assumed to be in equilibrium.” It is 
clear from the foregoing discussion that if the exchange 
energy is sufficiently large and the line sufficiently 
narrow, a relaxation effect may be observed around a 
frequency equal to the inverse line width. At higher 
frequencies the magnetization will not be in equilibrium 
with the exchange energy.!In a—a-diphenyl-8-pycryl- 
hydrazyl this would occur in the convenient frequency 
range around 10 Mc. 

Although the relaxation process discussed here oc- 
curs entirely within the spin system and should there- 
fore be called a spin-spin relaxation, it has the special 
characteristic of spin-lattice relaxation, that magnetic 
energy is not conserved. 


III. FERROMAGNETIC RELAXATION EFFECTS 


We now turn to the experimental results when fer- 
rites and supermalloy below their Curie temperatures 
are subjected to high microwave amplitudes. 

Nickel ferrite showed the following behavior. Single 
crystals of NiO-Fe,O; were kindly supplied by the 
Bell Telephone Laboratories. The samples were ground 
to a spherical shape with a diameter of less than 1 mm. 
They could be mounted at the cavity wall or on a poly- 
foam stick. It was shown by variation of diameter and 
position that the effects of size and proximity of the 
cavity walls were negligible. 

The value of u’’/uo” at resonance is plotted in Fig. 8 
as a function of the microwave power for a range of 
temperatures between 77°K and 725°K. In the same 
figure we have also plotted M,/Mo at two temperatures 
for comparison. The most striking characteristic is 
that the M, and yw” do not coincide, as required by 
Eq. (5), below the Curie point. The curves approach 
each other more and more as the temperature is raised, 
and they do coincide in the para-magnetic region. The 
Curie temperature of nickel ferrite is 600°C, and we 


” H. B. G. Casimir and F. K. DuPre Physica 5, 507 (1938). 
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Fic, 8. The value of p’’/yo” and M,/Mo (upper curve) at 
resonance in a single crystal of nickel ferrite, as a function of 7? 
for various temperatures. 


could not take data above this temperature; but such 
data have been obtained for ferrites with a lower Curie 
point. We wish to emphasize the fact that in previous 
publications the change in M, was reported 10 times 
too large because of a regrettable error in the calibra- 
tion. In fact the total relative variation in the mag- 
netization is never larger than 6 percent in ferromagnetic 
materials. Since these small changes do not show up 
very well in Fig. 8, we have replotted the variation 
(M,—M,) as a function of the actually absorbed power 
P in Fig. 9. The quantity P is directly observed experi- 
mentally. From it y’”’ is derived with the aid of Eq. (14). 
It is seen that a linear relationship exists between P 
and M o—M, at all temperatures. The direct observa- 
tion of the changes in M, always yielded pictures like 
the one reproduced in Fig. 2. From this it can be in- 
ferred that a steady state is reached during each pulse 
and that the relaxation time for the magnetization to 
return to equilibrium is shorter than 2X 10~’ sec. 

The question now arises of how to interpret the y’’ 
and M, saturated curves. A clue to the decrease in 
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Fic. 9, The change produced in the s component of the mag- 
netization as a function of the absorbed microwave power in a 
single crystal of nickel ferrite. 
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Mmex’’ without a concomitant decrease in M, is given 
by the behavior off resonance. An extra absorption be- 
gins to occur in the tails as H, is increased, especially 
on the low field (high-frequency) side of the resonance. 
At very high field strengths even a secondary maximum 
is developed. These broadening effects exhibited in 
Fig. 10 are more pronounced at the lower temperatures. 
They disappear gradually and completely near and 
above the Curie point. 

The change in M, seems to be proportional to the 
absorbed power under all circumstances. It shows the 
same secondary maximum as a function of Hp as pw”. 
Whatever the cause of the unexpected variation of the 
ferromagnetic resonance curve with incident power 
may be, a general argument about the conservation of 
energy can be given, as was first pointed out by Ander- 
son*! and developed in the preceding section. The ac- 


-—_—__—_——__,-—------ 


ARBITRARY UNITS ARBITRARY UNIT 








H, (OERSTED) 


Fic. 10. The value of uo” and M, as a function of the dc mag- 
netic field Ho at 300°K. At high microwave power levels, an 
anomalous absorption appears, especially at the low-field side of 
the resonance. These anomalous effects have been observed for a 
range of temperatures and microwave amplitudes. They disappear 
gradually near the Curie temperature. 


tually absorbed power can again be dissipated from the 
magnetic system via the exchange spin system, or 
directly to the lattice. In terms of the spin wave lan- 
guage of ferromagnetism, we can say that very long 
spin waves with wave number near zero are created by 
the external microwave field. As M,H, commutes with 
the exchange energy, the latter cannot change during 
the microwave absorption process. These long spin 
waves which have only magnetic energy then collide 
with other spin waves, whose exchange energy is in- 
creased. The collision process consists of a transforma- 
tion of magnetic energy into exchange energy by dipolar 
or pseudo-dipolar interaction. The shorter spin waves 
are eventually destroyed in collisions with the lattice 
phonons. Direct collisions of the long spin waves with 
the lattice are unlikely; therefore we can neglect the 


21 P. W. Anderson, Phys. Rev. 88, 1214 (1952). 












term with /z;' in Eq. (15). A further discussion of the 
spin wave theory of relaxation will be given in Sec. IV. 

The thermodynamic Eqs. (15), (16), and (17) are 
still valid, provided we take for the specific heats the 
values which obtain well below the Curie temperature: 


Cy=—HaM/oT, (18) 
«= —aM0dM/8T=—HeondM/dT, (19) 





where aM is the effective Weiss field. 
The ratio of the specific heats is now 


C./Ca= Hexer/Hy~10". 





The expressions for the specific heat and the magnetiza- 
tion as a function of temperature in the phenomeno- 
logical Weiss theory and the spin-wave theory can be 
found in many texts on ferromagnetism.” Again the 
bottleneck of energy transfer appears to be between 
the magnetic and the exchange system. The relaxation 
time, obtainable from Eq. (17), to reach equilibrium 
between these systems is given by 


tye=Ho(M.—Mu)/P=Ho(Mo—M,)/P. 


The slope of the lines in Fig. 9 is a measure for the 
relaxation time, which is plotted as a function of tem- 
perature in Fig. 11. It is constant near the Curie tem- 
perature and about equal to the characteristic time 
derived from the line width (AH=37 gauss). At low 
temperatures the relaxation time is approximately in- 
versely proportional to T, but the line does not become 
narrower ! 

If we assume instead that the line width still is a 
measure for /y, and that the bottleneck for energy 
transfer is between the exchange system and the lattice, 
we would find 


tei= Hexch(Mo—M,)/P> 10~ sec. 


(20) 


This is clearly incorrect as direct observation of the 
magnetization decay shows that the relaxation time is 
shorter than 2X10~’ sec. The total power absorbed 
during one yusec-pulse would not be sufficient to heat 
the whole spin system to such a temperature as would 
correspond to the observed change of several percent 
in M,. Although the absorbed power is sufficient to 
raise the temperature of spin system, and also of the 
whole ferrite lattice which has a comparable specific 
heat at 77°K—at a rate of about 10’ °C/sec, the rise 
during one pulse would be only a few degrees with a 
negligible change in M,. We therefore conclude that the 
relaxation effect must occur within the spin system and 
that the thermal equilibrium between the various spin 
waves is upset during the saturation experiments. 
Damon has shown that the uw” and M, vs Ho curves 
are displaced but retain their shape when the single 


#2 N. F. Mott and H. J. Jones, The Theory of Properties of Metals 
and Alloys (Oxford University Press, London, 1936). 

%(C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953). 
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Fic. 11. The relaxation time for the transformation of magnetic 
into exchange energy, deduced from Fig. 9, for nickel ferrite. The 
same data for manganese zinc ferrite are deduced from Fig. 14. 







crystal is rotated. The crystalline anisotropy field is 
only a few hundred gauss. Results on powdered samples 
are essentially the same as those for single crystals. 

In addition to nickel ferrite we have investigated 
three other ferrites, obtained through the courtesy of 
Philips Research Laboratories, Eindhoven, Nether- 
lands, which are described as follows. 

Nickel zinc ferrite (35 percent NiO, 15 percent ZnO, 
50 percent Fe.O;, Curie temperature 415°C) gave re- 
sults essentially similar to nickel ferrite. We shall not 
reproduce them here. 

Nickel zinc ferrite (11.4 percent NiO, 38.6 percent 
ZnO, 50 percent Fe,O;, Curie temperature 90°C) gave 
results for x’’ and My—M, as a function of H, repre- 
sented in Fig. 12. While no saturation effects could be 
obtained at 77°K, a large relaxation effect was found at 
300°K. The relaxation time ty, calculated from Eq. (20) 
was found as 2.0X10~* sec. Data at 200°C were given 
in Fig. 7 and gave a relaxation time of 1.2 10~ sec. 

Manganese zinc ferrite (14.9 percent MnO, 15.6 
percent ZnO, 1.5 percent FeO, 67.9 percent FeOs, 
Ferrox cube III, Curie temperature 137°C) showed the 
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Fic, 12. The value of u’’/yo” and M,/Mo (dashed curve) at 
resonance in Sa nickel zinc ferrite (11.4 percent NiO, 
38,6 percent ZnO," 50 percent Fe,0,). 
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Fic. 13. The value of y’’/ye’ at resonance in polycrystalline 
manganese zinc ferrite (14.9 percent MnO, 15.6 percent ZnO, 
1.5 percent FeO, 67.9 percent Fe203). 


same behavior as the nickel ferrite (see Fig. 13). At 
high microwave power levels u’’ and M, show double 
peaks as a function of Zo. The anomalous absorption at 
fields lower than the resonance field and the corre- 
sponding decrease of fmax’’ occurs again. All of these 
anomolies disappear gradually if the temperature is 
increased, The relaxation time calculated from Eq. (20) 
with the aid of the results of Fig. 14 has the same 
characteristics as for nickel ferrite. 

When a plane specimen is used at high-power levels, 
a new phenomenon occurs. Since the magnetization 
changes and since the resonance condition in ferro- 
magnetic media contains the magnetization through 
the demagnetizing fields, the position of the resonance 
for a plane slab will depend on the microwave ampli- 
tude. Furthermore, the value of H, required for a certain 
degree of saturation depends on the geometry. For a 
ferromagnetic medium we have to substitute for H into 
the equations of motion (2) the effective field, contain- 
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Fic. 14. The value of Mo—M, manganese zinc ferrite as a 
function of the absorbed power. The slope is a measure for the 
relaxation time. 
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ing the demagnetizing and anisotropy fields.* Instead 
of Eq. (5) we find in first approximation for a ferro- 
magnetic medium :* 


” 


= {1+4 VHT \T, 


4(N,—N.)M; \)7 
«(1+ )} , (at) 
Hot (N.—N,)M; 


a: 
0 





with 


po! = 2a? T noo '{ Hot (Ny— (22) 


and a resonance frequency 
wo= {Hot (N.—N,.)M.}*{Hot+(Ny—N,)M,}?. (23) 


For a given field H,, the amount of saturation M,/Mo 
depends upon the geometry. A disk is more easily 
saturated when Hy is parallel to the plane (V,=4r, 
N,=N,=0), than when Hp is perpendicular (V,=4r, 
N,=N,=0). For this latter case and for a sphere 
Eq. (21) reduces to Eq. (5) which was derived for 
paramagnetic materials. Experimentally these shape 
dependent effects have been observed, as shown in 
Fig. 15. 

The shifts of the resonance with microwave power 
level are in agreement with Eq. (23) where M, is calcu- 
lated from Eq. (21). 

Supermalloy (Curie temperature 400°C), a ferro- 
magnetic metal, has also been investigated for relaxa- 
tion effects. Because of skin-depth effects the geometry 
is always a flat disk. It can be shown that the skin 
depth at least at room temperature will not change the 
relaxation mechanism. At low temperatures with smaller 
skin depths spin diffusion might become a dominant 
process. The M, magnetization could not be picked up 
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Fic. 15. The susceptibility u’’/uo” in disk-shaped specimen of 
manganese zinc ferrite. The value of (Mo—M,)/Mo at H,=31 
oersted is also indicated. Different amounts of saturation occur 
in the two geometries. The resonance of H;=31 oersted is dis- 
placed toward higher field strength Ho when Hp is parallel to the 
plane of the specimen, and in the opposite direction when Ho is 
perpendicular. 


nee Kittel, Phys. Rev. 73, 155 (19 
aN, Bloembergen, Phys. Rev. 78, 372 (1950), Eq. (8). 
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directly as the induction is screened by the thickness 
of the metallic sample. It was impracticable to make the 
samples so thin that frequencies up to 10° eps would 
pass. However, Mo—M, could be determined from the 
shift of the resonance with power level although this 
method is rather inaccurate. The permeability can of 
course be determined in the usual fashion. The behavior 
of supermalloy is qualitatively the same as for the 
ferrites. It is probably characteristic for all ferro- 
magnetic materials and not a special feature of ferri- 
magnetism in ferrites. For supermalloy the u” and M, 
curves do not coincide at low temperatures, as shown 
in Fig. 16. The resonance curve in Fig. 17 even shows a 
secondary maximum in the absorption. From the change 
in M,, derived from the shift in resonance (Fig. 18), 
and the absorbed power the relaxation time can again 
be calculated. We find fy.=1.1X10~ sec at 20°C, 
0.95 10~* sec at 228°C and 0.74 10~ sec at 335°C. 
At higher temperatures no saturation could be obtained 
indicating a very short relaxation time. The dependence 
of ty. on temperature is in fair agreement with the 
behavior of the line width.” At all temperatures /y,. 
agrees within a factor or two with the value of 7; de- 
rived from the width. The decrease of ty, and T2 at 
higher temperatures is absent in the case of the ferrites. 
This suggests that the conduction electrons play a role 
in the relaxation mechanism at high temperatures. 

In metallic nickel no saturation effects were observ- 
able even at the highest power levels. This indicates a 
relaxation time ty, shorter than 5X10-" sec. The 
value of 7, derived from the line width is 3X 10~-" sec 
at room temperature. 


IV. THEORETICAL DISCUSSION AND CONCLUSIONS 


The damping terms in Eq. (2) have been introduced 
in a phenomenological way. Instead of these terms, 
another form is frequently used A\MX([MXHo]/M,’, 
which was first introduced by Landau and Lifshitz.”* 
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Fic. 16. The value of p’’/uo” and M,/Mo (dashed curve) in 
supermalloy as a function of the microwave amplitude. The field 
Hy is parallel to the plane of the disk. The curves are qualitatively 
the same as for ferrites. 


1, Landau and E. Lifschitz, Physik. Z. Sowjetunion 8, 153 
(1935). 
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_ Fic. 17, The resonance curve for low and high microwave power 
in a disk of supermalloy with the field Ho parallel to the plane of 
the specimen at 25°C, 


This particular form of the damping leaves M? a con- 
stant of the motion and is therefore well suited to de- 
scribe domain wall motions. As the dipolar interaction 
does not commute with M?, this property is not neces- 
sary for damping in ferromagnetic resonance. Both 
forms give a reasonable description at low microwave 
fields, provided 72, 7,, and \ are given values which 
change with Ho. There is evidence from our experiments 
that M?, which can be estimated from the observed 
values of transverse and dc magnetization, is not con- 
served for high values of H, in ferromagnets well below 
the Curie point. 

It is amusing to calculate what the natural radiation 
width would be if the rotating magnetization were 
allowed to radiate in free space. The classical radiation 
damping of such a macroscopic moment, a “super- 
radiant” state according to Dicke*”’ as the individual 
moments are in phase, is surprisingly large. The line 
width would then be proportional to the volume of the 
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Fic. 18. The resonance curve for low and high microwave power 
in a disk of supermalloy with the field Ho perpendicular to the 
plane of the specimen at 25°C. 

*7F. Dicke, Invited Paper at the Cambridge Meeting of the 
American Physical Society, January, 1953 [Phys. Rev. 90, 337 
(1953) ]. 
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sample and should even be larger than the observed 
widths. This argument can be dismissed on the grounds 
that the sample is inside a cavity with which it forms 
a coupled system. It will not radiate faster than the 
quality factor of the cavity will permit. 

The physical basis for the damping mechanism. in 
ferromagnets was first described by Akhieser® in terms 
of collision processes between spin waves™™ and 
lattice phonons. Let m, be the occupation number of a 
spin-wave oscillator with wave vector k and energy 


= gBHy + kJ Pk’. (24) 


For thermal equilibrium n, is given by the Bose-Ein- 
stein statistical factor, 


ny= (eth/kT— 4)-1, (25) 


The dominant spin-spin relaxation mechanism can be 
described by the destruction of two spin waves k and | 
and the creation of a new one m, and the reverse*proc- 
esses. To calculate the probability per unit time for a 
spin wave k to collide, one has to sum over-all values 
of land m, subject to the conditions of conservation of 
energy and momentum: 


€ + €1= Em; 
k+l=m. 


The net probability for a spin wave in excess of the 
equilibrium value given by Eq. (25) to disappear is 
equal to the inverse of the relaxation time r,. Akhieser”* 


finds 
hI sT~3 kT\ J? 
ma) Ge] 
4 W?\ T W 


which is an average for all spin waves k. The formula is 
of course restricted to temperatures well below the 
Curie point 7,. W is the dipolar interaction. In ferro- 
magnetic media one should often not take the classical 
value g’6*r-*, but the pseudo-dipolar interaction C, 
which may be 10 to 10° times larger and may itself 
depend on temperature.*® The order of magnitude‘of r, 
between liquid air and room temperature is between 
10-8 and 10~" sec. The pseudo-dipolar interactionC may 
increase with decreasing temperature. In this case the 
relaxation time can become shorter at lower tempera- 
tures. This situation seems to occur in nickel zinc ferrite 


(Fig. 12). 


(26) 


(27) 





Similarly a spin-lattice relaxation time can be cal- 
culated by considering collision processes between spin 
waves and lattice phonons. The lattice vibrations 
modulate the dipolar interaction between the spin 
waves. Akhieser,”* Kittel,*® and Abrahams" arrive at a 
similar conclusion that the spin-lattice relaxation for the 
whole system, i.e., an average for all spin waves, is of 
the order of 10~’ sec. 

Polder® pointed out that in ferromagnetic resonance 
we are not interested in an average for all spin waves 
but specifically in the very long waves. For collisions 
with very long waves the restrictions imposed by the 
conservation of energy and momentum are more 
severe. For k=0 higher order collisions must be con- 
sidered. Furthermore, the short-range pseudo-dipolar 
interaction is less effective for long waves. The result is 
that both the spin-spin and the spin-lattice relaxation 
times at room temperature are increased by factors of 
the order of 10° or 10°. They are consequently much 
longer than the experimental results. 

Imperfections or impurities create deviations from 
perfect periodicity in the spin system. The dipolar 
interaction then does not have the same form at every 
lattice point, and the conservation of momentum in 
k space can be violated. This would tend to decrease 
the relaxation time for the long spin waves, but they 
would then become proportional to the amount of 
impurity. No such effects have been observed, and 
especially the results for silicon-iron make it necessary 
to dismiss this suggestion. 

The result of Van Vleck* that the line width tends to 
zero at low temperatures is in agreement with the pic- 
ture of colliding spin waves, as was pointed out by 
Abragam.** At absolute zero the interaction with the 
microwave field H,e' has only matrix elements con- 
necting the ground state with the lowest excited state 
Nay = 1. If the frequency w does not exactly correspond 
to the energy difference wo= g8Ho/h, no absorption can 
take place in first order. By introducing the dipolar 
interactions we can, however, make a virtual transition 
to an intermediate state in which energy is not con- 
served. Second-order perturbation theory gives for the 
matrix element to a final state with two spin waves with 
opposite momenta, since momentum has to be con- 
served in each step, 


(neno= 0, 21= On_»=0| Hi |ne=1, 1:=0, n_y=0) (m=1, m,=0, n_.=0|W|n=0, m= 1, n= 1) 





h(w—wo) 


The frequency at which second-order absorption takes 
place is given by 
hw= ert e1 


and is therefore at least twice the resonant frequency 
wo. This absorption will of course give a large contribu- 


% A, Akhieser, J. Phys. (U.S.S.R.) 10, 217 (1946). 
* J. H. Van Vleck, Phys. Rev. 52, 1180 (1937). 





tion to the second and fourth moments, but the line 
width in the usual sense should be zero. 


*C, Kittel and E. Abrahams, Revs. Modern Phys. 25, 233 
(1953). 

31, Abrahams and C., Kittel, Phys. Rev. 88, 1200 (1952). 

21). Polder, Phil. Mag. 40, 99 (1949). 

® J. H. Van Vleck, Phys. Rev. 78, 266 (1950). 

% A. Abragam (private communication). 
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Keffer** and Kittel™ conclude, however, that the total 
second and fourth moments of the line give a real indi- 
cation of the line width and spin-spin relaxation time 
even at very low temperatures. They point out that the 
zero-point energy of the spin waves is responsible for 
transverse components of the magnetization and creates 
internal fluctuating fields of the same order of magni- 
tude as near the Curie temperature. They then apply 
the argument of Gorter and Van Vleck" for exchange 
narrowing of these internal zero point fields and obtain 
essentially the same line width 


hhw=C?/JS, (28) 


as Anderson and Weiss* found above the Curie point. 
While it is physically acceptable in the para-magnetic 
region to describe the effect of exchange on the dipolar 
interaction as a random modulation—and this is the 
essential basis for the theory from which Eq. (28) is 
derived—the description does not seem justifiable 
below the Curie point. If we use for one moment the 
spin-wave language in the para-magnetic region, we 
might say that there are such frequent random collisions 
between them that a random modulation of the dipolar 
interaction between them results. At the same time, 
because the collision frequency is comparable to the 
proper frequencies of the spin waves, the spin-wave 
language has lost its validity above the Curie point. 
However, this condition is not so in the ferromagnetic 
region. In a first approximation the spin waves are not 
interrupted and their dipolar interaction is modulated 
by the proper frequencies of the spin waves. The in- 
ternal zero-point field therefore has quite a different 
frequency spectrum and, in fact, this modulation pic- 
ture in ferromagnets, if pursued somewhat further, 
leads to the same results as the theories of Akheiser 
and Van Vleck. Although we are therefore inclined to 
adhere to these theories, the experimental fact that the 
line width is constant at low temperatures then remains 
a mystery. Even if Kittel’s explanation for the width is 
accepted, his theory could not explain other experi- 
mental observations. Our results of Fig. 11 show that 
the inverse width cannot be identified with the spin- 
spin relaxation time ty, in ferromagnetic media. We 


35 F, Keffer, Phys. Rev. 88, 686 (1952). 


want to stress the point that the evaluation of ty, from 
the general argument of balance of power is straight 
forward and excludes shorter values of ty,. The in- 
verse proportionality of 7, and T is more or less con- 
sistent with the collision theory of spin waves. But the 
magnitude of fy, is closer to the average value r, of 
Eq. (27) than the value derived for long spin waves 
only. It would be worthwhile to measure ¢,, at still 
lower temperatures and check whether it continues to 
rise. 

The cause for the combined effects of the magnitude 
and temperature dependence of t7, and the value of the 
line width at low temperatures remains obscure. The 
same must be said about the increased absorption in the 
tails and the secondary maximum at high microwave 
power levels. The features seem to be quite universal 
as evidenced by Figs. 10 and 15, but are contained in 
no existing theory. 

The present experiments, which were undertaken to 
clarify some of the issues of ferromagnetic relaxation, 
have only created new problems in this respect. An 
important point still seems to be missing in the theory 
below the Curie temperature. But the situation above 
the Curie point is now clear. The relation between 
relaxation effects and exchange narrowingfis well 
established. The spin-spin relaxation time ty, is about 
equal to the inverse of the width given by Eq. (28). 
All terms of the dipolar interaction contribute to the 
latter. But only that part of it which does not com- 
mute with the magnetization M, contributes to ty.. 

The spin-lattice relaxation time was shown to escape 
experimental observation, except perhaps in the case of 
supermalloy at high temperatures. In this case the 
width and inverse relaxation time increase near the 
Curie point, which condition could be explained by a 
temperature dependent interaction with the conduction 
electrons. If the short experimental values for ty, are 
accepted, there is no difficulty remaining for the spin- 
lattice relaxation mechanism. The whole spin system 
then takes part in transferring energy to the lattice, 
and the characteristic times calculated by Akhieser and 
Abrahams are short enough, less than 10%y,, to cause 
no further problems. 

The authors are indebted to Professor C. Kittel and 
Professor J. H. Van Vleck and to Dr. A. Abragam and 
Dr. P. W. Anderson for stimulating discussions. 
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In gas discharge plasmas with very low charge densities, the charged particles diffuse freely in directions 
perpendicular to the applied electric field because the space-charge field is negligible. At high charge den- 
sities, the space-charge field saturates and gives rise to a combination of diffusive and mobility flow termed 
ambipolar. The transition between these limits is examined theoretically for the case of plasmas main- 
tained through ionization by electron impact. The ionization frequency per electron, one of the principal 
parameters of the transition, can be re-expressed in terms of an effective diffusion coefficient; it falls from 
a high value at the free diffusion limit to a low value at the ambipolar limit as the electron density increases 
over many orders of magnitude. The transition is accompanied by changes in the charge distributions and 
by the development of a positive ion sheath. The current equations determining the process are examined, 
and approximate solutions are obtained. Second approximations are obtained for the case where the ratio 
of electron to ion energies is much greater than unity. Machine solutions are presented both for the above 
case and for an isothermal plasma in which this ratio equals unity. An application to the afterglow is shown. 





I, INTRODUCTION 


HIS paper deals with the spatial distributions of 

the charged particles, space-charge fields, and 
voltages in certain types of gas discharge plasmas and 
with the rate of ionization necessary to maintain the 
plasma in a steady state. Specifically the problem to 
be investigated is as follows: the electrons and ions 
created by electron collision tend to diffuse out of the 
plasma, and, since the electrons are faster, a positive 
excess develops. Thus a space-charge field is built up 
which assists the ion and retards the electron currents. 
In the steady state, the two currents are equal. At the 
same time, each electron must have, on the average, one 
ionizing collision in the plasma before escaping in order 
to maintain the steady state. Since the space charge 
field reduces the electron escape rate it also reduces the 
required ionization rate per electron per second. This 
ionization frequency is one of the fundamental pa- 
rameters of the plasma; it is large at low densities 
where the space-charge field is small and smaller at 
high densities. 

The limiting cases of very low charge density (free 
diffusion) and very high density (ambipolar diffusion) 
are well known. The transition between them involves 
nonlinear processes and has not been investigated in 
sufficient detail. The present paper describes this transi- 
tion as it occurs in certain simple plasmas; expressions 
will be derived for the ionization rate, charge densities, 
space-charge field, and other quantities ; and the nature 
of the plasma sheath will be discussed. 

We state the basic definitions and assumptions: 
(1) the plasma contains electrons and ions in concen- 
trations NV and P respectively; (2) these charges are 
produced by collisions at the rate vV per unit volume, 
where y is the frequency of ionization by an electron; 


* This work has been supported in part by the U.S. Army Signal 
Corps, the U. S. Air Materiel Command, and the U. S. Office of 


Naval Research. 


(3) the pressure of neutral gas is sufficiently high for the 
mean free paths to be small compared to all relevant 
dimensions. The mean motions of the charged particles 
will then be determined by diffusion and mobility, with 
coefficients D_, D,, uw, u,; (4) the applied electric 
field does nol accelerate the charged particles toward 
the walls, but the space charge field E will in general 
draw the ions toward the walls and repel the elec- 
trons; (5) the electrons and ions stick to the walls 
when they reach them and recombine there, there being 
no volume recombination or attachment; (6) for mathe- 
matical simplicity it is assumed that the mean energy 
of each kind of particle is uniform throughout the 
plasma so that all the coefficients are constants. ‘The 
ratio D_/y_ is approximately equal to koT_/e, where ko 
is Boltzmann’s constant, 7_ the electron temperature, 
and e the electronic charge. D_/y_ is very close to two- 
thirds of the potential corresponding to the average 
electron energy in electron volts and similarly for D,/y, 
and the energy of the ions. The above conditions are 
substantially satisfied in high-frequency electrical dis- 
charges and in the positive column of dc discharges; in 
both of these cases D_y,/D,u—>>1. Such discharges will 
be called active plasmas. The theory presented also 
applies in part to cases in which this ratio has less 
extreme values, and in particular to an isothermal 
plasma where D_/yv.=D,/u,; this latter situation 
occurs in a decaying plasma. 

Because oi mathematical complexity the solutions 
obtained are in general not exact. An approximate 
solution to the general case is found and upper and 
lower bounds are found for certain parameters. Machine 
solutions are also obtained for both active and iso- 
thermal plasmas, and a better analytic approximation is 
derived for the active case; but the authors have not 
found a converging series of approximations for the 


general case. 
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II. BASIC EQUATIONS 


The particle current I per unit area for the electrons 


is 
=—D_yN—yp_EN, (1) 


and for the positive ions 
r=—D,vP+u,EP. (2) 


In the steady state these two flows are equal ; thus from 
the assumption regarding the production of charges, 


Vv: r=Nyp. (3) 


Finally, Poisson’s equation 
v-E=e(P—N)/e (4) 


must hold, where e/¢9= 1.809 10-* volt-meter. 

In an isothermal afterglow, the electron and ion cur- 
rents are not necessarily equal, and since there is no 
ionization, (3) is replaced by 


v-r=—aN/at. (3a) 


However, it will be shown later that in such cases the 
density decays almost exponentially over the principal 
range of interest, so that 0N/dt is very nearly propor- 
tional to N, and the two currents are approximately 
equal. Thus in an afterglow, —v is to be interpreted as 
the decay rate. 
These equations will be solved subject to the bound- 
ary condition 
(5) 


at the walls. Strictly, these quantities are not quite 
zero but vanish at extrapolated points outside the walls, 
and the extrapolation is greater for the ions than for the 
electrons due to the effect of the electric field. However 
the difference may be made small by decreasing the 
mean free path, and it will be assumed that the pressure 
is sufficiently high for the boundary condition (5) to be 
used. 

The theory applies to symmetrical geometries so that 
there is a central point at which P= E=0, and this 
will be chosen as the origin of coordinates. It will be 
seen that there is a relation between the central con- 
centrations No and Po, leaving only one of them arbi- 
trary. We shall choose No as the independent parameter 
because it is the principal factor in the conductivity of 
the plasma, and this is the quantity which is generally 
measured. 


P,=N,=0 


III. CONSTANT RATIO APPROXIMATION 


At very low densities, for example at breakdown, the 
space charge field E may be neglected. Equations (1) 
and (3) then give the well-known diffusion equation 


DVN+N=0. (6) 


The boundary condition (5) converts this into a char- 
acteristic value problem: one can define a diffusion 
length A for any shaped cavity (strictly a set of dif- 
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fusion lengths A;, but only the largest is of interest to 
us), and (6) has no solution satisfying (5) unless 


v= D_/A’. (7) 


As the ionization frequency » is in general a function 
of the applied field, this is the equation which deter- 
mines the field at which breakdown occurs: it is the 
field for which the ionization rate Vv equals the diffu- 
sion rate VD_/A?. 

The positive ion distribution is then found by solving 
for F and substituting in Eq. (2). The result may be 
expressed in terms of the ratio P/N: 


r= P/N=D_/D,. (8) 


The positive ion concentration is much higher than the 
electron concentration so that the positive ion diffusion 
rate PD,/A? equals the electron diffusion rate. It is our 
purpose to generalize Eqs. (7) and (8) to apply when 
space charge is effective. 

The excess ion concentration produces a space charge 
whose field retards the electrons and accelerates the 
ion flow towards the walls, thus decreasing both v and 
r. The form of Eq. (7) can be preserved by defining an 
effective diffusion coefficient 


D,= vA?, (9) 


whereupon the problem is reduced to that of expressing 
D, in terms of No and the diffusion and mobility co- 
efficients. D, will decrease with increasing No, and this 
is the origin of the negative characteristic of a glow 
discharge at low currents. 
The unknown space-charge field E can be eliminated 
between Eqs. (1) and (2) to give 
uyD_PYN+pD,NYP 
: ay soo (10) 


and if we make the naive assumption that the ratio r 
is independent of position this yields 
H+D+yD, _ ; 
r= —-———19N=—-D,9N. 
My 


(11) 


The above procedure is that generally used! to derive 
the ambipolar diffusion coefficient 
uyD_+ yD, 
Do=———_—_— (12) 


which applies in the high-current limit when r= 1. The 
expression for D, also reduces to D_ in the low-current 
limit when r= D_/D,. It will be shown that in the 
intermediate range the ratio r is not independent of 
position and the expression for D, is too small (D,<D,). 
Nevertheless the expression for D, is a convenient 
approximation to D,, which will be called the constant 
ratio approximation (c.r.a.). 


1A. von Engel and M. Steenbeck, Elektrische Gasentladungen 
(Edwards Brothers, Inc., Ann Arbor, 1944), Vol. 1, p. 199. 
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Introducing the constant ratio assumption into Eqs. 
(3) and (4) Jeads to the relation 


e(Po— No)/eov= (D_/r—D,)/(u4D_-+u_D,), (13) 


by which the ratio r can be determined, to this approxi- 
mation, in terms of the central space charge e(Po— No). 
As Eqs. (11) and (13) are not exact, it is convenient 
to have an upper limit on the central space charge. 
This is found by requiring that the positive ion con- 
centration by a maximum at the center; thus 


(V°P)o<O, 
whence 
vNo=(¥-°T)o= (u4P9 -E- DWP) 
> et4Po(Po— No)/€0 
(14) 


or 
1/ro>pu e(Po— No)/eov. 


This relation will be called the central maximum bound. 


IV. THE ELECTRON AND ION DEBYE LENGTHS 


Debye and Hiickel’ have introduced a distance \p at 
which the ions in an electrolyte will shield any station- 
ary charge: 

(15) 


1 «sP N 
—=(—+—), 
ey es 


Av* ko 


In an electrolyte the two quantities in parentheses are 
equal. In a plasma they are far different, and we must 
introduce two quantities, 


An?= eoD_/Nep_, (16) 
dp’ = €oD,/ Peps, (17) 


representing the shielding distances by the electrons 
and ions, respectively. The two distances are equal only 
for an isothermal plasma at the ambipolar limit. 

Adopting the constant ratio approximation, one has 
at the center 


A\? no(D_—D,) D.—-D,\? De 
(:)e2OP (SAYA 
An SoD. D D_—D, 


Thus it is principally the electron shielding distance A, 
which controls the transition to ambipolar diffusion 
and when \,=A the ion density is about twice the 
electron density and D,~2D,. This is about midway 
in the transition. 

The Debye lengths also figure in the development of 
the sheath. The wall strongly affects the electron 
density within the distance \, of the wall and the ion 
density within the distance A,. In an active plasma, 
\n>A,; the positive ion sheath is in reality an electron 
deficiency, and its thickness is closely related to An. 
On the outside of the sheath there is a thin region whose 
thickness is of the order \, and whose potential is of 
the order D,/u,, in which the ion density adjusts to 
meet the boundary condition. We shall term this region 


*P, Debye and E. Hiickel, Physik. Z. 24, 190 (1923). 
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the “skin.” This skin becomes infinitely thin as D,y_/ 
D_u,-0; or, in physical terms, if D,=0, the ions have 
no random motion, and then the absorption of the ions 
by the walls can have no effect on their density inside 


the plasma. 

In an isothermal plasma, on the other hand, A,~A, 
at densities high enough to form a_ well-developed 
sheath. Thus the sheath and skin become indistinguish- 
able, and perturbations in the ion boundary condition 
can be transmitted through the sheath into the plasma. 
The consequences of this latter situation will be illus- 
trated in Sec. VIII. 


V. DIMENSIONLESS VARIABLES 


The number of independent parameters can be re- 
duced to the following two: 


p=uD,/u,D_, 


where p is the ratio of ion energy to electron energy. 

This quantity is therefore 1 in an isothermal plasma 

but is of the order 1/100 for an active plasma. 
Consider the dimensionless variables 


n=Nep,/ev; s=(P—N)ep,/eor; 
G=Tep,/er(D_v)'; H=Ep,/(D_v)!; 
t= 2x(v/D_)}, 


where x stands for any linear coordinate. The Debye 
lengths Are related to these transformations as follows: 


n= (u4/p-)(x/An)*, 
(n+-s)#= (D,/D_) (x/rp)?. 


In terms of the dimensionless variables the basic equa- 
tions (1)—(4) become 


o=p_/p4, (19) 


(20) 
(21) 
(22) 


(23) 


(24) 
(25) 
(26) 


vn+G=-—oHn; 
(1+p)¥n+ (1+0)G=cHs—pys; 
v:G=n; v-H=s; 
with the boundary condition 
(27) 


at &, the wall. By eliminating m and s one obtains the 
two second-order, second-degree equations 


VG+G=-—cHy-G, 
(1+p)V°G+ (1+0)G=cHy -H—pVH. 


N= 5,;=0 


(24a) 
(25a) 


The characteristic value parameter v has vanished 
from these equations but occurs in the scale factor. The 
problem now is to find pairs of central values, (mo, So), 
which yield solutions of (24) and (25) satisfying (27) 
for the same value, £, of the coordinates. The value of 
vy is then obtained by fitting &, to the known wall co- 
ordinate x;, and the effective diffusion coefficient is 
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given by 
D,= D_(Aé:/21)*. (28) 


It is measured by the value of £, and a geometrical 
factor x,/A characteristic of the volume containing the 
plasma. For parallel planes, x,/A= 2/2; for a long cylin- 
der, x,/A= 2.405; for a sphere, x,/A=7. 

The nature of the free and ambipolar limits is well 
illustrated by Eqs. (24) and (25). In the free limit the 
effect of the space charge field is negligible, therefore we 
neglect the field H but keep the space charge sitself which 
is, in fact, large compared to n. After taking divergences, 


we have 
V7n+n=0, 
(29) 
ps= (a—p)n. 


On the other hand, in the ambipolar limit both H and 
s saturate, but m and G do not, so that we may neglect 
the right-hand side of (25), obtaining 


(1+) V2n+ (1+¢)n=0, 
H= (o—p)G/(1+4-p)on, 


o—p l+oG 
ue (1+—-),. 
a(1+ ) 1+ ) n’? 


In the ambipolar limit the space charge reaches a 
saturation value given by 


Sa= (o—p)/a(1+p) (31) 


at the center and becomes infinite near the walls. The 
assumption sn is therefore necessarily false near the 
walls, and the ambipolar solution, defined by (30), is 
approached as m increases only in the sense that the 
region near the walls in which s>m, and which con- 
stitutes the positive ion sheath, becomes smaller as m 
increases. It should be noted aiso that the space-charge 
distribution is quite different in the two limits. For 
parallel planes, »(£) is a cosine function in both limits. 
$ is also a cosine in the free limit but is a secant squared 
in the ambipolar limit. 


VI. APPROXIMATIONS AND LIMITS 


An alternate and more useful form of the constant 
ratio approximation is found from the dimensionless 
equations by adding ¢Gso to both sides of (24a) and 
taking the divergence: 


V'nt+k'n=ay - (Gso— Hn) ~0, (24b) 
R= 1+¢5p. (32) 


Since so is the central value of s, it is seen that the 
right-hand side of (24b) and its first derivative vanish 
at the center; and therefore a relatively small error is 
made in neglecting it. The equivalence of the approxi- 
mate form of (24b) and the previous form of the con- 
stant ratio approximation (11) depend on assuming a 
relation between so and r which is 


oso= (o—r1)/r(1+p). 


(30) 


where 


(33) 


Such a relation is equivalent to setting VN/N =V°P/P 
at the center—that is, to forcing both charge distribu- 
tions to have the same shape near the center. 

In the approximation (24b), » is a solution of the 
diffusion equation for a cavity of diffusion length 1/k. 
As the right-hand side of the equation is positive, the 
electrons actually assume a bell-shaped distribution, 
the appearance of which indicates the formation of the 
sheath. Thus the distribution of m is no longer every- 
where convex, and the concentration actually extends 
beyond that predicted by the approximation. Thus 
D,= D_/k’, and we have the inequality 


D> D_/k’. (34) 


The equality holds both in the free limit for so=0 and 
in the ambipolar limit where 


D,=D_(1+p)/ (1+) (35) 


for So=Sq. It will be shown below that between these 
limits the effective diffusion coefficient D, calculated 
by this formula may be too small by a factor as large 
as 3. 

The central ratio m/s» is obtained by dividing (25) 
by oH and seeking the limit of each term at the center. 
In particular (G/H)o= mo/so. In this way one obtains 


(1+-p) (Sa— $0) o/So= So— (p/c) (V-H/H)o. (36) 


The ratio (V?H/H)» cannot be determined without 
reference to the boundary conditions. However it is 
noted that near the free limit (29) 


VH/H=V°G/G= —?; 
whereas near the ambipolar limit (30) 


V?H/H= (n/G)V?(G/n) = (n/G)¥[1+ (kG/n)*] 
=2k’¥y-(G/n), 


so that (V7H/H)o=2é’. It is seen that for low con- 
centrations the maximum space charge is at the center 
whereas for high concentrations there is a minimum at 
the center and a maximum part way out to the walls. 
It may be expected that (V7H/H)» remains between 
these limits, so that the following bounds may be placed 
on No/ So: 


(1+-p)s0+p/a> (1+) (Sa— 50) no/So 


> (1—2p)so—2p/a; (37) 


and one expects the upper bound, which is identical 
with the constant ratio approximation (13) and (33), 
to be approached near the free limit, and the lower 
bound to be approached near the ambipolar limit. The 
latter statement leads to a surprising result which 
was first discovered in numerical solutions: when 
1/p<24-3/o or s,<%, that is for a near-isothermal 
plasma, the lower bound is negative, and therefore 
So> 5S, near the ambipolar limit. As a plasma decays the 
space-charge parameter So, which initially has the value 
Sa, first increases before decreasing to zero. 
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In obtaining bounds for mo/so one must be careful 
not to divide by a negative number. Considering also 
the central maximum bound (14), one distinguishes 
three cases: 


SoS Sa 


(a) s,>4, 
Sotp/a(l'+p) mo so—(2p/c)(1+<a50) 
p> lth eelinseninaninlannlones 


(1 +p) (Sa— So) 


2-2 (37a) 
Sa — So So 


(b) s4<#, 


> ww «@ 
SoS Sq 


Sot p ‘a(1+p) No So 
Pd a - e 


Sa So So 1—So 


So>Sa 


(c) 54<%, 


(2p/a)(1+a59)—s09 No So 
>—> 


sn Se (37c) 


(1+p)(so—sa) $9 1-50 


Cases (b) and (c) both apply to the near-isothermal 
plasma. These bounds will be illustrated in subsequent 
sections. 


VII. THE ACTIVE PLASMA 


In an active plasma, p~ 1/100, so that the bounds 
(37a) fall very close to each other and the central ratio 
no/ So is well defined. In fact, as p— 0, both limits reduce 
to 

Nno= $0°/1 So, (38) 
and s,=1. 

This coalition is best understood by re-writing Eq. 
(25) in terms of the positive ion concentration (+s): 


p/a¥ (n+s)+G=H(n+s). (25b) 


Since p/o=D,/D_~10™, the first term is negligible 
over most of the plasma except at densities very near 
the free diffusion limit. Neglecting this term reduces 
the order of the equation and therefore reduces the 
number of arbitrary constants in the solutions. It also 
reduces the number of boundary conditions to which 
the solutions may be subjected, and one sees from (25b) 
that one cannot set both m,=0 and s,=0 at the wall 
unless the first term is retained. This means that we 
have neglected the plasma skin whose thickness is of 
the order AE= p/oH. 

For an active discharge one therefore seeks solutions 
of the equations 


(24) 
(39) 
(26) 


vn+G=—oHn, 
G=H(n+s), 


v-G=n, ¥V-Hes, 


with the boundary condition m;=0 at the wall. 

The free limit of these equations is found as before 
by setting H=0 in (24), and yields the same electron 
distribution as before [see Eq. (29) ]. The space charge 
is then found by neglecting m in (39) and yields 


Hv -H=G, (40) 


ROSE 


which is very different from (29). In the case of parallel 
planes where the electron free limit is n= mo cost, equa- 
tion (40) yields s= (\/no) cos(€/2). This change in the 
limiting form comes from the neglect of the high-order 
term in (25b). In any actual case p/o is small but not 
zero. The “limit” obtained above is an intermediate 
state holding only so long as the ion-mobility term, 
H(n+s), is larger than the ion-diffusion term 
pV(n+s)/c. As the field gets yet smaller, the ion dis- 
tribution undergoes a second transition to the true free 
limit given by (29). This low-density change in the ion 
distribution does not affect the electrons, which are 
already controlled by diffusion, and therefore does not 
affect the ionization frequency. It is of no importance 
for our problem. 


a. Analytic Approximation 


A good approximation for the active plasma can be 
obtained by separating it into an interior region, 
0<£<£,, and a sheath, §,<&< £1; at £,, the two regions 
are joined. The method is illustrated for the case of 
parallel planes. 

The matching point £, is chosen sufficiently far out 
from the center so that the current G~G, throughout 
the sheath; it is sufficiently accurate to choose 


Gi= no/k, (41) 


the value given by the constant ratio approximation. 
It is further assumed that n<s throughout most of the 
sheath so that (39) becomes G;= Hs. This yields 


s=G,![2(¢—&) 1, (42) 
H=[2G,(&—&o) }}, (43) 


for §>£,; & is a constant of integration. It is convenient 
to introduce the independent variable 


g 
em ff ottdg=20(2G,)'(E—§)Y/3= 01/36; (44) 
fo 

in the sheath; »= Vu_/D_=eV/koT_, where V is the 
potential difference measured from xo. Equation (44) 
yields the standard high-pressure sheath,’ but it will 
not be joined to the plasma at its origin &. Using v as 
the independent variable, Eq. (24) becomes 


dn/dv+n= — (G2/3e°r)!, 
v1 
n= (G;°/30*)te ‘} ytevdy, (45) 
for v>v,; v= 0, at E=£,, and v=; at =. 

In the interior region, an approximation better than 
that given by the constant ratio approximation must 
be made. It may readily be shown that at the center 

1 d’s (3so— 1)k? 
- | = 2K?=—_—_—., 
s d? 0 4— 359 


~ 83. D. Cobine, Gaseous Conductors (McGraw-Hill Book Com- 
pany, Inc., New York, 1941), p. 129, Eq. (6.27). 


(46) 





TRANSITION FROM FREE 
Thus s has a maximum at the center for s»<4, and a 
minimum for so>4, and we choose functions for s 
satisfying (46) which reduce to the correct ones at the 
free and ambipolar limits. Considering the inter- 
mediate limit of the ions defined by Eq. (40), we choose, 
in the range 0< s9<}, 


$= $9 cosV2K , (47) 
H = (so sinv2K€)/v2K, (48) 


where by K we mean |K| throughout. In the range 
4< so<1, we choose 

$= Sq sec?(K&), (47a) 

H= so tan(Ké)/K. (48a) 

The form of n for §<£, is obtained from (24b), but 

the right-hand side is not negligible in the region §~ €,. 

A reasonable approximation results if it is set equal to 

n times a power series, and the first term (~£*) only is 

retained. By taking second derivatives at §=0, one 
finds that, for parallel planes, 


@n/dP+[1— AP |n=0, (49) 


TABLE I. Quantities used in obtaining the free ambipolar 
transition for an active plasma between parallel planes. 








kko 
w/2—-1 


kgi* 
/2 
1,996 


no | K/k| 


0 1/v8 
0.3323 
0.3076 
0.2425 


| Kép| 


a/V¥32 

0.5038 

0.4639 

0.3642 
0 


vpk*/aso 





v¥8/3 
0.8526 
0.8263 


0 
0.3162 
0.4264 
0.5381 
0.6614 
0.7311 
0.8086 
0.8782 
0.9161 
0.9566 1.295 
0.9779 1.354 
1 a/2 


0.4670 








* For ¢ =32 only. 


where 
A = 9a59(1—59)/2k?(4— 350), (50) 
O= ke. (S1) 
Equation (49) yields Hermite functions with n= mp and 
dn/d6=0 at 0=0. Since A =0 for so=0 or 1, (49) reduces 
to the constant ratio approximation at both limits. 
The three unknowns £,, &, and £, are determined by 
matching s, H, and m at é,. This eliminates the discon- 
tinuities in both s and n which exist in the usual joining 
method. Matching sH and H/s from (42), (43), (47), 
or (47a), (48) or (48a) gives, after elimination of G; 
sin2v2K£,=2v2K[k(1—s0) }', 


and No, 
; {sec 
Kt,— Kéo= (tanv2Ké,)/2v2; 
tanKé, sec’?K§,= K[R(1—50) }', 
fso24 
Kt,— Kéo= (sin2K€,)/4. 


(52) 
(53) 
(52a) 
(53a) 
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Fic. 1. Contours of constant #,/mo on the so, « plane, 
as used in Eq. (54). 


By matching n 
v1 
oH ,k(n,/no) = vp'e “f y tevdy, 


Up 


(54) 


where H, is obtained from Eq. (43), (48), or (48a). The 
quantities mo, |K/k|, |K&p|, REp, k&o, and v,k*/osy are 
functions only of so and are given in Table I. The ratio 
n,/Nno is a function of so and, to a lesser extent, of ¢, and 
is determined from the solution of Eq. (49); the ratio 
is plotted ir. Fig. 1. For »>0.1; the function e* fy’ytevdy 
is nearly constant and is tabulated in Table II. For 
v<0.1, the integral is readily determined from a series 
expansion. 

Equation (54) determines 2, hence £, and from the 
definitions of v, G;, and mo, 


kt,— kig= [90,24 (1 — 59)/80?50? |. 


ké, is a function of so, and rather weakly, of a. It is 
shown in Table I, computed for the value = 32; how- 
ever, it is believed that the value of k&, vs so will be 
much the same for all o. 

One can now compute D, and » from (28) and (9), 
the real charge densities, and other quantities. For 
example, E,Au_/D_=¢H,(D,/D_)' is proportional to 
the space-charge field at the wall, and H is calculated 


(55) 


TABLE II. The function F(v) =e fory levdy. 








F (v) 
0 
0.305 
0.456 
0.516 
0.645 
0.705 
0.753 
0.823 
0.864 
0.889 
0.863 
0.780 
0.701 
0.639 
0,592 
0.555 
0 














W. PP: ALLIS AND D. J. 
































Fic. 2. Machine (——-—) and analytic (-~—--) distributions 
of m and s vs distance parameter € for an active discharge between 
parallel planes, with p=0, o=32,. The center is at &=0, and the 
wall at €=£). (a) Low density, so=0.125, mo=0,01786; (b) Inter- 
mediate density, so=0.625, mo=1.041; (c) Near-ambipolar, so 
= (0.9375, no= 14.06, 


from Eq. (44). Similarly V yw_/D_= — fo'eHd¢ is pro- 
portional to the wall potential V, relative to the center, 
so that 


Ep 
Vi=-(D-/n)| f ottdt+-—t5| (56) 
0 


ROSE 


Whether one defines the sheath as originating at &, 
or £ (as has been customary) is a matter of convenience. 
Choosing £, results in a sheath which first expands as So 
decreases from s,, then shrinks to zero at the free limit. 
With this choice, the sheath potential becomes 


Van= D_(11—0p)/m. 
(b) Approximation Near the Ambipolar Limit 


(57) 


The ambipolar limit is approached as sy—1, and 
asymptotic expressions can be given for the quantities 
required by the theory. These are obtained by setting 
K=k, sin(kt,)=1, cos(kép)=sin(4/2—kt,)=2/2—ké,, 
and are as follows: 


4/2—ktp= (1—50)}; 
k(Ep-- &o) = (1—50)8/2; 


(52b) 
(53b) 


v1 
OSo= Vpte~*” f ylevdy; (54a) 
"p 


k(&:— £0) = (1—s0)#(v1/v,)!. (55a) 


Vp=050o/3k? =, 
Eq. (54a) may be further approximated by 
v1 1.08 In(2.200s9). (54b) 


As no= 5So?/(1— 50), it is seen that the sheath thickness 
varies as mo* or No~! and that the space-charge field 
E, at the wall varies as No!. The analog to the Lang- 
muir sheath is given by the thickness £;—£. As our 
interior solution is much better than the conventional 
one, we have joined at £, instead of at &. 

In the ambipolar limit, our sheath potential becomes 


V n= 1.08(D_/p_) In(2.20p_/u4)—D_/3u_; (57a) 


the last term is a small correction arising from the 
choice of £,, rather than £, as the sheath edge. Equation 
(57a) differs from Langmuir’s expression‘ 


Vn= (koT_/e) In(T_m,/T,m_), (58) 


where m, and m_ are the ionic and electronic masses, 
principally in the nature of the logarithmic term. Our 
relation (57a) is derived on the assumption that the 
mean free path is small compared to the sheath thick- 
ness, so that the mobilities, hence the ratio of electron 
to ion drift velocities, are involved. Equation (58) ap- 
plies when the mean free path is long and the charges 
fall freely; the logarithmic term is essentially the ratio 
of the random velocities. As No increases and the sheath 
gets thinner according to (55a) one eventually reaches 
a point where the sheath is thin compared to the mean 
free path and then one must use Eq. (58). A transition 
between the two types of sheath, however, may not be 
observed in practice, for sheath voltages calculated by 
the two relations do not differ markedly; it is proper to 


‘TI. Langmuir, Phys. Rev. 33, 969 (1929). 


Since 


(44a) 





TRANSITION FROM FREE TO AMBIPOLAR DIFFUSION 


compare them after omitting the last term of (57a). 
For hydrogen, ¢~ 32, p= 100; Eq. (57a) gives Vsnyu_/D_ 
=4.6; and (58) gives 6.4. For oxygen, ¢~400, p~70; 
both (57a) and (58) give V,,u_/D_~7.3. 

Extension of the near-ambipolar solution to a cylin- 
drical or spherical geometry is simple. Since the sheath 
is thin, its form is unaltered, and only the matching at 
€, must be adjusted; it is necessary only to replace the 
form of the constant ratio approximation with the one 
applicable to the geometry in question. 


(c) Machine Solutions 


For an active discharge in hydrogen, the appropriate 
parameters are p~1/100, o~32. Thus the case p=0, 
o= 32 for a cavity consisting of infinite parallel planes 
was solved on the Mark IV computer at Harvard 
University. Central concentrations s» were chosen arbi- 
trarily, and the appropriate concentrations mo) were 
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Fic. 3. Machine ( ) and analytic (----) solutions of 
the quantities k&, (A) and s0D,/D,4 (B) vs so for an active dis- 
charge between parallel planes, with p=0, e=32. The quantity 
soD,/Dz is proportional to the true central space charge, and it is 
noted that the central space charge exceeds the ambipolar value 
through most of the transition. The value of s0D,/D, obtained 
from the constant ratio approximation (c.r.a.) (C) is also shown. 


computed from Eq. (38). The equations were inte- 
grated from the center outward to the point £, where 
n=. 

Figure 2(a) shows both the machine solutions and the 
analytic approximation for m and s vs £ with so=0.125, 
no= 0.01786. Figure 2(b) shows n and s for so=0.625, 
no= 1.041; such densities lie about mid-way through 
the transition region. Figure 2(c) shows m and s for 
$o= 0.9375, no= 14.06, approaching the ambipolar re- 
gion. These figures illustrate the change in shape of 
s(€) with increasing density and the development of 
the bell-shaped distribution of indicative of sheath 
formation. The length Ano is the Debye length corre- 
sponding to the central electron density. The ratio 
Ano/%1= (onoé:*)~* is marked off on Figs. 2(b) and (c), 
and the ratio A,o/2x; is marked on Fig. 2(a). 

While the distribution of s is rather crudely approxi- 
mated by the theory, the end point & and the various 
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Fic. 4. Machine (———) and analytic (~---) solutions of 
the effective diffusion coefficient D,/D_ vs central electron densit 
NoA*u_/D-_ for an active discharge between parallel planes, wit 
p=0, ¢=32. The constant ratio approximation is also shown. 


integrals over m and s are reasonably accurate. Curves A 
of Fig. 3 show the quantity k£, vs so for both the ma- 
chine and analytic solutions, the latter also being tabu- 
lated in Table I. The c.r.a. of course would give ké; 
=/2, and the difference is a rough measure of the 
sheath thickness. The true central space charge, 


(P— N)oe= €ovSo/py= SoD, €0/ pA’, 


as distinct from the central space charge parameter So, 
is measured by the product soD,. This goes above its 
ambipolar value, and this peculiarity is shown by 
plotting s0.D),/D, vs so in curves B of Fig. 3. The con- 
stant ratio approximation value of s:D,/D, is shown 
by curve C and makes it evident that although this 
approximation goes to the ambipolar limit it does not 
approach it in the right way. 

Figure 4 shows D,/D_= (2£,/x)? plotted vs NoA*u_/D_ 
= €91),no/eD_ (volt-meter)~, which is proportional to 


(59) 
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Fic. 5. Machine ( ) and analytic (-—--) solutions of 
wall field E,;Ap_/D_ (A), wall potential —Viw_/D_ (B), and 
sheath potential V,,4u_/D_ (C) vs central electron density NoA?u_/ 
D_ for an active discharge between parallel planes. p=0, ¢= 32. 
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Fig. 6. Machine solution ( ) and analytic limits (- —- — -) 
of space-charge parameter So vs electron density parameter mo for 
an isothermal plasma between parallel planes with = 32. Note 
that so rises above s,=0.484 through part of the transition region. 


the true central electron density; for comparison, the 
constant ratio approximation (34) is also shown. 

The quantities Z,;Au_/D_ and —Vyy_/D_, for both 
machine and analytic solutions, are plotted in Fig. 5 vs 
NoA*u_/D_. V,nu_/D_- as obtained from the analytic 
solution is also shown. Since it is the development of 
the space-charge voltage that inhibits the electron flow 
and brings about the free ambipolar transition, it is 
not surprising to discover that the wall potential is 
substantially in excess of the average electron energy 
through most of the transition. 

The transition itself takes place over several orders 
of magnitude. If, for example, D_/u_=2 volts and 
A=1 cm, then D,/D_=0.5 at No=2X10*/cm'; and, 
even at this low density, the net central space charge 
is about equal to that obtained at the ambipolar limit. 














0.8 


Fic. 7. Machine solutions of » and s vs for an isothermal plasma 
between parallel planes with o= 32; so=0.375, no=0.4031. 


ROSE 


The limit itself, however, is not closely approached 
below No 10°/cm'. 


VII. THE ISOTHERMAL PLASMA 


The problem of the isothermal] plasma in an infinite 
parallel plane cavity was solved on the Whirlwind com- 
puter at the Massachusetts Institute of Technology 
for the case p= 1, ¢= 32. Since the effects of ion diffusion 
are not negligible, m) is not directly determined in 
terms of so. Thus central concentrations (mo, so) were 
chosen arbitrarily and the equations integrated from 
the center outward. Solutions for which m and s did 
not vanish at the same coordinate were rejected and 
the solution repeated for a different value of mo. Appro- 
priate pairs (mo, So) were found and for these the entire 
solution was plotted, and the value of & recorded. 
Figure 6 shows So as a function of mo from the machine 
solutions and the two limits (37b) and (37c) and 
illustrates the departure from these bounds. It shows 
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Fic. 8. Machine solutions of the quantities kt; (A) and soD,/ 
SaDq (B) vs So/Sa for an isothermal discharge between parallel 
planes, with o= 32. 
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So passing above its ambipolar value s,. Figure 7 shows 
the machine solutions of m and s vs & with so=0.375, 
no= 0.4031, about midway in the transition. The ratios 
Ano/X1 and Apo/x1= Lo (n+5)o€:?/p }-4 are marked on the 
figure. The spatial distributions are generally similar 
to those of Figs. 2(a)—(c) except in the following de- 
tails: (i) s drops to zero at §=£), but still shows a 
maximum part way out for the higher values of 50; 
(ii) since the ions diffuse freely at the free limit, 
$= So cosé at the free limit rather than s» cost/2 as was 
the case for p=0; (iii) at the ambipolar limit s,=0.484 
rather than unity, and the maximum value of 5s» in the 
transition was 0.519. 

Figure 8 shows the quantities kt, and soD,/saD. 
plotted vs so/s, and illustrates the peculiarities both 
in the true central space charge and in so. Comparison 
with Fig. 3 shows that the maximum sheath thickness 
is about the same for both p=0 and p=1. 

Figure 9 shows D,/D_ vs NoA®*u/D. For comparison, 
the constant ratio approximation (34) is also shown, 
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using Eq. (33) to determine mo as a function of so. The 
figure shows that |dD,/dNo|<«D,/No; thus a thermal 
plasma initially situated on the curve will decay in a 
quasi-equilibrium fashion closelyf ollowing the curve. 

Finally, Z,;Au/D and Vy/D are plotted in Fig. 10 
vs NoA*y/D. 

Inasmuch as most of the fundamental processes are 
the same for p=0 and p=1, it is not surprising that the 
results in the two cases are quite similar. It has not 
been possible, however, to obtain satisfactory analytic 
expressions for the case p=1, and the mathematical 
difficulty arises because perturbations at the wall are 
transmitted by the ions much further into the interior 
of the isothermal than into the active plasma. For the 
same reason, an experimental probe will disturb an 
isothermal plasma more deeply than an active one. As 
a result of these difficulties, it is possible to solve the 
isothermal case only by machine methods. 
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Fic. 9. The effective diffusion coefficient D,/D_ vs central elec- 
tron density NoA’u/D for an isothermal discharge between parallel 
planes, with o=32. The c.r.a. is also shown. 


IX. CONCLUSION 


A very simple approximation termed the constant 
ratio approximation (c.r.a.), has been found. Although 
it goes to the correct free and ambipolar limits. it is 
shown to be in error by a factor which may be of the 
order 3. A good second approximation has been found 
for the case of an active plasma (7,./7_=p<1). This is 
obtained by joining a sheath to interior solutions which 
consist, for the case of parallel planes, of Hermite and 
trigonometric functions. The joining is done so that 
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Fic. 10. Wall field Z;:Au/D (A) and wall potential — V yw/D (B) 
vs central electron density NoA*u/D for an isothermal discharge 
between parallel planes, with o= 32, 





electron and ion densities, field, and current are all 
continuous. From this solution the development of a 
sheath, with increasing plasma density, can be followed. 
All quantities are compared with an exact machine 
solution. An effective diffusion coefficient D, is calcu- 
lated, from which the ionization frequency v= D,/A? 
can be calculated. The free-ambipolar transition takes 
place over many orders of magnitude of electron 
density, and the ambipolar limit is approached very 
gradually. 

The method used for the active plasma fails for the 
isothermal! plasma (p= 1) because the boundary condi- 
tions react on the central ratio Po/No of ion to electron 
concentrations. This has experimental implications in 
the use of probes. Machine solutions have been ob- 
tained here also and show that aside from the central 
ratio the transition is quite similar to that for an active 
plasma. It is shown that the relative change of D, is 
slow compared to that of the concentration No and that 
therefore the solutions obtained may be applied to a 
decaying plasma for which dN /dt= — ND,/A’. 
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The spectrum of Ce 1 from enriched samples of Ce™* and Ce™* has been studied and compared with the 
same spectrum from natural Ce. Only a negligible isotope shift, certainly less than 6 percent of that between 
the isotopes with 82 and 84 neutrons, has been found between the isotopes with 78, 80, and 82 neutrons. 





HE isotope shift between Ce and Ce has been 

measured by Brix and Frank! in some of the 
lines 4f°6s‘4H, *H, *F—4f°6p ‘T°, 4H°, *H°, 4G®. An 
attempt was made by Murakawa and Ross? to measure 
a shift between Ce*® and Ce in the 4/%6s ‘4Ho/2 
—4f*6p ‘T°o;2 line by using an enriched (4.4 percent) 
sample of Ce'*. Murakawa and Ross estimated an 
upper limit of this shift at about the half of the 
Ce!— Ce! shift, which was found by Brix and Frank 
to be 0.054+0.003K,* with the Ce™® towards lower 
frequency. 

A new attempt has been made to measure not only 
the Ce“*—Ce' shift, but also the Ce#*—Ce™ shift, 
in the lines where Brix and Frank measured the saift 
between Ce’ and Ce. Enriched samples‘ of Ce** 
(13.1 percent) and Ce™® (first 22.3 percent, later 30 
percent) were available. 

The experimental setup consisted of 3 parallel hollow 
cathode tubes® and a modified Steinheil three-prism spec- 


¢ Supported by the U. S. Office of Naval Research. 
1 P, Brix and H. Kopfermann, Z. Physik 127, 289 (1950). 
*K. Murakawa and J. S. Ross, Phys, Rev. 83, 1272 (1951). 


*1K(kayser)=1 cm™, following a recommendation of the 
international Joint Commission for Spectroscopy [see J. Opt. 
Soc. Am. 43, 410 (1953) ]. 

‘Produced by the Y-12 plant, Carbide and Carbon Chemicals 
Corporation, and obtained by allocation from the U. S. Atomic 
Energy Commission. 


*H. Arroe and J. E. Mack, J. Opt. Soc. Am, 40, 386 (1950). 


trograph (designed and built by Mr. George Streander 
at Wisconsin) with a Perot-Fabry interferometer in the 
parallel beam between the collimator and the prisms. 
The spacers used in the interferometer had the sizes: 
15, 18, 19, 20, 25, 27, 30, and 40 mm. The coating on 
the plates was silver in most of the exposures and an 
aluminum-magnesium alloy in the others. The reflec- 
tivity exceeded 90 percent. 

The shift between Ce and Ce™ could be measured 
in all the lines with all three samples and the value 
agrees with the value found by Brix and Frank. It was, 
however, impossible to find any structure from the Ce'* 
and Ce'® isotopes, which lines seem to coincide with 
the Ce lines. Not even a line broadening was detected. 
A quantitative measurement of the lines gave the 
following values for the shifts: 


Ce'**— Ce: 0,0003+-0.0032K (33 measurements), 
Ce'*8— Ce: 0,0002+0.0035K (12 measurements), 


with the lighter isotopes in each case towards higher 
frequency. The uncertainty includes the largest devi- 
ation from the average. 

The author wishes to express his sincere appreciation 
to Dr. J. E. Mack for his continued interest in the 
experiment. 





PHYSICAL REVIEW 


VOLUME 93, 


NUMBER 1 JANUARY 1, 1934 


Electric Field Gradients of Atomic p Electrons* 


R. G. 


BARNES AND W. V. SMITH 


Department of Physics, University of Delaware, Newark, Delaware 
(Received August 6, 1953) 


Calculations from optical spectrums data of the electrostatic field gradient existing at the position of the 


nucleus in atoms depend on the effective atomic number Z;. 


The present article presents a survey of Z; 


values obtained for various elements in varying degrees of ionization. One may conclude from this survey 
that the relation Z;=Z—n is a good approximation for calculations dealing with p electrons. On the basis 
of this relation the average (1/r*) has been evaluated for low-lying states of interest in chemical bonding 
for atoms having / valence electrons. The results are presented in a graphical form from which the values 
for the more complicated cases of N, P, As, aud Sb are obtained by interpolation. Atomic field gradients 
obtained in this article are compared with previous estimates in a number of cases of interest. 


INTRODUCTION 


NE of the important types of data obtained by 

the techniques of microwave and radiofrequency 
spectroscopy is the interaction energy eg? between the 
electrostatic quadrupole moment eQ of a nucleus and 
the electrostatic field gradient g= 0°V/dz? existing at 
the nucleus. For cylindrical symmetry about the z axis 
(usually the bond axis), the scalar eQq adequately 
describes the interaction; lower symmetries require a 
tensor representation. In any case, the measured inter- 
action is the product of a nuclear property ¢Q and a 
molecular property g which arises primarily from the 
electrostatic fields of the electrons. An accurate knowl- 
edge of the electronic wave functions affords a means 
of calculating nuclear quadrupole moments from ob- 
served interaction energies whereas comparison of 
quadrupole couplings of a particular nucleus in different 
molecules reveals information about molecular bonding. 
Among the nuclei whose quadrupole moments have 
been determined in the above fashion are boron,! nitro- 
gen,” oxygen,’ and sulfur,’ to mention but a few. Since 
these nuclear interactions are measured in molecules, 
the problem of estimating the electron distribution in 
these molecules can be divided into two parts: first, 
that of determining the best combination of atomic 
orbitals into which the molecular orbitals can be decom- 
posed ; and second, that of estimating the contribution 
to the field gradient made by each atomic orbital. 
Townes and Dailey’s paper’ contributes much to both 
parts of this problem and shows, among other things, 
that for most molecules the predominant contributions 
to the molecular field gradients arise from p atomic 
orbitals in the valence shell. It is the purpose of this 
paper to present a systematic compilation of p atomic 
field gradients as derived from the fine structure of 
atomic spectra. This compilation suggests that in a 
number of cases the atomic field gradients previously 


” © Sappenel by the U. S. Office of Ordnance Research and the 
Corporation. 
; 134, 642 (1953). 


* Supp 
enn 
1H. G. Dehmelt, Z. Physik 133, 528 (1952) 
2 C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 
3 Geschwind, Gunther-Mohr, and Townes, Phys. Rev. 83, 209 
(1951). 
4H. G. Dehmelt (private communication). 
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chosen have been too high. It is hoped that the atomic 
field gradients listed here will provide a useful starting 
point in arriving at improved estimates of nuclear 
quadrupole moments. 


BACKGROUND 


Casimir® has shown that for the case of a single 
electron outside of closed shells the fine-structure 
splitting 6 resulting from the interaction between the 
magnetic field of the circulating electron and the mag- 
netic moment yo associated with the electron spin can 
be expressed as 


hed = — 2(1+}) (uo’/e){(1/r) (AV /dr))K, (1) 


6=3C(dn*/dn)[ ZZ 2/n*1(1-+-1) ]Ra’. (2) 


Here V is the potential in which the electron moves 
outside the closed shells, and 3C is a small relativistic 
correction given by Casimir,’ important mainly for 
heavy atoms (Z>50). The effective quantum number 
n* is determined from the term energies measured in 
Rydbergs by 

(3) 


where Z)=1 for neutral atoms, 2 for singly ionized 
atoms, etc. The effective atomic number Z; can be 
defined by the relation® 


((1/r) (OV /dr)) = —Z,e(1/r’). (4) 


We are interested in the atomic field gradient g in a 
z direction fixed in space for the state m=1/: 


E,= — (Zo/n*)?, 


q= 8V/d2= —e(1/r*)(3 cos*9— 1) = —e(21/214-3){1/r*) 
Pred Fo? 
(214-3) (2/+-1) 


Ratay?3 re , 

CALCULATION OF Z; 
The calculation by these equations of the atomic field 
gradient < consists essentially of two steps: (1) the 


é 


(5) 


5H. B. G. Casimir, On the Interaction between Atomic Nuclei 
and Electrons ( Teylers Tweede Genootschap, Haarlem, 1936). 
6G. F. Koster, Phys. Rev. 86, 148 (1952). 
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TaBie I. Values of 4, n*, and Z; for various elements and 
degrees of ionization. Z; values followed by an asterisk have been 
corrected by dn*/dn. 
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determination of the effective atomic number Z;, and 
(2) the calculation of the average (1/r*). By considering 
the term energies and splittings of doublet and triplet 
states belonging to the configurations np, nsmp, and 
ns*mp (m2>n), values of n*, dn*/dn, and Z; have been 
determined from Eqs. (2) and (3). In general, the 
correction factor dn*/dn tends toward unity with in- 
creasing » with the result that wherever possible an 
excited state is used to make this correction small. For 
the isoelectronic sequences Lil, NaI, etc., there is 
never any appreciable deviation of dn*/dn from unity. 
The sequences beginning with B I, AI I, etc., are very 
similar to one another with dn*/dn tending to unity 
within a few excited states and generally decreasing as 
one goes to more ionized stoms. Similar effects are 
noted for the Be I, Mg I, etc., sequences. In those cases 
where data are available only for the lowest state of a 
series, the dn*/dn correction has been estimated from 
its behavior in a similar element or in a sequence of 
elements. Beyond Cs and Ba, the Z; values determined 
from different excited states or different degrees of 
ionization of the same element exhibit so much scat- 
tering that there appears to be no way to deduce a 
single representative value. No data for these other 
elements of the 6p shell have been included here. 

Table I lists 6 and »* values for 33 elements in 
various degrees of ionization together with the Z; values 
obtained from these data. The data for elements 
through Nb have been obtained from the first two 
volumes of Charlotte Moore’s compilation of atomic 
energy levels,’ and for heavier elements from the 
Landolt-Bérnstein tables.* Only one state is listed for 
each element and ionization, that state being generally 
the most excited one for which an accurate 4 is available. 
The relativistic correction 3 has not been taken into 
account; its effect is to reduce the Z; values of the 
heavier elements by a small amount. 

All of the Z; values listed in Table I (except Cs and 
Ba) are plotted in Figs. 1, 2, and 3. In each of these 
figures the line (Z—m) is also drawn. Note that of the 
thirteen examples for which two ionized states are 


a Ee orm ee 
2 3 4 “s * 
z, 4 


4 


| 


e3@80N D-wOUW 


o 


4 
oo 4 
. 
r q 
1 4 4 4 4 ‘ a 


4 4 ‘ 4 4 4 


S 








Fig. 1. Z; values from Table I of elements with 2- and 
3p-valence electrons (Li through Cl). 


7 Charlotte E. Moore, Atomic Energy Levels (National Bureau 
of Standards, Washington, D. C., 1949, 1952), Vols. I, IT. 

* Landolt-Bérnstein, Zahlenwerte und Funktionen (Springer 
Verlag, Berlin, 1950), sixth edition, Vol. 1, Part I. 
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available, ten show a definitely greater Z,; for the 
greater ionization. Similarly, of the eleven examples 
for which three ionized states are available, three show 
this trend strongly and four others less strongly ; there- 
fore one may conclude that in general the Z; value of a 
neutral atom is smaller than that of the same atom 
highly ionized. The (Z—m) line is seen to pass through 
or very close to those neutral atoms whose Z; should be 
most reliably determined (Na, K, Al, Ga, etc.). Further- 
more, it passes somewhat below the Z; values belonging 
to the more ionized cases, where one would expect the 
neutral atom Z; to be lower. Accordingly, we suggest 
that (Z—mn) be used as an approximation to Z; in 
calculations of the present type. This is not a very 
different conclusion from that reached by Landé in a 
similar survey’ (Z;=Z—2 for the first period, and 
Z;=Z-—84 for all others) and which has been followed 
by most other investigators, but it is a simple rule and 
it does represent fairly well the data available today. 

Checks on our Z; values for light elements are 
obtained by comparison with Koster’s values® of Z;= 10 
for Al and 13.7 for Cl. For these elements accurate 
field gradients can be obtained from atomic beam data 
using the magnetic coupling constant and known 
nuclear magnetic moments. While this method has also 
been applied to heavier elements, Koster has shown 
that configuration interactions involving S states invali- 
dates its use there. Our Z; values for Al and Cl, 10 and 
14, respectively, are in good agreement with Koster’s 
results. 





rT T T T T T ae | T. T T T T 
20 22 a 2 2 30 32 


EFFECTIVE aTOmiC NUMBER 7, 


° ° 








ee 





Fic. 2. Z; values from Table I of elements with 
4p-valence electrons (K through Br). 
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Fic. 3. Z; values from Table I of elements with 
5p-valence electrons (Rb through I). 


* A. Landé, Z. Physik 25, 46 (1924). 


TABLE IT. Values of 8 and ((ao/r)*)3¢ for bonding states of the 
neutral atoms of Table I. The effective atomic number Z; is 
taken equal to (Z—n) as discussed in the text. Values of 6 and 
((ao/r)*)5 in parentheses have been interpolated from Fig. 4. 





((ao/r)*)3C 
0.0387 


Atom Configuration State é8cm™ % 


Li 2p 0.3372 
Be 3.03 
B 





16.0 
Cc 43.5 
N (108) 
oO 226.5 
F 404 


Na p 7.2 
Mg 60.8 
Al 3 


826 
1409 
(1910) 
2534 
3685 


237.6 
581 
2213 
4428 
(5250) 
6204 
7603 


554.1 
1249 
7792 

10648 
16583 








CALCULATION OF 1/r’ 


By use of the fine-structure splittings of low-lying 
states of elements with p valence electrons and the 
approximation Z;=Z—n discussed in the previous 
section, the values of (1/r*) have been calculated 
according to Eq. (1). In cases involving several elec- 
trons, the determination of the splitting equivalent to 
that of one p electron has been made in accordance 
with well-established relations of atomic spectrums 
theory.’°-” Only in the p* configuration is the splitting 
affected by the coupling scheme to such an extent that 
there is no clear way to infer the splitting equivalent 
to that of one p electron," and the elements N, P, As, Sb 
are accordingly omitted. In the p’ configuration, the 
coupling scheme has no effect; and in the p* configur- 
ation the effect is only just noticeable with Te.” 
Assuming that the rule Z;=Z—n applies also to the 
entire 6p shell (as well as to Cs and Ba), one can 
evaluate (1/r*) for Tl, Pb, and Bi. In Bi the coupling 
of the 6’ configuration is so nearly pure jj that a good 


“ H. E. White, [troduction to Alomic Spectra (McGraw-Hill 
Book Company, Inc., New York, 1934), Chap. XIV. 

uD. R. Inglis, Phys. Rev. 38, 862 (1931). 

2S. Goudsmit, Phys. Rev. 35, 1325 (1930). 
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Fic. 4. Values of [((ao/r)*)3¢}! for elements 
having p-valence electrons. 


estimate of the equivalent one-electron splitting can 
be made. 

The values of 5, Z;, and the (1/r*) calculated there- 
from are listed in Table II. Again the relativistic 
correction 5C has been neglected ; therefore the quantity 
calculated is (1/r*)5¢. For numerical convenience, the 
values are tabulated as ((ao/r)*)3C. Figure 4 shows the 
cube root of this last quantity, [((ao/r)*)3C ]}, for all of 
the entries in Table II. 


CONCLUSIONS 


In terms of the tabulated values of ((ao/r)*)3C, the 
atomic field gradients are given by Eq. (5), which 
becomes 


g= &V/d2? = — 1.298((ao/r)*)3CX 10" esu. (6) 


In the molecular case,? m=0, and these values must be 
multiplied by —2//(2/—1) or —2. 

One use of Fig. 2 is to infer the values of (1/r*) for 
N, P, As, and Sb by interpolation. This appears to be 


SMITH 


quite reasonable in the cases of N and P, and perhaps 
less so in the cases of As and Sb. The values of g ob- 
tained in this manner for the molecular case are 6.37, 
9.05, 19.5, and 33.8 10"* esu, respectively. 

Generally, the factor most subject to individual 
adjustment in these calculations is Z;. For instance, 
Townes and Dailey’ calculated 0°V/d2 for N, m=O, 
as 9.910" esu, larger by a factor of 1.55 than our 
value. About half of this discrepancy arises from their 
choice of Z;=4, whereas we use Z;=5. The remaining 
disagreement apparently results from our different 
methods of extrapolating from optical data. Similarly, 
for S, the above authors quote g=14.7X10"* esu for 
m=Q(, a factor of 1.13 greater than our value of 13.0 
X 10" esu. Their choice of Z;= 12.5 as against our value 
Z;= 13 accounts for a third of this rather small discrep- 
ancy. Our agreement with Dehmelt’s value* of 13.8 
10'* esu is even closer. Here the discrepancy is 
entirely due to the difference in assumed Z; values. 

Our calculated field gradients neglect the polarization 
effects calculated by Sternheimer.” These corrections 
have the effect of further lowering the calculated field 
gradients. Consequently, many published values of 
nuclear quadrupole moments are considerably too small. 
We have not attempted to revise the quadrupole 
moments, however, since a revision should include a 
careful study of the best choice of atomic orbitals for 
constructing the molecular orbitals. We have not con- 
sidered this important problem in the present paper. 


13 R. Sternheimer, Phys. Rev. 84, 244 (1951); 80, 102 (1950). 
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By considering a radiating gas as a single quantum-mechanical system, energy levels corresponding to 
certain correlations between individual molecules are described. Spontaneous emission of radiation in a 
transition between two such levels leads to the emission of coherent radiation. The discussion is limited first 
to a gas of dimension small compared with a wavelength. Spontaneous radiation rates and natural line 
breadths are calculated. For a gas of large extent the effect of photon recoil momentum on coherence is 
calculated. The effect of a radiation pulse in exciting “super-radiant” states is discussed. The angular corre- 
lation between successive photons spontaneously emitted by a gas initially in thermal equilibrium is calcu- 


lated. 


N the usual treatment of spontaneous radiation by 
a gas, the radiation process is calculated as though 
the separate molecules radiate independently of each 
other. To justify this assumption it might be argued 
that, as a result of the large distance between molecules 
and subsequent weak interactions, the probability of a 
given molecule emitting a photon should be independent 
of the states of other molecules. It is clear that this 
model is incapable of describing a coherent spontaneous 
radiation process since the radiation rate is proportional 
to the molecular concentration rather than (o the square 
of the concentration. This simplified picture overlooks 
the fact that all the molecules are interacting with a 
common radiation field and hence cannot be treated as 
independent. The model is wrong in principle and many 
of the results obtained from it are incorrect. 

A simple example will be used to illustrate the inade- 
quacy of this description. Assume that a neutron is 
placed in a uniform magnetic field in the higher energy 
of the two spin states. In due course the neutron will 
spontaneously radiate a photon via a magnetic dipole 
transition and drop to the lower energy state. The prob- 
ability of finding the neutron in its upper energy state 
falls exponentially to zero.'? 

If, now, a neutron in its ground state is placed near the 
first excited neutron (a distance small compared with a 
radiation wavelength but large compared with a particle 
wavelength and such that the dipole-dipole interaction 
is negligible), the radiation process would, according to 
the above hypothesis of independence, be unaffected. 
Actually, the radiation process would be strongly 
affected. The initial transition probability would be the 
same as before but the probability of finding an excited 
neutron would fall exponentially to one-half rather than 
to zero. 

The justification for these assertions is the following: 
The initial state of the neutron system finds neutron 1 
excited and neutron 2 unexcited. (It is assumed that 
the particles have nonoverlapping space functions, so 
that particle symmetry plays no role.) This initial 
state may be considered to be a superposition of the 


'W. Heitler, The Quantum Theory of Radiation (Clarendon 
Press, Oxford, 1936), first edition, p. 112. 
*E. P. Wigner and V. Weisskopf, Z. Physik 63, 54 (1930). 


triplet and singlet states of the particles. The triplet 
state is capable of radiating to the ground state (triplet) 
but the singlet state will not couple with the triplet 
system. Consequently, only the triplet part is modified 
by the coupling with the field. After a long time there 
is still a probability of one-half that a photon has not 
been emitted. If, after a long period of time, no photon 
has been emitted, the neutrons are ina singlet state and 
it is impossible to predict which neutron is the excited 
one. 

On the other hand, if the initial state of the two 
neutrons were triplet with s=1, m,=0 namely a state 
with one excited neutron, a photon would be certain to 
be emitted and the transition probability would be just 
double that for a lone excited neutron. Thus, the 
presence of the unexcited neutron in this case doubles 
the radiation rate. 

In recent years the excitation of correlated states of 
atomic radiating systems with the subsequent emission 
of spontaneous coherent radiation has become an im- 
portant technique for nuclear magnetic resonance 
research.’ The description usually given of this process 
is a classical one based on a spin system in a magnetic 
field. The purpose of this note is to generalize these 
results to any system of radiators with a magnetic or 
electric dipole transition and to see what effects, if any, 
result from a quantum mechanical treatment of the 
radiation process. Most of the previous work‘ was quite 
early and not concerned with the problems being con- 
sidered here. In a subsequent article to be published in 
the Review of Scientific Instruments some of these results 
will be applied to the problem of instrumentation for 
microwave spectroscopy. 

In this treatment the gas as a whole will be considered 
as a single quantum-mechanical system. The problem 
will be one of finding those energy states representing 
correlated motions in the system. The spontaneous 
emission of coherent radiation will accompany transi- 
tions between such levels. In the first problem to be 
considered the gas volumes will be assumed to have 


+E. L. Hahn, Phys. Rev. 77, 297 (1950) ; 80, 580 (1950), 

4E.g., W. Pauli, Handbuch der Physik (Springer, Berlin, 1933), 
Vol. 24, Part I, p. 210; G. Wentzel, Handbuch der Physik (Springer, 
Berlin, 1933), Vol. 24, Part I, p. 758. 
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dimensions small compared with a radiation wave- 
length. This case, which is of particular importance for 
nuclear magnetic resonance experiments and some 
microwave spectroscopic applications, is treated first 
quantum mechanically and then semiclassically, the 
radiation process being treated classically. A classical 
model is also described. In the next case to be considered 
the gas is assumed to be of large extent. The effect of 
molecular motion on coherence and the effect on co- 
herence of the recoil momentum accompanying the 
emission of a photon are discussed. Finally, the two 
principal methods of exciting coherent states by the ab- 
sorption of photons from an intense radiation pulse or 
the emission of photons by the gas are discussed. Calcu- 
lations of these two effects are made for the gas system 
initially in thermal equilibrium. The effect of photon 
emission on inducing coherence is discussed as a problem 
in the angular correlation of the emitted photons. 


DIPOLE APPROXIMATION 


The first problem to be considered is that of a gas 
confined to'a container the dimensions of which are 
small compared with a wavelength. It is assumed that 
the walls of the container are transparent to the radia- 
tion field. In order to avoid difficulties arising from 
collision broadening it will be assumed that collisions 
do not affect the internal states of the molecules. It will 
be assumed that the transition under question takes 
place between two nondegenerate states of the molecule. 
The assumption of nondegeneracy is made in order to 
limit the scope of the problem to its bare essentials. It 
might be assumed that nondegenerate states are present 
as a result of a uniform static electric or magnetic field 
acting on the gas. Actually, for many of the questions 
being discussed it is not essential that the degeneracies 
be split. Also, it will be assumed that there is insufficient 
overlap in the wave functions of separate molecules to 
require that the wave functions be symmetrized. 

Since it is assumed that internal coordinates of the 
individual molecules are unaffected by collisions and 
but two internal states are involved for each molecule, 
the wave function for the gas may be written con- 
veniently in a representation diagonal in the center-of- 
mass coordinates and the internal energies of the 
molecules. The internal energy coordinate takes on only 
two values. Omitting for the moment the radiation field, 
the Hamiltonian for an » molecule gas can be written 


H=Hot+ ED Rijs, (1) 
j=l 

where E=/fw= molecular excitation energy. Here Ho 
acts on the center-of-mass coordinates and represents 
the translational and intermolecular interaction energies 
of the gas. ERj; is the internal energy of the jth mole- 
cule and has eigenvalues +4£. Ho and all the R,; 
commute with each other. Consequently, energy eigen- 
functions may be “chosen to be simultaneous eigen- 
functions of Ho, Ris, Ros, Bee Ras. 
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Let a typical energy state be written as 
Vom= U, (11: -- ta) [++—+:--]. (2) 
Here r;---r, designates the center-of-mass coordinates 
of the molecules, and + and — symbols represent 
the internal energies of the various molecules. If the 
number of + and — symbols are denoted by nm, and n_, 
respectively, then m is defined as 


m= 3 (n.— n_), 
n=n,-+-n_=number of gaseous molecules. 


(3) 


If the energy of motion and mutual interaction of the 
molecules is denoted by E,, then the total energy of the 
system is 

Eqm= E,+mE. (4) 


It is evident that the index m is integral or half-integral 
depending upon whether m is even or odd. Because of 
the various orders in which the + and — symbols can 
be arranged, the energy E,,, has a degeneracy 


aie ARN Beh 5 
(jn-+-m) |(}n—m)! ° 


This degeneracy has its origin in the internal coor- 
dinates only. 

In addition, the wave function may have additional 
degeneracy from the center-of-mass coordinates. It 
should be noted in this connection that the degeneracy 
of the total wave function will depend upon whether or 
not the molecules are regarded as distinguishable or not. 

If the molecules are indistinguishable, the symmetry 
of U, will depend upon the symmetries of the wave 
function under interchanges of internal coordinates. 
For example, the states with all molecules excited are 
symmetric under an interchange of the internal coor- 
dinates of any two molecules. Consequently, for these 
states U, must be symmetric for Bose molecules and 
antisymmetric for Fermi molecules. The limitations of 
symmetry are normally without physical significance as 
it is assumed that the gas is of such low density that 
the various molecules have nonoverlapping wave 
functions. 

Of the Hamiltonian equation (1), Ho operates on the 
center-of-mass coordinates only and gives 


HW, “gk E,U,, (6) 


whereas Rj; operates on the plus or minus symbol in 
the jth place corresponding to’ the internal energy of 
the jth molecule. Except for the factor 4, it is analogous 
to one of the Pauli spin operators. As"operators similar 
to the other two Pauli operators are also needed in this 
development, the properties of all three are listed here. 


j 
a ay er eh | 
+ 


Ry --- vos Je adhil- +--+], (7) 
| 7 ee ee ee 





COHERENCE IN SPONTANEOUS RADIATION PROCESSES 


It is also convenient to define the operators 


Ri=> Ra, k=1, 2,3, (8) 


j=l 


and the operator 
R= R?+R?P+RyY. (9) 


In this notation the Hamiltonian becomes 


H=H,+ER;, (10) 


and 


Rihgm= mgm. (11) 


To complete the description of the dynamical system, 
there must be added to the Hamiltonian that of the 
radiation field and the interaction term between field 
and the molecular system. 

For the purpose of definiteness the ineraction of a 
molecule with the electromagnetic field will be assumed 
to be electric dipole. The main results are actually inde- 
pendent of the type of coupling. The interaction energy 
of the jth molecule with the electromagnetic field can 
be written as 

N-1 & 
—A(r;): Do —P. 


k=l M,C 


(12) 


Here the configuration coordinates of the molecule are 
taken to be the center-of-mass coordinates and the coor- 
dinates relative to the center of mass of any N—1 of 
the N particles which constitute the jth molecule. 
¢ and m, are the charge and mass of the kth particle, 
and P, is the momentum conjugate to the position of 
the kth particle relative to the center of mass. The 
molecule is assumed electrically neutral. 

Since P, is an odd operator, it has only off-diagonal 
elements in a representation with internal energy 
diagonal. Hence the general form of Eq. (12) is 


—A(r,)- (e:RatesRj). 


e, and ¢€» are constant real vectors the same for all 
molecules. The total interaction energy then becomes 


H,=—>; A(t): (e:Rjt+-e2Rj2). (14) 


Since the dimensions of the gas cell are small compared 
with a wavelength, the dependence of the vector 
potential on the center of mass of the molecules can be 
omitted and the interaction energy (12) becomes 


H,=—A(0)- (e:Rit+e2R2). (15) 


Since the interaction term Eq. (15) does not contain 
the center-of-mass coordinates, the selection rule on the 
molecular motion quantum number g is Ag=0. Con- 
sequently there is no Doppler broadening of the transi- 
tion frequency. This results 'solely from the small size 
of the gas container.® 

The operators R,, R2, and R3, apart from a factor of 
h, obey the same commutation relations as the three 


*R. H. Dicke, Phys. Rev. 89, 472 (1953). 


(13) 
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components of angular momentum. Consequently, the 
interaction operator Eq. (15) obeys the selection rule 
Am= +1. In general, it has nonvanishing matrix ele- 
ments between a given state Eq. (2) and a large number 
of states with Am=-+1. In order to simplify the calcu- 
lation of spontaneous radiation transitions, it is desir- 
able that a set of stationary states be selected in such a 
way that the interaction term has matrix elements 
joining a given state with, at most, one state of higher 
and lower energy, respectively. Because of the very 
close analogy between this formalism and that of a 
system of particles of spin $, known results can be taken 
over from the spin formalism. 

In a manner similar to an angular momentum for- 
malism,® the operations H and R*® commute; conse- 
quently, stationary states can be chosen to be eigen- 
states of R®. These new states are linear combinations 
of the states of Eq. (2). The operator R? has eigen- 
values r(r+1). r is integral or half-integral and positive, 


such that 
|m| <r<4n. 


The eigenvalue r will be called the “cooperation 
number” of the gas. Denote the new eigenstates by 


Womr- (17) 
Honr= (Ey+ ME Wome, (18) 
RY omr= r(r+ 1) Wome. (19) 


The degeneracy of the stationary states is not com- 
pletely removed by introducing R*. The state (g, m, r) 
has a degeneracy 


(16) 


Here 


n!(2r+1) 


(jn-tr+1)!(jn—r)! 


The complete set of eigenstates ¥,,, may be specified 
in the following way: the largest value of m and r is 


(20) 


r=m= tn. 


This state is nondegenerate in the internal coordinates 
and may be written as 


Vo.4nin=U,-[++---+]. 


All the states with this same value of r=4n, but with 
different values of m, are nondegenerate also and may 
be generated as’ 


Vomr= | (R?— Re — R3)-4(Ri— sR) Wore. 


The operator R;—iR, reduces the m index by unity 
every time it is. applied and the fractional power 
operator is to preserve the normalization of the wave 
function.* The fractional power operator is defined as 
having positive eigenvalues only. 


(20a) 


(21) 


* E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935), pp. 45-49. 

7 See reference 6, p. 48, Eq. (3). 

§ See reference 6, p. 48. 
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The state W, jn-1,4n is one of m states with this value 
of m. The remaining n—1 states should be chosen to be 
orthogonal to this state, orthogonal to each other, and 
normalized. Since these remaining n—1 states are not 
states of r=4n, they must be states of r=4n—1, the 
only other possibility. Again the complete set of states 
with this value of 7 can be generated using Eq. (21), 
where now r=4n—1, and the operator in Eq. (21) is 
applied to each of the m—1 orthogonal states of 
r=m=%4n—1. This procedure can be repeated until all 
possible values of r are exhausted, in which case all the 
stationary states have been defined. 

With this definition of the stationary states, the 
interaction energy operator has matrix elements joining 
a given state of the gas to but two other states. Aside 
from the factor involving the radiation field operator, 
the matrix elements of the interaction energy may be 
written® 


(g, ’, m|e:R:+-e2R| g, ’, m* 1) 


= 4 (e;-bie»)[ (rm) (r-m+1) }'. (23) 


Transition probabilities will be proportional to the 
square of the matrix elements. In particular, the spon- 
taneous radiation probabilities will be 


I =Io(r+-m) (r—m-+1). (24) 


Here, by setting r=m=}, it is evident that Jo is the 
radiation rate of a gas composed of one molecule in its 
excited state. J) has the value® 


4 e.P, 2 1’ 
Ih=-— (= . ) = —|ei1—ie.|? 
ae mes 4.) 38 


2 


lw 
=——(e;2+e,7). (25) 
a ¢ 


If m=r=4n (i.e., all nm molecules excited), 


IT=nlIp. (26) 


Coherent radiation is emitted when r is large but |m| 
small. For example, for even n let 


I= 4n(4n+1)Jo. (27) 


This is the largest rate at which a gas with an even 
number of molecules can radiate spontaneously. It 
should be noted that for large it is proportional to the 
square of the number of molecules. 

Because of the fact that with the choice of stationary 
states given by Eq. (21) a given state couples with but 
one state of lower energy, this radiation rate [Eq. 
(27) ], is an absolute maximum. Any superposition state 
will radiate at the rate 


T=Io > Py, m(r-+m) (r—m+1) 


r=}n, m=0; 


= To((Ri+iR2)(Ri-—iR2)), (28) 


where P,,, is the probability of being in the state r, m. 


: » Reference 1, p. 106 
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Fic. 1. Energy level diagram of an n-molecule gas, each molecule 
having 2 nondegenerate energy levels. Spontaneous radiation 
rates are indicated. E,=mE. 


There are no interference terms. Consequently, no super- 
position state can radiate more strongly than Eq. (27). 
An energy level diagram which shows the relative mag- 
nitudes of the various radiation probabilities is given 
in Fig. 1. 

States with a low “cooperation number” are also 
highly correlated but in such a way as to have abnor- 
mally low radiation rates. For example, a gas in the 
state r= m=O does not radiate at all. This state, which 
exists only for an even number of molecules, is analogous 
to a classical system of an even number of oscillators 
swinging in pairs oppositely phased. 

The energy trapping which results from the internal 
scattering of photons by the gas appears naturally in 
the formalism. As an example, consider an initial state 
of the gas for which one definite molecule, and only 
this molecule, is excited. The gas at first radiates at the 
normal incoherent rate for a short time and thereafter 
fails to radiate. The probability of a photon’s being 
emitted during the radiating period is 1/n. These results 
follow from the fact that the assumed state is a linear 
superposition of the various states with m=1—n/2, 
and that 1/n is the probability of being in the state 
r=4n. The probability that the energy will be “trapped” 
is (n—1)/n. This is analogous to the radiation by a 
classical oscillator when n—1 similar unexcited oscil- 
lators are near. The solution of this classical problem 
shows that only 1/n of the excitation energy is radiated. 
The remainder appears in nonradiating normal modes 
of the system. 

For want of a better term, a gas which is radiating 
strongly because of coherence will be called “super- 
radiant.” There are two obvious ways in which a 
“super-radiant” state may be excited. First, if all the 
molecules be excited, the gas is in the state characterized 
by 
(29) 
As the system radiates it passes to states of lower m 
with r unchanged. This will take the system to the 
“super-radiant”’ region m~0. 

Another way in which such a state can be excited is 
to start with the gas in its ground state, 


r= m= }n. 


(30) 


r= —m=}4n, 
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and irradiate it with a pulse of radiation.™ If the pulse is 
sufficiently intense, the system is lifted to energy states 
with m~0 but with r unchanged, and these states are 
“super-radiant.” 

Although the “super-radiant” states have abnormally 
large spontaneous radiation rates, the stimulated emis- 
sion rate is normal. For example, with the system in the 
state m, r, the stimulated emission rate is proportional 
to 


(r+m) (r—m+1)— (r+m+1)(r—m) = 2m. 


With m>0 this is the normal incoherent stimulated 
emission rate. For m<0 this becomes the negative of 
the incoherent absorption rate. 

As has been pointed out, the pulse technique for 
exciting “super-radiant” states is commonly used in 
nuclear magnetic resonance experiments. Here there is 
one important point that needs clarification, however. 
Instead of starting in the highly organized state given 
by Eq. (30) the pulse is applied to a system that is in 
thermal equilibrium at high temperatures. For example, 
if the system be a set of proton spins, the energy neces- 
sary to turn a spin over in the magnetic field may be 
about 


(30a) 


E~10*RT. (31) 


Under these conditions the two spin states of the proton 
are very nearly equally populated and it might be 
expected that thermal equilibrium would imply a badly 
disorganized system. The randomness in the initial 
state does not imply, however, complete randomness in 
m and r. For a gas with n, large states of low r have a 
high degeneracy. These states have a high statistical 
weight and are favored. However, Eq. (16) sets a lower 
bound on r for any m. The result is a relatively small 
range of values of m and r. For a system with » mole- 
cules in thermal equilibrium the mean square deviation 
from the mean of m is 


n/4—m2/n. (32) 


Here m is the mean of m and is for high temperatures 
equal to 

m= —inE/kT. (33) 

For a definite value of m the mean value of r(r+1) is 

m?+3n, (34) 

and the mean square deviation is 

in? —m?. (35) 


The expression (32)—(35) may be easily derived using 
the density matrix formalism assuming the appropriate 
statistical ensemble. 

It is hence clear that if 


m?>>n>|1, (36) 
the percentage deviation from the mean of m is small, 
% See F. Bloch and I. I. Rabi, Revs. Modern Phys. 17, 237 


(1945), for a discussion of the effect of a pulse on the analogous 
spin-} system. 


IN SPONTANEOUS RADIATION PROCESSES 


103 


that the percent deviation from the mean of r(r+1) is 
small, and that the mean of r(r+1) is approximately 
the smallest value compatible with the mean value of m. 
Thus, in the case of a gas system at high temperature, 
for sufficiently large m, values of m and r cluster to such 
an extent that the system may be considered as approxi- 
mately in a state of definite r=m= —nE/4kT. If this 
gas is excited by a pulse of the proper intensity to excite 
states m~0, the radiation rate after the pulse is approx- 
imately 

IT or (+1) Ton? (E/4kT)’, (37) 


which is proportional to m? and hence coherent. A better 
calculation good for all temperatures gives the result 
[see Eq. (78) with @=90°] 


I=4Ion(n—1) tanh?(E/2kT)+4n1p. (37a) 


SEMICLASSICAL TREATMENT 


For the spontaneous radiation from super-radiant 
states (m~0O) a semiclassical treatment is generally 
adequate. This method, which is a generalization of the 
well-known picture used in describing radiation from a 
nuclear spin system," treats the molecular systems 
quantum mechanically but calculates the radiation 
process classically. In the following calculation the gas 
system will be assumed to be excited by a radiation 
pulse, which excites it from thermal equilibrium to a set 
of super-radiant states. To calculate the radiation rate, 
the expectation value of the electric dipole moment is 
treated as a classical dipole. When the gas contains a 
large number of molecules the dipole moment of the 
gas as a whole should be given by the sum of the 
expectation values of the individual dipole moments. 

In thermal equilibrium the gas may be considered as 
having m_ molecules in the ground state and n, mole- 
cules in the excited state. A molecule which is initially 
in its ground state is assumed to be thrown into a super- 
position state of + and — by the radiation pulse. It is 
assumed that there is a unity probability“ratio. The 
internal part of the wave function of the molecules after 
the pulse is given by 


¥.=—|C+Je(—-#)+C—Jewi(“+8) |. (38) 


This is the most general form for ¥, apart from a pos- 
sible multiplication phase factor. Here 5 is a phase 
given by the phase of the exciting pulse. In a similar 
way a molecule in the excited state has its wave function 
converted to 


1 w w 
-o [—] aa alo [+] exp(— 1 i) |. (39) 


Instead of calculating the expectation value of the 
electric dipole moment it is more convenient to calculate 
the expectation value of the polarization current of the 


” F. Bloch, Phys. Rev. 70, 460 (1946). 
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jth molecule given by 


N—1 e.P, 
(= ~—*) = ceRntesRn) 


k=] mM; 


= + 4c[ e; cos(wl+5)+ es sin(wl+6) |. (40) 


The plus sign is obtained from the plus state, Eq. (38), 
and the negative sign from Eq. (39). Note the oscillating 
time dependence which results from the states being 
energy-superposition states. The polarization current 
for the gas as a whole is then 


j= (ny—n_) (c/2)[e; cos(wt+6)+ es sin(wt+6) J. 


The radiation rate calculated classically is then" 


(41) 


-—| J?| =- 


3 C3 


1 
5 (my —m-eriter). (42) 


In thermal equilibrium n,/n_=exp(—£/kT), from 


which 
n,—42.=n tanh(E/2kT). (43) 


Substituting into Eq. (42) gives the classical radiation 
rate 


1 w’ E 
[= — —n?(e,;?+-e,’) tanhe( —). (44) 
12 ¢ 2kT 


c 
This may be compared with the quantum-mechanical 
result [Eq. (37a) and Eq. (25) ]. For large the two 
results are equal. 


CLASSICAL MODEL 


When the gas is in a state of definite “cooperation 
number” r which has a very large value, it is possible to 
represent it in its interaction with the electromagnetic 
field by a simple classical model. The energy-level spac- 
ing and the matrix elements joining adjacent levels are 
similar to those of a rotating top of large angular 
momentum and carrying an electric dipole moment. The 
details depend upon e; and e2 ,which in turn depend on 
the nature of the original states. Let us consider a 
specific example. Assume that the radiators are atoms 
having a 'P, excited state and a ‘4So ground state. 
Assume that the degeneracy of the excited state is split 
by a magnetic field in the z direction and that the m,= 1 
excited level is being used. Under these conditions e, 
and é; are orthogonal to each other and the g axis, and 
the system has energy levels and interactions with the 
field identical with those of a spinning top having an 
electric dipole moment along its axis and precessing 
about the s axis as a result of an interaction with a 
static electric field in that direction. Consequently, since 
large quantum numbers are involved, to a good ap- 
proximation the gas can be replaced by this classical 
model, which consists of a spinning top, in calculating 
both the interaction of the field on the gas and vice versa. 


" Reference 1, p. 26. 
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RADIATION LINE BREADTH AND SHAPE 


Under conditions for which the above “classical 
model” is valid, it is easy to calculate the natural line 
breadth and shape factor. This is of considerable im- 
portance in microwave spectroscopy. It has been 
customary to regard the natural line breadth as too 
small to be of any practical importance. However, as 
will be seen below, when coherence is properly taken 
into account the natural radiation breadth of the line 
may be far from negligible. 

Using the above classical model, the angle between 
the spin axis and the z axis (the polar angle) will be 
designated as gy. In this approximation the quantum 


number m may be replaced by 
m=F COSY, (44a) 
from which, using Eq. (24), the radiation rate becomes 
I=] sin’. (44b) 
Also, the internal energy of the gas is 
mE=rE cose. (44c) 


Balancing the radiation rate to the energy loss of the 


gas gives 
¢= (Ior/E) sing, 


from which, assuming g=90° if ‘=0, 
sing=sech (at), 


where a=Jor/E. The radiated wave has the following 
form as a function of time: 


e' sing, #t>0, 
A(i)= hw=E. 
0, t<0, 
The Fourier transform gives the line shape and has the 


value 
r\'1 r B—w 
@(8)= (=) - sech (= — 


a , a 


(44d) 


It should be noted that this is not of the usual Lorentz 
form. The line width at half-intensity points is 


‘Aw = 1.12J¢/E=1.12yr. (44e) 


Here ¥ is the line width at half-intensity points for the 
radiation from isolated single molecules. Putting in the 
maximum value of r gives a line breadth of Aw 
=1.12yn/2, which is generally very substantially 


larger than y. 
RADIATION FROM A GAS OF LARGE EXTENT 


A classical system of simple harmonic oscillators dis- 
tributed over a large region of space can be so phased 
relative to each other that coherent radiation is obtained 
in a particular direction. It might be expected also that 
the radiating gas under consideration would have energy 
levels such that spontaneous radiation occurs coherently 
in one direction. 
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It will be assumed that the gas occupies a region 
having dimensions generally larger than radiation wave- 
length but small compared with the reciprocal of the 
natural line width, 

Ak= Aw/c. 

It is necessary to turn again to the general expression 
for the interaction term in the Hamiltonian equation 
(13). The vector potential operator can be expanded in 
plane waves: 


A(r)=>ox-[ ve exp (tk’- r)+ vy-* exp(—ik’-r) ]. 
vx’ and its Hermitian adjoint vy-* are photon destruction 


and creation operators, respectively. After substituting 
Eq. (45) into (13), the interaction term becomes 


(45) 


Hi=—3 XD ver (€1—te2) 0 Rj exp (sk’- 1) 
k’ 


j=l 


wf x Vu'*- (€:+€2)° Rj exp(—sk’-r;), (46) 

f j=l 
where Rj, = Rj: +iRj. In this expression, terms, involv- 
ing the product of the photon creation operator and the 
“excitation operator” R;,, etc., have been dropped as 
these terms do not lead to first-order transitions for 
which energy is conserved. The form of Eq. (46) 
suggests defining the operators: 


Ra=> (Rj cosk- r;— Rj sink: r,), 

Ryo= > (Ry sink: r;+ Rj cosk- r;). 

In terms of these operators the interaction energy 
becomes 

Hy= —} Die (Ver -eRvy+Vve-*-e* Ri), 


(47) 


(48) 
where 


Rvs= RyntiRyn= bs Rjx exp(+ik’- rj), 


j=l 


e=e\—7€2. 


For every direction of propagation k there are two 
orthogonal polarizations v, of A. By a proper choice of 
polarization basis, the dot product of one of the basic 
polarizations with e can be assumed zero. This radiation 
oscillator is never excited and can be ignored. The 
orthogonal polarization is the one which couples with 
the gas. The polarization of emitted or absorbed radia- 
tion is uniquely given by the direction of propagation 
and need not be explicitly indicated. 

The operators of Eq. (47), together with Rs, obey the 
angular momentum commutation relations. The oper- 


ator 
Ré= Ry +Ri? +R? (49) 


commutes with the operators of Eq. (47) and with R;. In 
Eq. (49) k is regarded as a fixed index. This operator 
does not commute with another one of the same type 
having a different index. Omitting for a moment the 
translational part of the wave function, wave functions 
may be so chosen as to be simultaneous eigenfunctions 
of the internal energy ER; and R,*. They may be written 
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aS Wm,r and are generated by an expression analogous to 
Eq. (21): 


RYYnr= r(r+ 1)Wmr, ERnr= mEW me. 


By analogy with the development leading to Eq. (24) 
it is clear that these states represent correlated states 
of the gas for which radiation emitted in the k direction 
is coherent. Thus, coherence is limited to a particular 
direction only, provided the initial state of the gas is 
given by a function of the same type as Eq. (50). The 
selection rules for the absorption or emission of a 
photon with momentum k are 


Ar=0, Am=+1. (51) 
The spontaneous radiation rate in the direction k is 
given by Eq. (24), where J and Jo are now to be inter- 


preted as radiation rates per unit solid angle in the 
direction k. This may be written as 


I (k) = Io(k)[(r-+-m) (r—m-+1)]. (Sia) 


If a photon is emitted or absorbed having a momen- 
tum k’ ¥k, the selection rules are 


Ar=+1,0; Am=+1. (52) 


To prove this, it may be noted that the commutation 
relations of the 2 operators 


Ry’ =Rj cos(k- rj)—Rj sin(k- rj), 
Ryo’ = Ry sin(k- 4;)+Rje cos(k-r,), 


(50) 


(53) 


with those of Eq. (47) are of the same type as denoted 
by Condon and Shortley* as T. The selection rules 
satisfied by these operators are of the type given by 
Eq. (52). The operators of Eq. (47), with k=k’, may 
be expressed as linear combinations of those of Eq. (53). 
Hence the operators of Eq. (47), with k replaced by k’, 
satisfy the selection rules given by Eq. (52). 

As was discussed previously in the dipole approxi- 
mation, super-radiant states may be excited by irradi- 
ating the gas with radiation until states in the vicinity 
of m=0 are excited. In the present case the incident 
radiation is assumed to be plane with a propagation 
vector k. After excitation the gas radiates coherently 
in the k direction. Because of the selection rules Eq. 
(52), radiation in directions other than k tends to 
destroy the coherence with respect to the direction k 
by causing transitions generally to states of lower r. 


DOPPLER EFFECT 


Because of the occurrence of the center-of-mass 
coordinates in the “cooperation” operator Eq. (49), it 
fails to commute with Hy [Eq. (1) ]; hence eigenstates 
of R,? are generally not stationary. This is equivalent to 
the fact that relative motion of classical oscillators will 
gradually destroy the coherence of the emitted radia- 
tion. If, on the other hand, a set of classical oscillators 
all move with the same velocity, the state of coherence 


” Reference 6, p. 59. 
8 Reference 6, pp. 60-61. 





106 RH. 


is stationary. The corresponding question in the case 
of the quantum mechanical system is whether there 
exist simultaneous eigenstates of H and R,? such that 
coherent radiation is emitted in a transition from one 
state to another. By starting with the state defined by 


verr= (expis:->-; 1;)-[+++---+], r=n/2, (54) 
and using the method leading to Eq. (21), there is 
obtained the set of states 

Womr= | (Re— Re— Rs) *(Rer—tRee) Were. 
If it is assumed that the gas is free, the functions Eq. 
(55) are simultaneous eigenfunctions of H and R,?. 
Consequently, the coherence in the k direction is sta- 
tionary. 

These states are analogous to the classical oscillators 
all moving with the same speed. Note one important 
difference, however; from Eq. (55) the momentum of 
an excited molecule is always 

P+ sa hs, 


(55) 


(56) 


whereas if a molecule is in its ground state the mo- 
mentum, as given by Eq. (55), is 
p_=h(s—k), (57) 


the difference being the recoil momentum of the pho- 
ton. Thus, the coherent states Eq. (55) are always a 
superposition of states such that the excited molecules 
have one momentum and the unexcited have another. 
Hence it is clear that the recoil momentum given to a 
molecule when it radiates in the k direction does not 
produce a molecular motion which destroys the coher- 
ence but rather is required to preserve the coherence. 

The gain or loss in photon energy which has its origin 
in the Doppler effect is equal to the loss or gain in the 
kinetic energy of a radiator which results from the 
photon-induced recoil. Expressed as a fractional shift in 
photon frequency, this is 


Aw h(S—4$k)-k 


w Mck 


(58) 


Here M is the molecular mass. For energy states such 
that |m|<n/2, Eq. (58) can be written as 


dw v-k 


w chk 


(59) 


Where v is the total momentum of the gas divided by 
its total mass. Equation (59) is the usual classical 
expression for the Doppler shift for a radiator moving 
with a velocity v. Consequently, for the highly corre- 
lated states |m|~0 the Doppler effect can be described 
in classical terms. 

The stationary states Eq. (55) do not form a 
complete set. In particular, the final state, a photon 
being emitted or absorbed with a momentum not k, is 
not one of these states. The set of stationary states may 
be made complete by adding all the other possible or- 
thogonal plane wave states, each being characterized by 
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a definite momentum and internal energy for each 
molecule. With this set of orthogonal states, matrix 
elements can be easily calculated for transitions from 
the states given by Eq. (55) to states in which photons 
appear having momenta not equal to k. These matrix 
elements are found to have a magnitude characteristic 
of the incoherent radiation process. It should be noted 
that only for one magnitude of k as well as for direction 
are the matrix elements of a coherent transition obtained. 


PULSE-INDUCED COHERENCE RADIATION 

It will be assumed in this section that a gas initially 
in thermal equilibrium is illuminated for a short time 
by an intense radiation pulse. The intensity and angular 
dependence of the spontaneous radiation emitted after 
the pulse will be calculated. In order to avoid the dif- 
ficulties associated with motional effects, the molecules 
will be assumed so massive that their center-of-mass 
coordinates can be represented by small stationary 
wave packets. The center-of-mass coordinates will be 
then treated as time-independent parameters in the 
equation. It is assumed that the intensity of the exciting 
radiation pulse is so great that the fields acting on the 
gas during the pulse can be considered as described 
classically. The spontaneous radiation rate after the 
exciting pulse will be calculated quantum mechanically. 

Because the initial state of the gas is a mixed state 
describing thermodynamic equilibrium, it is convenient 
to use the density matrix formalism." It will be assumed 
that one has an ensemble of gas systems statistically 
identical and that what one is calculating is certain 
ensemble averages. 

For a pure state, Eq. (28) shows that the spontaneous 
radiation rate in the k’ direction can be written as the 
expectation value 

T(k’) = To(k’) (Rey Ree). 


For a state which may be mixed or pure using the 
density matrix formalism this becomes the trace 
I (k’)=1o(k’) trRy—pRy 4. (62) 
Here the density matrix is defined as the ensemble mean 
p=(W* Jn. (63) 
In Eq. (63) the wave function y is interpreted as a 
column vector and the * is the Hermitian adjoint. The 
symbol [ |] signifies an ensemble mean. 

Assume that the exciting radiation pulse is in the 
form of a plane wave in the k direction. The fields 
which act on the various molecules differ only in their 
arrival time. The Hamiltonian of the system can be 
written 


(60) 


H=hoR;—> ; A;(t)- (e:Rjit+e2R jz). (64) 


Here A;(¢) is a classical field quantity and 
tj, 


AN Be ee t>t;+r 
4“R,. C. Tolman, The Principles of Statistical Mechanics 
(Clarendon Press, Oxford, 1938), p. 325. 


A;(t)=0, (65) 





COHERENCE 


where /; is the arrival time of the radiation pulse at the 
jth molecule. Neglecting for the moment the interaction 
term, the time dependence of the wave function can be 
given by the unitary transformation 

v(t) =exp(—iwtR;)-y(0). (66) 

In general, the wave function after the interaction 

with the electromagnetic field can be obtained through 
a unitary transformation on the wave function prior to 
the pulse. The wave function of the gas after the radia- 
tion pulse has passed completely over the gas can be 
related to that before by 

v (1) =exp(—iwtR;)TY(0). (67) 
Here T is a unitary matrix which represents the effect 
of the pulse on the gas. To find the most general form 
of T it is convenient to consider the effect of the pulse 
on a particular molecule. Since this molecule has only 
two internal states of interest, its wave function can be 
regarded as a spinor in a pseudo “spin space.” Then, 
apart from a multiplicative phase factor which has no 
physical significance, any unitary transformation can 
be represented as a rotation in “spin space.” Any arbi- 
trary rotation can be represented as a rotation about 
the No. 3 axis followed by a rotation about an axis 
perpendicular to No. 3. Except for the arrival time the 
radiation pulse is identical in its effect on each molecule 
of the gas. The operator T can be written then as the 
product 


T=exp[iw 20; t;Rjs] 


0 
° II exp (Rua+ R,a*) + Re] 
l 


-exp[ — iw >; t;Rjs |. 


The first and second rotations are through angles of 6’ 
and 6, respectively, and the phase of a determines the 
direction of the 2nd rotation axis. It is assumed that 
|a|=1 and that the arrival time at the jth molecule is 


(67a) 


t;= (1/w)k- r;. (67b) 
Equation (67a) becomes Eq. (68) after making use of 
(67b) : 


0 
Sab (Ryya+ Ry_a*) -expid’R;. (68) 
It should be noted that the effect of the different times 
of arrival of the pulse at the various molecules is con- 
tained in k-r; which appears in Ry in Eq. (68). 

The reason for choosing this transformation to be a 
rotation about No. 3 followed by a _ perpendicular 
rotation is that the rotation about No. 3 is the same as 
a time displacement and has no effect since the initial 
state is assumed to be one of thermal equilibrium. 

Assume that the initial density matrix can be written 
as 


exp(— ER;/kT) 
POET, MEE =2-"[T(1—yRis), 
tr exp(— ER;/kT) i 
y= 2 tanh(E/2kT). 
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The density matrix after the radiation pulse is 
p(t) =exp(—iwtR;)- TpoT exp (iwtRs). (70) 
The spontaneous radiation rate after the exciting pulse 
is given by Eq. (62) which becomes 
I (k’)=Io(k’) trTpoT "Rey Ree, (71) 
since R; commutes with RyRy. The radiation rate is 
thus independent of the time after the exciting pulse. 
This is because the effect of the radiated field on the 
gas has been neglected. Equation (71) is to be inter- 
preted as the radiation rate immediately after the ex- 
citing pulse. Since po and R; commute, Eq. (71) can be 
written as 


T (k’) = Io (k’) tr exp[4i0(Riyat Rya*) |- po 
-expl — 370(Ruyat Ry_a*) |- Rey Re. (72) 


It is desirable to transform po before evaluating the 
trace 


p’ = exp 470(Ry4a+Ry_a*) | 
‘po exp[ — $70(Ry a+ Ry_a*) | 
=2-*T]i(l—yRis'), (73) 
R j;'= Rj; cosd— 4i(Rj,’a— R;j_'a*) sind. (74) 
The primed operators are obtained from Eq. (53) as 
Rj! = Ry HAR jo! = Rjy exp(+ik- 4). (75) 
The trace in Eq. (72) can now be evaluated to give 
I(k’)= To(k)D tr2-" TT (i—yRas!)Ry”"Ri”. (76) 
j : 


where 


The double prime is Eq. (75) referred to the k’ direction. 
To evaluate the trace the following relations are needed: 
For A, and B; functions of the R’s of molecules i and j, 


tr A,B;=2-" trA ; trB;, 
trRj3;= trRj.= 0, trRj;"°= a, 
trR;,R;_=trR;Ry= 27". 


(77) 


The final result is 
I (k’) = Io(k’) - 4n[1—cos0- tanh (£/2kT) 
+4 sin*@-tanh?(2/2kT) 
- (n| Lexpi(k—k’)-rJw|?—1)]. 


Here the symbol [ ]» signifies a mean over all the 
molecules of the gas. For the example considered in 
Eq. (37a) this mean is unity, and Eq. (37a) follows by 
integrating over all directions of the emitted radiation. 
Aside from the factor Io(k’), the directional dependence 
of the emitted radiation is given by this mean. This 
factor is identical with the distribution factor for radi- 
ation about a set of classical isotropic radiators which 
have been excited by a plane wave. Consequently, for 
a 6 of 90° and m tanh?(E/kT) large compared with unity, 
the angular distribution of radiation is just the classical 
one. 

The physical significance of the angle @ is that sin?}0 


(78) 
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is the probability of the pulse exciting a molecule in its 
ground state. Also, if the exciting pulse is a constant 
amplitude wave of frequency w during the duration of 
the pulse, the angle @ is proportional to the product of 
pulse amplitude and duration. 

If the radiating system consists of a set of particles 
of spin 4 in a uniform magnetic field, the angle @ has a 
geometrical significance. The initial state of a particle 
will have spin parallel or antiparallel to the field. The 
radiofrequency pulse will change its state such that its 
spin axis will be tipped through an angle @. Note that 
if @= 180° the populations of the + and — populations 
have been just interchanged, corresponding to a transi- 
tion from a positive temperature T to the negative 
temperature —7.!° @=90° corresponds to the excitation 
of molecules to energy superposition states Eqs. (38) 
and (39) for which the gas is radiating coherently. 


ANGULAR CORRELATION OF SUCCESSIVE PHOTONS 


The system to be considered here is assumed to be 
initially in thermal equilibrium. It is allowed to radiate 
spontaneously. The angular correlation between suc- 
cessive photons is calculated. This correlation was 
implicit in some of the earlier development, for example 
in Eq. (Sla). As an example, consider a gas composed 
of widely separated molecules, all excited. Assume that 
a photon is emitted in the k direction. The radiation 
rate for the second photon in this direction is by Eq. 
(51a). 

I (k) = Io(k)2(n—1). (79) 
This is twice the incoherent rate. It is not hard to show 
that for an intermolecular spacing large compared with 
a radiation wavelength the radiation rate averaged 
over all directions is the incoherent rate. Hence from 
Eq. (79) the radiation probability in the direction k has 
twice the probability averaged over all directions. 

In the problem to be considered, the system will 
consist initially of the gas in thermal equilibrium having 
a temperature 7 (possibly negative) and a photonless 
field. The molecules will be assumed fixed in position 
and with intermolecular distances large compared with 
a radiation wavelength. Photons are observed to be 
emitted in the directions kj, ka, ---, k,1 and only these 
photons are emitted. The problem is one of finding the 
radiation rate in the k, direction for the next photon. 

Stated more exactly, it is assumed that there is an 
ensemble of gaseous systems, each with its own external 
radiation field. Every member of the ensemble which 
is capable of radiating will eventually radiate a photon. 
Those members which radiate their first photon into a 
small solid angle in the direction k,, are selected to 
form a new ensemble. For this second ensemble the 
time zero is taken to be the time that a photon was 
detected for each member of the ensemble. 

It is convenient to calculate correlations for the gas 
systems forming a microcanonical distribution having 
an energy per gas system of moE. The results for a 


16 E, M, Purcell and R. V. Pound, Phys. Rev. 81, 279 (1951). 
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canonical distribution with a temperature T can sub- 
sequently be determined as an average over the micro- 
canonical distributions. 

Since the initial state of the system is assumed pho- 
tonless, it is sufficient to give the explicit dependence 
of the initial density matrix on the molecular coor- 
dinates. Except for normalization this can be written 
as a projection operator for states of molecular energy 
moE. A particularly useful form for this density matrix 
is 


-: q 
> exp2ri—(R;— mo) 
q=l n 
po= sy ae 


> q 
tr >> exp2ri—(R3— mo) 
1 


q=l qi 


(80) 





This is a convenient way to write the density matrix 
because of the relation 


q q 
exp ( 2ni-Rs) =|] exp ( 2ni-R a) 
n 7 n 


= 11 cos( =") +2iR, sin( x=) | (81) 


Here the product is over j=1, ---, m. To illustrate the 
importance of Eq. (81) the trace appearing in the 
denominator D of Eq. (80) will be calculated using the 


relations Eq. (77). 
= | q 
D=>, exp( —2rivmo) s] cos( =*) 
q=l nN i nN 
, f q 
+ 2iR;3 sin (=) | 
n 


: q q 
=>) 2" exp( — 2ni-me -ost( x") 
q=l n n 


n\n 


. (}n-+-mo)!(4n—mo)! 


=2n for |mo|=n/2. 





nN 
| mo| <— 
2 


(82) 


After one photon has been emitted and absorbed in the 
photon detector, the system is again photonless and its 
density matrix is (see Appendix 1) 


pi= (Rie: —poR;+)/ (trR«;—poR +). 
After s—1 photons it is 
Rx,_1—* + + Re, —poRei +: - * Rigi + 
trRk,-1- ++ Ri: -poRi++**Riey1+ 


The R’s are defined in Eqs. (48) and (47) or (46). The 
radiation rate in the k, direction immediately after the 
s—1 photon is from Eq. (62) 


I (k,) = o(k,) trR«, —p,-1Rk, +. (85) 
Note that s < 4u-+-mpo. For any /, Ri,?=0. Consequently, 


(83) 


(84) 





P.—1>= 





COHERENCE 


the numerator of Eq. (84) can be written 


1 el a—l n 


y™ 


(s— 1)! 6,0°ormn] u,9%errenl f,]eeren] 
Xexpil (ku—k.-)-1;+ (ke—ky) tit: -+ 
R;-Ri-- + pe **Ru Ris. 

Each of the above sums is over s— 1 indices, including 
only terms for which all s—1 indices take on different 
values. The trace of the expression appears in the 
denominator of Eq. (84). In order to evaluate this 
trace it is necessary first to evaluate 
trR;Ri_- **po°’ ‘RyRy= trpo: *RyRiRy Ry 

= trpo-:($+Ris)($+Rjs). (87) 
If Eqs. (80), (81), and (82) are substituted into Eq. 
(87), and use is made of Eq. (77) and the equality 
tr[cos(rg/n)+ 2iR js sin(wq/n) ](4+Rjs) 
= 2"! exp(ing/n), 


(86) 


(87a) 
Eq. (87) becomes 


Qn-etl a , q q 
> exp] ix—(s—1—2mo) |-cos*™-*'{ x - 
D 


ql n n 
(n—s+1)!(4n-+mo)! 
ip n!(4n+my—s+1)! 
=4, |mo|=4n, s>1. 


, |mo|<4n or |mo|=4n, s=1 





(88) 


Making use of Eq. (88) the denominator of Eq. (84) 
can be written as 


(n—s+1)!(4n+mpo)! 
n!(4n-+mo—s+1)! 


|mo|<4n or 





e—1 
| mo| =4n, s=1 


=4P,1, mo=4n,s>1, (89) 


where 


e—1 n 


x 


(s— 1)! tu, Deremeh us’, v’eomnl f, [e+e aol 
Xexpil (ku—kw)- 17+ (ky—ky)-trt+ +++], s>1 
Po= 1. (90) 


Here, as before, each of the above sums is over s—1 
indices, including only terms for which all s—1 indices 


a—1 


Pwi= 





p 2 


mo=s—}n—1 


P, 
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take on different values. If Eq. (84) is substituted into 
Eq. (85), the numerator is Eq. (89) with s increased by 
one unit. Consequently, substituting Eq. (89) into Eq. 


(85), 
P,(3n-+mo—s+1) 
Pys(n—s+1) — 


To restate the meaning of this equation, /(k,) is the 
radiation probability per unit time per unit solid angle 
in the direction k, ; Jo(k,) is the corresponding radiation 
probability for a single isolated excited molecule. It 
has been assumed that the gas was initially in the energy 
state mo [see Eq. (3)] with a random distribution 
over the degeneracy of this state. The gas was observed 
to radiate photons kj, ke, ---k,; previously to k,. 
Equation (91) is the radiation rate immediately after 
the k,_; photon was observed. As a check on the cor- 
rectness of this expression, note that the incoherent rate 
is obtained if s=1. Also, for mo=4n and k,=k,=--- 
=k,=k, the radiation rate Eq. (91) agrees with Eq. 
(51a). 

It should be noted that Eq. (91) is independent of 
the ordering of the subscripts 1, ---, s—1. Conse- 
quently, the angular distribution of the s photon is 
dependent upon the direction of a previous photon but 
is independent of the previous photon’s position in the 
sequence of prior photons. 

For a gas which contains a large number of randomly 
positioned molecules and for which previous photons 
have either been emitted in the direction k; or in quite 
different directions, the radiation rate [Eq. (91)] is 
approximately equal to the incoherent rate times the 
number of photons previously emitted in this direction 
plus one. 

Perhaps the case of most physical interest is where 
s=2. In this case Eq. (91) becomes 


3n+mo—1 
ams ma. [expiAk . a | ay n— 2], 
I= 


T(k,) = Zo(k,) (91) 





I (ke) =I (k2) 


Ak= k.—k,. (92) 


The symbol [ Jw signifies an average over all the 
molecular positions. 

In case of a gas system at a temperature 7, Eq. (91) 
must be averaged over all possible values of mo to give 


n! 





! moE 
(4n-+ mo+1—s) exp(-“*) 
(4n-+ mo)! (4n— mp)! kT 





T(k,) _ To(k,) 
(n—s+ 1)P.1 


For |E/kT|<1 and sn, Eq. (93) can be approxi- 


ted b 
0 , (4n+-miot+1—s)P, 
T(k,)=To(k) (n—s+1)P. 
— ol 





(94) 


in ! exp(—moE/kT) 
$ n! exp(—m 


mome—in—1 (4n-+ mo) !(4n— mo)! 








where 
Mio= — An E/kT. 


It is a pleasure to acknowledge the assistance of the 
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APPENDIX I 


It is assumed that the system consists initially of a 
gas with an energy moZ and a photonless radiation 
field. A photon and only one photon is observed to be 
emitted. The effect of the photon emission on the state 
of the system is required. 

There are two separate effects to be considered. 
First there is the effect on the state of the system which 
has its origin in the interaction between the field and 
gas. Second there is the effect of the observation which 
determines that a photon and one photon only has been 
emitted, that this photon was emitted in the k direction, 
and that the photon was absorbed in the detector. The 
first part of the problem is solved using Schrédinger’s 
equation. The Hamiltonian of the system is 


H=hoR;+Hot+H', Ho=dXv Ay, 
H'= “— , Delve: . OR 4 +Ve*-e* Ry |. 


Here Hy is the energy of the k’ radiation oscillator. 
Assume a pure state represented by a wave function Yo 
at a time ‘=0. Assume that Wo is an eigenstate of R; 
and is photonless. At some later time it is 


(95) 


i Ht 
v(t) =exp(—iHt/h)po= (1—-m- 
1 


2h? 


For the quadratic and higher powers of ¢ each term 
will be a sum of products of H’ and (Ho+/wR;). How- 
ever, the interaction term //’ consists of sums of terms 
of the type 

Dye = Ve OR yr (97) 
and its Hermitian adjoint. The operator Uy consists 
of the product of a photon annihilation operator and a 
gas excitation operator. It converts an eigenstate of R; 
and Hp into another such or it gives zero. The most 
general term operating on Yo in Eq. (96) is therefore 
a product of powers of 1+ /wR; and terms of the type 
Uy and Uy* taken in various orders. In each of these 
terms Hy+/wR; always operates on an eigenfunction 
and consequently can be moved to the end of the 
product as a number, the eigenvalue. Consequently 


v(t) becomes 


VO=(14+D00 ge OU e+ Die Ie (OU Ue* 
+E gear ()Uy*Uy*t--Wo 


k’k’’ 


(98) 


The g’s and h’s are numbers, functions of the time. It 
may be noted that since Yo represents a photonless 
state, an annihilation operator for a given radiation 
oscillator k’ appears only if preceded by the corre- 
sponding creation operator. 

Assuming that at the time ¢ a photon measurement 
is made which indicates the presence of photon k and 
no other photons, the wave function after the measure- 
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ment is 
V=Pwy, (99) 


where the operator ?, is a projection operator for the k 
photon state. 
= 
P,= a ates 
hw, k’ 
The product is over all k’#k. Two-photon excitation 
of one radiation oscillator has been neglected. 


VY =([ge(t)Uu*+ Der Hie (QU Ue Ue* 
+ Qo Tue (1) Ui Ue *U A+ +++ Wo. (101) 


In summing over the direction of k’ in the second and 
third terms above, the expression 


RyRy = a id exp tk’ - (fa— Ty) |-RapRs- (102) 


appears under the integral. By expanding the exponen- 
tial in spherical harmonics it can be seen that for ab 
this integral vanishes, as it has been assumed that 


k’-(ra—1,)>>1 for aXb. 


It should be indicated that the angular dependence is 
not wholly in the exponential in Eq. (102) but exists 
in part in the square of the dot product of e and vy. 
However, this contribution to the angular dependence 
includes only spherical harmonics of finite degree in 
fact with 1<3. As the only terms which need to be 
included in Eq. (102) are a=b, Eq. (102) becomes 


Ry +Ry-=}+R;+ (terms from a¥#b). (103) 


Independent of its position in a series of products of 
U’s the expression on the right side of Eq. (103) will 
operate on an eigenfunction and becomes an eigenvalue 
which can be removed as a number. In the higher-order 
terms in Eq. (101) Uy and U,-* may not appear ad- 
jacent to each other, but if they do not, some other pair 
such as U,U,--* will appear, and after removing this as 
an eigenvalue another such pair will occur, and even- 
tually the k’ pair will be adjacent. Consequently, to all 
orders in the expansion 

v=f(UMo, (104) 
where f is a function of the time of observation. As the 
photon detector also absorbs the photon, the wave 


function must be multiplied by the annihilation operator 
e-v;. This gives, except for the time factor, 


VW’ ~Rxo, (105) 


which is another photonless state but with one quantum 
less energy. 

If the initial density matrix pp contains only photon- 
less states of the same energy mE, then from Eqs. (63) 
and (105) it is transformed to 


pi= Ry_poR+/tr(Ru_poRn+), 


representing the photonless state of the ensemble of 
systems after the emission, detection, and absorption of 
photon described by k. 


(100) 


(106) 
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Metastable negative ions have been detected with a mass spectrometer during an electron bombardment 
study of ethyl dichlorophosphate. Seven transitions for these metastable negative ions are tabulated, and 
the half-lives of two of these ions have been measured using a method proposed by Hipple. Measurements on 
the metastable ions in the transitions C,Hs;PO.Cl.~—+PO.CI-+[C:H;Cl] and PO,Cl---Cl-+[PO:] give 
1.9X10~* and 4.8X10~* sec, respectively, as their half-lives. 


I, INTRODUCTION 


URING a mass spectrometric study of the nega- 

tive ions formed by electron bombardment of 
ethyl dichlorophosphate, C2H;PO.Clo, several broad 
peaks were noted which spread over a much larger 
mass range than the usually sharp isotopic peaks re- 
corded for the negative ion spectrum.' Similar peaks 
had been originally observed by Hipple, Fox, and Con- 
don’? in an investigation of positive metastable ions. 
The diffuse peaks from ethyl dichlorophosphate ex- 
tended over several mass units and were interpreted as 
being formed from metastable negative ions dissociating 
in the spectrometer. The existence of a negative meta- 
stable ion has been noted also by Ahearn and Hannay’ 
in a recent study of ions formed from electron bom- 
bardment of sulfur hexafluoride. 
+ Data are reported herein on seven transitions ob- 
served in the present investigation. Measurements on 
the half-lives for two of the ions give values of the same 
order of magnitude as those reported for positive 
metastable ions.‘ 


II. APPARATUS 


The mass spectrometer used in the study was a 
60-degree sector instrument similar to the one described 
by Nier.’ The spectrum was scanned magnetically in 
the interval of 7 to 100 mass units using a variable- 
current regulated power supply. Above mass 100 an 
electrostatic scan was employed, with some discrimina- 
tion resulting. A stabilized fly-back type high-voltage 
supply provided the negative accelerating voltage. 

A Nier ion source with a space charge emission regu- 
lator® was used in the early part of the investigation 
in making the original negative ion scans. A pusher 
plate was added later to make possible measurements 
on the half-lives of the metastable ions. An electron 


* This investigation was supported by the U. S. Atomic Energy 
Commission. 

¢ Now at the Physics Department, University of Minnesota, 
Minneapolis, Minnesota. 

1 Donnally, Dozier, and Carr, Phys. Rev. 87, 170 (1952). 

2 Hipple, Fox, and Condon, Phys. Rev. 69, 347 (1946). 

3A. J. Ahearn and N. B. Hannay, J. Chem. Phys. 21, 119 
(1953). 

OTA. Hipple, Phys. Rev. 71, 594 (1947). 

5A. O. Nier, Rev. Sci. Instr. 18, 398 (1947). 

*E. B. Winn and A. O. Nier, Rev. Sci. Instr. 20, 773 (1949). 


beam current of 30 wa with an energy of 65 ev was 
maintained throughout the study. 

The ion currents were measured with an electrometer 
circuit utilizing an FP-54 tube whose output was fed 
into a Brown recorder. The largest peak observed, 
PO.CI**, corresponded to a negative ion current of 
about 10-" amp. 

The vapor was admitted to the ion source through a 
20-mil circular hole in an aluminum foil. The pressure 
on the 8-1 volume inlet system was maintained at 50 
for the early work but was increased to 100-500 during 
the investigation.of the metastable ions. It is estimated 
that the pressure in the ion source was approximately 
2x10-* mm for the early measurements and 2X10 
mm for the metastable ion measurements. 


Ill. RESULTS AND DISCUSSION 


Eleven groups of negative ions were observed as 
normally sharp peaks. These are listed in Table I with 
their relative abundances as determined from peak- 
height measurements. The relative abundances refer 
to the total ion current from all contributing isotopes. 
With an estimated ion chamber pressure of 2X 10~* mm, 
only one diffuse peak was observed in the neighborhood 
of 60 mass units. When the pressure in the chamber 
was increased ten-fold, six more broad peaks were 
recorded. A portion of the mass spectrum at this higher 
pressure is shown in Fig. 1. Sharp peaks such as those 
resulting from Cl at masses 35 and 37 and that resulting 
from PO, at mass 63 are recorded along with several 
broad peaks caused by dissociation of some of the ions in 


TaBLe I. The ions appearing as normally sharp peaks in the 
negative ion spectrum of ethy] dichlorophosphate. 








Relative 


Ion m/e abundance 


cr 35, 37 3.5 
PO;- 63 0.074 
Cl- 70, 72, 0.60 
HCl.- 7h, 2h i 0.088 
POs 79 0.22 
POCI- 82, 84 0.56 
PO.Cr- 98, 100 100.00 
POC]- 117, 119, 121 0.78 
C,H,PO.Cr 126, 128 0.77 
POCI- 133, 135, 137 14.1 

C,HsPO.Cl- 162, 164, 166 48 
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Fic. 1. Portion of negative ion spectrum 
of ethy] dichlorophosphate. 


transit through the spectrometer tube. The breadth of 
these peaks is caused by disruption of focusing properties 
of the mass spectrometer, the release of some kinetic 
energy to the fragments during the transition, and the 
fact that some ions dissociate before full acceleration or 
after entry into the magnetic field. The spread at the 
base of the sharp peaks is not all the result of pressure 
broadening or improper focus but partially results from 
metastable transitions which take place before the ions 
are fully accelerated or which take place just before the 
ions leave the magnetic field. For instance, the transi- 
tion C,HsPO.Cls-—>PO.CI-+[C2HsCl] would cause a 
spread at the base of the normal peak of PO,CI- because 
of the transitions which occur in the early stages of ac- 
celeration and a spread at the base of the normal peak 
of C,HsPO.,Cl,~ resulting from transitions which occur 
near the end of the magnetic analyzer. The sharp 
peaks at masses 70 to 75 are superimposed on a broad 
peak resulting from dissociation of metastable ions. 

For such broad peaks as were encountered in this 
study, the peak height is useless as a measure of the 
ion-beam current since only a small portion of the ions 
contributing to the peak is reaching the collector at 
any given time. An approximation to the ion-beam cur- 
rent can be obtained by measuring the area under the 
recorded broad peak if the beam spreads over a large 
region with the result that the ion current density, 
f(m), is almost constant across the width, P, of the 
exit slit. If we suppose that the broad peak spreads 
from apparent mass m, to apparent mass me, then the 
total ion current of the beam is 


m2 


[= f(m)dm. (1) 


Since f(m) is almost constant in the small range of 
masses, Am, passing through the exit slit to the collector, 


CARR 


the ion current reaching the collector at any time is 
approximately Amf(m). The recorded mass spectrum 
essentially gives mass plotted along the abscissa and 
Amf{(m)/k on the ordinate, where k is the ratio of the 
collected ion current to the ordinate. Over short inter- 
vals the mass scale on the recorded spectrum can be 
considered linear, and Am can be considered constant. 
If the distance along the abscissais x, then the area under 


the broad peak is 


1 22 
anf mf (m)dx 
Am 


~ kde/dm 


f | Slalom: eh 
m)dm= ; 
mi kdx/dm 


where x; and x2 correspond to the masses m, and mz on 
the scan, respectively. For a mass spectrometer with 
symmetrical magnetic analyzer, the relation Am=mP/r 
holds, where r is the radius of curvature of the ion path 
in the magnetic field. The total ion current is then 


; kA kAr 
2" mdx/dm # mPdx/ dm 





(3) 


The value of m is interpreted here as the average mass 
of the broad peak. The quantities A and dx/dm can be 
measured from the recorded spectrum; and, if m, P, and 
r are known, the total ion current in a broad peak can 
be calculated. 

Table II gives the seven metastable transitions ob- 
served with the abundance of the broad peak associated 


TABLE II. Transitions responsible for the broad peaks observed. 








Relative 


Apparent 
abundances 


mass 


7.48 


Transition 





C.H;P0,Cl,--Cl-+ [C;HsPO,CI] 3.9 


PO,CI-->CI-+[P0;] 


C:HsPO,Cl;-—+P0.-+[C2H;Cle] 


C;H;P0.Cl,;-—-Cl;- + [C:HsPO,2] 


PO.CI--+PO,-+[C1] 


C.H;Cl,PO,;-- »PO,CI- be [C:H;Cl)] 


PO,Cl; ~—»PO,CI- + [Cl] 











METASTABLE NEGATIVE IONS 


with each transition determined from Eq. (3) and 
measured relative to the PO.CI- ion. The relative 
abundances in Table II again refer to total ion current 
from all isotopes. The apparent masses given in Table II 
are calculated from the usual equation: 


m* = m?/mo, (4) 


where m* is the apparent mass, m is the mass of the ion 
fragment, and mo is the mass of the parent ion.? The 
apparent masses of the observed broad peaks were 
known, but the final energies of the ion fragments were 
not known; therefore, the transitions could not be 
uniquely determined directly. However, if a transition 
occurs, both the parent ion and the ion fragment will 
appear as normal peaks at the proper mass number; 
thus by the use of Table I it was possible to calculate 
from Eq. (4) the apparent masses of every broad peak 
which could occur. On comparing these calculated ap- 
parent masses with the observed apparent masses, it 
was found that there was only one transition that could 
account for the apparent masses of any given observed 
broad peak; hence, the transitions of Table II are 
unique. In general, the separate peaks corresponding 
to different isotopes for any given transition were not 
resolved but appeared as a single broad peak, sometimes 
with breaks corresponding to the various mass values. 

For the production of the ions observed, it was neces- 
sary to have rather high pressures in the region of 
ionization and consequently high pressures in the 
analyzer tube. The high pressure in the analyzer tube 
suggests the possibility that these broad peaks might 
result from transitions induced by collision rather than 
spontaneous transitions of metastable ions. However, 
by making the ionization chamber and the gas inlet 
tube as gas-tight as possible for the purpose of producing 


TABLE III. Data required for determining the half-lives of the 
metastable ions C2HsPO.Cl,~ and PO.CI-. In this table a(8) is 
the peak height of the reference ion, and (8) is the peak height 
of the broad peak arising from the metastable transitions for 
different values of the ion draw-out voltage, 8. The normalized 
ratio of these peak heights, n’(8)/a’(8), is given along with the 
calculated time, ¢:(8), that the ion spends in the ion source. It is 

ible to use the peak height of the broad peak as a measure of 
its current because its shape does not change and the absolute 
value of the current is not of interest here. 








Metastable 
ion 8, volts 


n’ (8) /a'(B) 12(8), usec 


4.91 
4.22 


a(8) 
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Fic. 2. Decay curves for (1) C2.HsPO,Cl,~ and (2) PO,CI-. 


higher source pressure without a corresponding in- 
crease in analyzer-tube pressure, it was possible to get 
the broad peaks in the same abundance with respect 
to the other peaks of the spectrum with a lower an- 
alyzer-tube pressure than was originally necessary. The 
high relative abundance of the broad peaks is also a 
good indication that the transitions do not result from 
collisions since, in some cases, about half of the parent 
ions would have to make collisions that would catalyze 
a transition but not appreciably deflect the particles 
from their path. The fact that the broad peaks increase 
in size relative to normal peaks with an increase in ion 
draw-out voltage as described later is additional reason 
to believe that the transitions are spontaneous. 

The half-lives corresponding to two of these transi- 
tions were measured. The method was the same as 
that used by Hipple* in measuring half-lives of positive 
metastable ions. In Hipple’s method, the half-life is 
measured by observing the change of ratio of the 
metastable ion current to a normal ion current with a 
change in the voltage of a pusher plate located in the 
ion source behind the electron beam. The pusher-plate 
voltage serves to sweep the ions from the ionizing cham- 
ber of the mass spectrometer. Since most of the normally 
sharp peaks were either the parent ion or the ion frag- 
ment in one of the metastable transitions, it was neces- 
sary to introduce some independent gas to obtain a 
reference ion. The O~ ion was chosen for reference and 
its variation with ion-draw-out voltage was the same 
whether introduced with the ethyl dichlorophosphate 
or alone. Table III gives the peak heights, their normal- 
ized ratio, and the time spent in the source for ions from 
the second and the sixth of the metastable transitions 
of Table IT as a function of the pusher plate voltage 8. 
The notation used is that suggested by Hipple. Figure 2 
shows these data plotted on a semilogarithmic scale to 
give a straight line. The half-lives of the transitions 


C.HsP0.Cl,-—>P0,CI-+[C:H;Cl ] 
and 
PO.Cr-—CI-+[PO; } 
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were calculated from the equation‘ 
T =0.693[t2(Bo) —t2(8) ]/In[n’(B)/a’(B)], (5) 


where T is the half-life of the metastable ion. These 
were found to be 1.9K 10~* and 4.8X10~* sec, respec- 
tively. 

The fact that C,H,PO,Cl,~ is the parent ion in four 
of the transitions suggests that the first and sixth 
transitions of Table II might be explained by the single 
transition C.H,P¢ Jol ‘le m” »~PO.Cl-+CIr-+C2H;?*. Simi- 
larly, the third and fourth transitions could be the 
single transition C,H,;PO,Cl,—>Cl;-+PO;-+C.H;*. If 
such a transition takes place, it should be possible to 
observe the positive ion formed in the transition by 
adjusting the mass spectrometer for negative ions and 
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then reversing the magnetic field. The metastable ion 
would be accelerated as a negative ion and then would 
dissociate, and the positive ion thus formed would be 
bent in the magnetic analyzer in the proper direction 
for collection. Such positive ions would appear as a 
broad peak similar to those observed. A search was 
made for such a peak using the above technique, but 
no peak was found between mass 1 and mass 170. 
This is further evidence that the decay schemes given 
in Table II are correct. 

The authors wish to acknowledge their indebtedness 
to Dr. G. M. Kosolapoff of the Chemistry Department 
for his preparation of the ethyl dichlorophosphate and 
to Mr. J. B. Dozier for making many of the measure- 
ments. 
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Multiple Scattering of Relativistic Electrons* 


L. V. SPENCER AND C. H. BLANCHARD 
National Bureau of Standards, Washington, D. C. 
(Received September 10, 1953) 


The Goudsmit-Saunderson sum for the multiple scattering of fully relativistic electrons is evaluated for 
the conditions of an experiment of Hanson and his collaborators. The results are consistent with those of 
Moliére and Bethe but lie below the experimental points by as much as fifteen percent at large angles. 


METHOD for summing slowly convergent series 
of Legendre polynomials has been presented 
recently.' We have applied it to the problem of the direc- 
tional distribution of relativistic electrons which have 
penetrated a thin foil (of thickness ¢) of some material.? 
Moliére® has given a theory of this directional dis- 
tribution which makes use of a small angle approxima- 
tion and is based on a nonrelativistic cross section. 
Bethe* has surmised that Moliére’s theory could be 
made exact and relativistic by simply multiplying 
Moliére’s results (at large angles where the angular dis- 
tribution is essentially single scattering) by the ratio of 
the exact single-scattering cross section to the cross 
section which Moliére used. Hanson and his collabo- 
rators’ have made excellent measurements of the 
directional distribution of 15.7-Mev electrons emerging 
from thin gold foils. They compare their results with a 
* Work supported by the U. S. Office of Naval Research and 
the U. S. Atomic Energy Commission. 

!L. V. Spencer, Phys. Rev, 90, 146 (1953). The relationship 
between previous multiple-scattering calculations and the present 
method is treated in detail in that paper. 

* What is usually calculated for this problem is the directional 
distribution after the electron has traveled a given total path length. 
[See H. W. Lewis, Phys. Rev. 78, 527 (1950).]] If the foil is thin 
enough, the total path length which the electrons travel in pene- 
trating the foil will be very nearly equal to the foil thickness. 
This point is discussed in more detail in reference 14. 


3G. Molitre, Z. Naturforsch. 3A, 78 (1948). 
‘H. A, Bethe, Phys. Rev. 89, 1256 (1953). See footnote on page 


1259. 
5 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 


curve which is stated to be Moliére’s theory extra- 
polated through the region where his small- and large- 
angle approximations give different results.® 


®In view of the importance of the data of Hanson ef al., and, 
in view of some uncertainty regarding the interpretation of their 
Fig. 3, it seems worth while to present here some discussion of that 
figure. 

eT he text of reference 5 states that the “theoretical’’ curve of 
Fig. 3 represents the “complete Moliére theory.” The caption of 
Fig. 3 states that this curve represents “the theory of Moliére 
extrapolated through the region where his small and large angle 
approximations give different values.” Finally, the “theoretical’’ 
curve passes exactly through the experimental values for 0° and 


Bethe also comments (reference 4) that Moliére’s small-angle 
tables and large-angle formula do not fit accurately together. He 
derives a different large-angle formula. 

Numerical verifications made by using Moliére’s small- and 
large-angle formulas (9, 3a and b) showed that these formulas 
join quite well (within a percent or so) in an intermediate range 
of angles. When the Molitre distribution thus obtained was 
normalized to agree with the experimental value of reference 3 at 
6=0, it fell about 35 percent below the experimental value at 30°, 
rather than exactly on it as indicated in Fig. 3 of reference 5. 

The contradiction regarding whether or not Moliére’s small- 
and large-angle formulas join smoothly apparently arises because 
Molitre gave two large-angle formulas—an accurate one [ex- 
pressions (9, 3a) and (9, 3b)] and an elegant one [expression 
(Va) ]. Hanson and Bethe apparently refer to Moliére’s elegant 
but less accurate expression Va) in their remarks. 

It is believed that Hanson ef al. proceeded as follows: Moliére’s 
small-angle curve was first normalized to agree with the experi- 
mental value at zero degrees. These results extend to about 11°. 
Hanson e al. then took an empirical formula, representing the 
relativistic single-scattering law, and fitted to the experimental 
value at 30°. To establish a relativistic theory of multiple scat- 
tering at large angles, this empirical formula was multiplied by 
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We have calculated directly, using a relativistic 
cross section,’ the directional distribution of 15.7-Mev 
electrons which have penetrated the thinner (18.66 
mg/cm?) of Hanson’s gold foils. The results agree quite 
well with values obtained by applying Bethe’s sug- 
gested “correction factor” to Moliére’s results at ail 
angles. On the other hand, our calculated values are as 
much as 15 percent below Hanson’s experimental values 
at larger angles. We are unable to explain satisfactorily 
this large a discrepancy. 


I. A FEW DETAILS OF THE CALCULATION 


The cross section which we used in this calculation 
was the McKinley-Feshbach® a? approximation, modi- 
fied by the inclusion of an additional term of the form 
14(1—cos@)?, which we found adequate to give agree- 
ment at 30° and 45° with Feshbach’s numerical values. 
(This modification is not accurate beyond 45°, but this 
difference does not affect the present application.) 
Electron-electron collisions were accounted for ap- 
proximately by increasing the cross section by the 
factor (Z+1)/Z.® Bethe* has shown that the form of 
the screening cutoff is not significant. We introduced 
this cutoff by writing everywhere (1—cos6+2n) for 
(1—cos@). The value of the screening cutoff was taken 
in accordance with Moliére’s prescription.” Thus, 
putting everything together, our cross section was the 


following : 


Z(Z+1)eé 
ON oak 2n)? 
pr 


ZB f1—cosb+2n\?! 
in oaterant BY 
137 2 


1—cosb+ 2n 1—cos)+ 2n\? 
x ee 
2 


where Z=79, B=0.9990, n=0.749X10~, and A=15.3. 

The expansion of this cross section into spherical 
harmonics is straightforward. As in reference 1, the 
coefficients K;=N fird91— P:(cos@) jo(cosé) (N being 
the number of atoms per unit volume) can be written 


a (cos) = 


) 
137 


Molitre’s elegant expression (Va). The resulting “theoretical” 
curve passed through the experimental value at 30°, since the 
experimental value had been normalized in a similar manner. 
Since the Jarge-angle and small-angle theoretical curves did not 
join smoothly at 11°, a smooth junction was constructed. 

Thanks are due Dr. Hanson for checking the accuracy of 
these statements. 

7H. Feshbach, Phys. Rev. 88, 295 (1952). 

§ Quoted in reference 7. 

® The electron-electron collisions should yield corrections to 
our results of the order of 1/Z~1 percent in Au. More accurate 
estimates based on a calculation from U. Fano [Phys. Rev. 93, 
117 (1954)] show that the corrections are about 2 percent. 

1 (G, Moliére, Z. Naturforsch. 2A, 133 (1947). Notice that 


n=xe'/4. 


SCATTERING OF RELATIVISTIC 


ELECTRONS 


TaBLe I. Intensity versus angle. 





Bethe's 
asymptotic 
(R) approxi 

mation4 


Moliére 
times 
o (exact) 
@(Moliére)e 


Multiple 
scattering 
angle 
(degrees) 


Present 


theory* Moliére*.> 


0 923 
0.554 871 
1.107 742 

574 
407 
267 
165 
100 
61.2 
36.9 
22.8 
14.3 
9.30 
6.33 
4.40 
3.15 
2.28 
1.69 
1.29 
1.05 
0.800 
0.475 
0.303 
0.203 
0.143 
0.0762 
0.0454 
0.0287 
0.0189 


939 
892 
772 
599 
420 
273 
169 
100 
59.6 
36.0 
22.2 
13.9 
8.88 
5.79 
3.91 
2.75 
2.01 
1.51 
1.16 
0.902 
0.713 
0.417 
0.261 
0.172 
0.118 
0.0615 
0.0352 
0.0216 
0.0140 


885 
772 
604 
427 
279 
174 
104 
62.4 
38.0 
23.6 
14.9 
9.57 
6.29 
4.28 
3.02 
2.22 
1.68 
1.30 
1.02 
0.810 
0.482 
0.306 
0.204 
0.143 
0.0758 
0.0449 
0.0282 
6.0189 


* The integral is normalized to unity when the angle is expressed in 
radians. 

> Nonrelativistic, small-angle. 

* Renormalized by a factor which makes the @=0 value agree with 
column 2. 

4 Renormalized by the same factor as that used to renormalize column 4. 


quite accurately as a sum of Bessel functions of the 
second kind." 

In order to obtain the directional distribution J (@) of 
the particles emerging from the foil, the Goudsmit- 
Saunderson sum for the scattered intensity, 


wo 


1 (0)=>. (l+-}) exp(—tK)) P;(cos#), 


l= 


(2) 


must be evaluated. (Here J/2x is probability per unit 
solid angle.) The summation was carried out by the 
method of reference 1. In this method, exp(—/X;,) is 
first approximated by simple, analytic, continuous 
functions of /, whose Fourier transforms are known 
analytically. By use of these approximations, the Fourier 
transform of exp(—/K;), ie., (24) f..."d(/+1/2) 
xX cos[_«(/+1/2)] exp(—tK,), is evaluated. Finally, a 
further integration over this Fourier transform is per- 
formed to obtain the 7(@). We estimate that in our 
calculation the process of summation was carried out 
to an accuracy of about 2 percent. 


"! We found these functions easy to work with because (1) they 
are tabulated and (2) they have extremely simple recursion rela- 
tionships. It would no doubt have been possible to represent the 
K; as powers times logarithms, as Molitre and Bethe did. 
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Fic. 1. Comparison between theoretical (solid line) and experi- 
mental angular distributions of multiply scattered electrons. The 
experimental points were normalized to agree with the theory at 
6=0. 


II. DISCUSSION 


The results of this calculation are compared with 
other theoretical results in Table I and with Hanson’s 
experimental values in Fig. 1. 

In column 2 of Table I our values are given as a 
function of the angle of deflection. Column 3 gives the 
Moliére theory (small-angle approximation, nonrela- 
tivistic) results for the same situation. (Both our results 
and Moliére’s have been normalized so that the integral 
over all angles yields unity.) In column 4 are values 
obtained by multiplying Moliére’s values of column 3 
by the ratio of the exact cross section [Eq. (1)] to 
Moliére’s cross section, and then normalizing to obtain 
agreement with our value at zero angle. Finally, in 
column 5 are a few values calculated by using Bethe’s 
asymptotic representation of Moliére’s results, renor- 
malized by the same factor as column 4. 

There is good agreement between columns 2 and 4 
of Table I, showing the validity of Bethe’s surmise. The 
largest discrepancy, which is about 4 percent, occurs at 
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angles small enough so that the distribution is pre- 
dominantly determined by highly multiple scattering, 
but large enough so that the ratio [7 (exact)/o(Moliére) ] 
is appreciable. (For thicker foils this discrepancy would 
be greater.) 

On the other hand, the gap between the results in 
columns 5 and 3 at angles where columns 3 and 2 are 
not in close agreement indicates that it is not sufficient 
to modify with a relativistic correction factor only the 
results obtained from an asymptotic formula such as 
Bethe’s R. 

The experimental values plotted in Fig. 1 were very 
kindly sent to us by Dr. Hanson. They consisted of a 
set of measurements from 0° to 6° made with a very 
small detector aperture and another set of measure- 
ments from 5° to 30° made with a much larger aperture. 
Dr. Hanson has indicated that, because of background, 
the small-aperture point at 6° and the large-aperture 
points beyond 20° are in some doubt. We applied an 
aperture correction to the large-aperture values! and 
joined them with the points at small angles, neglecting 
the point at 6°, which was out of line. 

The discrepancy of about 15 percent at large angles 
has been rather puzzling to us. It persists at angles 
smaller than 20°, where the Hanson data should be 
unaffected by background. Furt'ier, most of the effects 
neglected in the calculation (and thoroughly discussed 
by Lyman, Hanson, and Scott)" are in the direction of 
increasing the discrepancy. Two effects not discussed 
by Lyman, Hanson, and Scott are the increased path 
length which accompanies a large deflection, and the 
error made by writing (Z?+-Z) instead of treating the 
electron-electron collisions exactly. Both of these effects 
can be shown to modify the distribution by no more 
than one or two percent.*4 


2 This correction, which is the ratio of theintegral faperturedO/ (6) 
to the product of the median value and the acceptance angle of the 
aperture, amounted to about 4 percent at 6°. 

18 Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951). 

4 The main part of the electron distribution lies at such small 
angles (~3°) that the difference between foil thickness and path 
length is negligible. At Jarge angles the distribution is determined 
by (1) a single large deflection which takes place while the electron 
has still not been deflected appreciably from its original direction 
and (2) a multiple-scattering “smear” which is essentially Gaussian 
since the probability of a second Jarge collision is prohibitively 
small. The increased path length caused by the large deflection 
broadens somewhat the superposed small-angle multiple-scattering 
distribution. Estimates of the size of this effect were obtained by 
folding Gaussians over the Rutherford angular distribution. 





PHYSICAL REVIEW 


VOLUME 93, 


NUMBER 1 JANUARY 1, 1954 


Inelastic Collisions and the Moliére Theory of Multiple Scattering* 


U. Fano 
National Bureau of Standards, Washington, D. C. 


(Received August 27, 1953) 


The effect of inelastic collisions is often introduced in the Molitre theory by replacing Z* with Z(Z+1). 
It is pointed out that this procedure relies on the implied incorrect assumption that elastic and inelastic 
collisions have the same small-angle cut-off. Taking into account separately the cut-off of inelastic collisions, 
the Moliére theory is shown to require the following modifications: (a) For incident electrons, replace Z? 
with Z(Z+-1) and increase the Molitre 6 by (Z+-1)“{In[0.1602-1(1+-3.33Ze#/hv) ]—uin}, where —tin is 
defined as an integral over the incoherent scattering function whose value is about 5. (b) For incident 
heavy particles, leave Z? unaltered but increase 6 by Z~*{In[1130Z-“3 (c2/v®@— 1) ] — win — 40?/C*}. 





1. INTRODUCTION 


HE multiple scattering of charged particles tra- 
versing a material is treated by the Moliére 
theory.'* The scattering arises primarily from elastic 
collisions against the Coulomb field of atomic nuclei. 
Inelastic collisions with atomic electrons also contribute 
to multiple scattering, especially in light elements, but 
are disregarded, initially, in the Moliére theory. To 
make allowance for inelastic collisions the squared 
nuclear charge Z? is often?“ replaced with the sum of 
the squares of the nuclear and electronic charges Z?+Z. 
This procedure would be correct if the single scattering 
cross sections were given adequately by the Rutherford 
formula, i.e., were proportional to the squared charges 
of the colliding particles. 

However, the actual cross sections depart at small 
angles from the Rutherford formula. The Rutherford 
rise to infinity is actually “cut off,” and the cutoff 
differs for elastic and inelastic collisions® since it 
depends, respectively, on the density distribution of 
atomic electrons and on their binding. The binding 
effect is characterized for the inelastic collisions of 
particles, as well as of x-ray photons, by the “incoherent 
scattering function” S.5 

The cut-off has a substantial influence on multiple 
scattering. Therefore, the replacement of Z* with 
Z(Z+1) serves only to estimate the order of magnitude 
of the effect of inelastic collisions. (The same situation 
is encountered in bremsstrahlung and pair-production 
processes.) The present paper introduces inelastic 
collisions into the Moliére theory ab initio. 

Departures from the Rutherford formula are also 
encountered at large angles. For incident electrons 


* Work supported by the U. S. Office of Naval Research and 
by the U. S. Atomic Energy Commission. 

1G. Molitre, Z. Naturforsch. 3a, 78 (1948). 

2H. A. Bethe, Phys. Rev. 89, 1256 (1953) ; this paper constitutes 
the point of departure of the present treatment and will be 
referred to as B53. 

*L. A. Kulchitsky and G. D. Latyshev, Phys. Rev. 61, 254 
1942). 
‘ 4 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 

5P, M. Morse, Physik. Z. 33, 443 (1932); see aiso, e, 
Pirenne, Diffraction of X Rays and Electrons by "Mo ecules 
(Cambridge University Press, London, 1946), p. 54, p. 25 ff. 


these departures are comparatively minor, being due to 
exchange, spin, and relativity effects, and will be dis- 
cussed briefly in Sec. 4. For inelastic collisions of 
incident heavy particles, large angle deflections are 
suppressed, by the requirements of momentum con- 
servation; this effect causes the inelastic multiple 
scattering to be Gaussian rather than Moliére-like (see 
Sec. 5). 


2. SMALL-ANGLE EFFECTS FOR INCIDENT 
ELECTRONS 


We deal with the Goudsmit-Saunderson form of the 
theory of multiple scattering, according to which the 
angular distribution of particles after a path length ¢ is 
given by (39) of B53, namely® 


f(t, 9)=Lid+))P.@) 


Xexp| — f o(x) sinxdx[1—Pi(x)]}, (1) 
0 


where o(x) represents the differential cross section for 
single scattering by an angle x and the other symbols 
have their usual meaning. We separate the elastic and 
inelastic components of 


o(x)=oe1(x)+oinet (x), (2) 


and set ourselves the task of comparing the contribution 
of cine: to the exponent of (1) with the contribution of 
ei. For the purpose of this comparison ¢,; will be taken, 
according to (44) and (10) of B53, in the form 


Nioe(x) sinxdx = 2Z*%.2q(x) sinxdx/4(1—cosx)* 
=4aNids?/pr?, 


(3) 
(4) 


where ze, ~, and v are the charge, momentum, aad 
velocity of the incident particle, g(x) is an unspecified 
screening function, and x2 differs from the x2 of 
(10-B53) by the deletion of Z(Z+-1). 


*The “detour factor” mentioned in B53 after Eq. (39) is 
comparatively unimportant. Arguments from which this factor 
can be estimated are presented by L. V. Spencer and C. H. 
Blanchard, this issue [Phys. Rev. 93, 114 (1953) ], footnote 14, 
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For inelastic collisions we can similarly write®” 
Nioines(x) sinxdx = 2ZZ%25(v) sinxdx/4(1—cosx)*, (5) 


where 


v= 0.33324 (pa/h)[2(1—cosx) }* 
~0.333Z-"(pa/h)x (6) 


is a convenient dimensionless function of x,* @ is the 
Bohr radius, and S(v) is the incoherent scattering 
function®* which describes the small angle cutoff in 
(5) as g(x) describes it in (3). 

In the Moliére theory, the small-angle cutoff is 
adequately characterized by a single parameter, the 
angle xq defined by (16-B53), 


k 
Inxs tim f aadax/act4—Ink | (7) 
0 


Similarly we define an inelastic cut-off angle xin by 


—Inxinlim| f 
Sits 0 


The values of xi, and of xq will be compared in Sec. 3. 

If the contribution of elastic collisions to the exponent 
of (1) is calculated according to the Moliére theory, 
this contribution depends on x4 through a term 


12°x.71(/+-1) In(xa™), (9) 


as can be seen, e.g., from (53) and (19) of B53. The 
corresponding term of the inelastic contribution is 


12x71 (4-1) In (xin) 
=4Zx21(14+-1)[In(xa*)+1n(xa/xin)*]. (10) 


The combined dependence of the exponent of (1) on 
Xa and xjn is given by the sum of (9) and (10), namely 


42(Z+1)x21(14+1) 
X (In (xa) + (Z+ 1) In(Xa/xin)*}. (11) 


The first term in the braces, multiplied by the factor in 
front, coincides with the value derived by the Moliére 
theory, as in B53, including the factor Z(Z+-1), which 
makes the estimated allowance for inelastic scattering. 
The second term in the braces represents the correction 
to the earlier estimate and may be looked upon as a 
change in the effective value of xa. 


7 Large angle corrections to (5) may be entered, if required, 
by treating the atomic electron as a free particle, in which case 
S=1 (see Secs. 4 and 5). Small-angle corrections would be required 
for values of x no larger than the ratio //T of the binding energy 
of atomic electrons to the kinetic energy of the incident particle. 
However such small deflections can be disregarded for our purpose, 
since the range 0<x<J/T does not contribute appreciably to 
the integral in (8) because the integrand S(v)/x levels off at 
values of x>//T. 

®W. Heisenberg and L, Bewilogua, Physik. Z. 32, 737, 740 
(1931). The factor Z~! in the definition of v serves to minimize 
the variation of S(v) from one material to another. The symbol 
v is frequently utilized as the variable of the scattering function 
and should not be easily confused with the velocity. 


k 


S(v)dx/x+4—- ink (8) 
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In the Moliére theory, the cut-off angle x. is eventu- 
ally incorporated in the parameter (19-B53), defined by 


b=|n(xe/X0)*+1—2C. (12) 


The corrective term in (11) may be similarly incorpo- 
rated by replacing } with 


6=b+ (Z+1)~ In(xa/xin)?. (13) 


3. NUMERICAL ESTIMATE OF THE CORRECTION 


According to (8) we write 


In(xo/Xin)* a; 
=tim| 2 f S(v)dx/x+1—2 Ink+2 nx (14) 
0 


=O 


For convenience of computation and in order to 
eliminate irrelevant physical quantities, we change the 
variable x into 


u= 2 Inv=2 Iny+2 In(0.333Z-4pa/h). (15) 


[The exact form of this equation has In(2(1—cosx)) in 
the place of 2 Inx, but the small-angle approximation is 
already implied in (7) and (8). ] 

The cut-off angle xin defined by (8) is then replaced 
with 


os 
—tbhin= lim [f S(exp}u) du+1— u}. (16) 


The cut-off angle x2, whose value is given by (20) and 
(8) of B53, is replaced with 


Ua= 2 In[Z'(h/pa)/0.885 } 
+1n(1.134+-3.762Ze?/hv)+ 2 In(0.333Z-'pa/h) 


=|In[0.160Z-4(1+3.332Ze/hv)], (17) 


so that we write 


in(xXo/Xin)?= Ua— tin. (18) 


Equation (16) has been utilized for the computation 
of —w#in by graphical integration. Starting from the 
tabulated data on the function S(v) from the Thomas- 
Fermi model,®* one finds 


(—tin)t.¥.=5.8 (19) 


for all Z. The value of (—1jn) should not vary greatly 
from one material to another. For the H atom, —1j, 
can be calculated exactly and is 3.6. White!’ has 
analyzed available data on the function S and on the 
resulting value of «jin. For Li and O the values of 
— in from Hartree calculations are 4.6 and 5.0, respec- 
tively. The Thomas-Fermi value may be somewhat too 
large because of the excessive tail of S, which relates to 


*See also J. A. Wheeler and W. E. Lamb, Jr., Phys. Rev. 55, 
858 (1939), and M. Pirenne (see reference 5). 

”G. R. White, National Bureau of Standards Report No. 
2763, 1953 (unpublished). 
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the incorrect feature of the T.F. model of having 
electrons with binding energies ranging al] the way down 
to zero. The incoherent scattering function may also be 
calculated from the Wentzel atom model," which 
relates it to the experimental value of the volume dia- 
magnetic susceptibility xai,. This method yields 


(— in) w= In[Z!(A/p)1.87X 10°(— xaia) ], (19) 


where A and p are the atomic weight and the density of 
the material. This formula yields —«#j,=6.3 for Pb. 
Presumably S(v) should approach the Wentzel value 
at low v and the Thomas-Fermi value at high v.!°" 


4. LARGE ANGLE EFFECTS FOR INCIDENT 
ELECTRONS 


Additional departures from the Moliére theory results 
are caused by departures of the inelastic cross section 
from the Rutherford formula at large angles. The 
correct cross section for inelastic collisions of incident 
electrons with substantial deflection and energy loss is 
given by the Mller formula for collisions between free 
electrons. This formula departs from the Rutherford 
formula when the deflection x attains either the order 
of 1 radian or the order of (mc*/E)!, E being the energy 
of the incident electron. 

Deflections of this magnitude usually belong in the 
tail of the multiple-scattering distribution, that is, they 
happen once only, if at all, along the path length of 
interest. Under these conditions the correct angular 
distribution fcorr(¢, 3) may be estimated according to 
the formula 


fen, 3) = I Motiare(t, 9) { Cexact (@)/oruth. @)}, 


as suggested by Bethe (note on p. 1259 of B53). 

Very high energies and rather long path lengths yield 
an increasing chance of repeated deflections large 
enough to involve appreciable departures from the 
Rutherford formula. This effect can be estimated by 
expanding the ratio omgiter/7Ruth, into powers of 1—cosx 
and incorporating one or two terms of the expansion in 
the calculation of (1). The resulting corrections are of 
the same order as the corrective term (54) of B53 and 
therefore should be considered only if one takes into 
account at the same time other corrections to the 
standard Moliére theory.'* 

If the departures from the Rutherford formula are 
too large, the exponent of (1) cannot be represented 
adequately by the analytical expression suited for the 
Moliére method of summation over /. A general method 
of numerical summation over / has been applied by 
Spencer and Blanchard” to multiple scattering in a 
gold foil. The results of this calculation lend support to 
the estimation of relativity corrections by means of (20). 


(20) 


2 See reference 6. See also L. V. Spencer, Phys. Rev. 90, 146 
(1953). 
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5. CALCULATION FOR INCIDENT HEAVY PARTICLES 


The recoil imparted to atomic electrons by incident 
heavy particles cannot exceed a certain, comparatively 
low, ceiling. As the recoil momentum increases, the 
deflection x experienced by the incident particle in- 
creases at first but then decreases back to zero as the 
ceiling is approached. The Rutherford cross section 
remains approximately correct if expressed as a function 
not of the deflection x but of the recoil momentum or 
of the equivalent “recoil energy” Q, i.e., of the kinetic 
energy which would be absorbed by a free electron 
recoiling from rest. 

The inelastic cross section (5) is anyhow expressed 
somewhat more accurately in the form 


Nioinei(Q)@O=ZX25(v)(p?/2m)dO/O?, (21) 


(22) 


with 
v=0.333Z-1(a/h) (2mQ)! 


(m=electron mass), and with Q varying between the 
limits Qmin and Qmax of the stopping power theory.” 
The lower limit Qmin is effectively zero for our purpose 
(see note 7); the upper limit is given for heavy particles 
by (50.11) of B33, namely, 


Qmax= 2mv*/(1—v*/c*).! (23) 


Equation (21) is formally equivalent to (5) provided 
one sets 2(1—cosx) = 2mQ/p*. Actually the relationship 
between x and Q in a collision with energy loss « is, 
to a good approximation,!® 


2(1—cosx) = (2m/p?)[O— (2/2mv*)(1—v*/c?) ]. (24) 


The mean value of ¢, averaged over all inelastic 
collisions with a fixed Q, can be derived by a sum rule 
and is [0?+40Q(T)/3]/S(v), where (7) indicates the 
mean kinetic energy of the atomic electrons. Therefore 
we write 


(2(1—cosx)) 
= (2m0/p*)[1— (0+-4(T)/3)/OmaxS (0) ]. 


The term with (7)/Qmax yields a negligible contribution 
and will be disregarded in the following. 

Equation (23) must further be modified by the 
insertion of a relativistic factor'® on the right side, 


(25) 


8 See, e.g., H. A. Bethe, Handbuch der Physik (Springer, Berlin, 
1933), Vol. 24, Part 1, p. 491 ff., which will be referred to as B33; 
Eq. (21) is easily derived from (49.6) of B33. 

4 This formula holds only as long as the incident particle 
energy E divided by its rest energy Mc* remains much smaller 
than M/2m. 

‘6 This formula constitutes the zero-order term of an expansion 
in powers of ¢/pv, a parameter which is always very small for 
incident heavy particles. Notice how the right side of (24) vanishes 
for 0=Qmin and also, for heavy particles only, when O= ¢= Qmax. 

‘6 The relativistic treatment of inelastic collisions given in B33 
(esp. p. 506) and in the original literature, is not as exhaustive 
as one might wish. The main question concerns the evaluation of 
the relativistic form factor (50.2) of B33. It is stated that the 
relativistic and non-relativistic form factors differ appreciably 
only for values of Q much lower or much larger than the binding 
energy of the atomic electrons. The reason is that the relativistic 
effect depends on the speed of atomic electrons which is itself 





120 


according to (55.7) of B33, namely, 
1— (Q/2mc*) (1—1?/c?) = 1— (Q/Qmax)(v*/c*).. (26) 


We wish now to calculate, for incident heavy parti- 
cles, the full contribution of inelastic collisions to the 
exponent of (1). The integral over x has to be trans- 
formed into an integral over Q. The factor 1—P;(x) in 
(1) can be represented as a polynomial in 1—cosx, of 
which only the first degree term is significant, since 
1—cosx never exceeds }(m/M)*, where M is the mass 
of the incident particle, 


1— P(x) =41(1+-1)(1—cosx), for kKKM/m™ (27) 


The value of 1—cosx in terms of Q is given by (25). 
Combining (21), (22), (25), (26), and (27) we find 
that the inelastic component to the exponent of (1) is: 


ZX 21(1+-1)D, (28) 
where 


Qmax 
ms J, dQQ~'[S (v)—Q/Qmax] 
Q 


min 


X[1— (O/QOmax) (v*/c*) ] 


“uy Qmax 
-|f S(exphu)du f dQS (0)Omax! (v?/c*) 
u Q 


m min 


— (1~Qinin/Qmax) +43 (1—Qmin?/Qmax*) (0*/c*) , 


(29) 
and 


tm = In{_(0.333)?Z-4*2m0 maxa*/h | 
= In[ 8340Z-4/8(c2/?—1)-], (30) 


tm = Inf (0.333)?Z-4?2Mm0 mina*/h?], (31) 


usually (but not for internal electrons and high Z) non-relativistic, 
except when Q itself approaches mc*. For Q near Qmin the cor- 
rection becomes appreciable because the nonrelativistic form 
factor tends to vanish. This effect is unimportant for us, because 
low Q values contribute negligibly to multiple scattering. The 
high Q correction is represented for heavy particles. by the factor 
(25), for incident electrons by the replacement of the Rutherford 
with the Meller formula. 

'TTf (27) holds for all important values of /, the inelastic 
component to the exponent of (1) is proportional to /(/+-1), as 
calculated below, and its Legendre transform is Gaussian. 
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The first integral in the braces may be taken as 
um—Uin—1, according to (16), since u, is effectively 
—, In the second integral we can set S(v)=1, since 
the range of low Q contributes little. Finally Qmin/Qmax 
can be disregarded when compared with 1. Therefore 
the value of (28) is 

D=1n[1130Z2-4* (2/2? — 1)" ]—ujn—40?/c2. (32) 

The contribution of elastic collisions to the exponent 
of (1) may be written, according to (53) of B53, as 
42°x21(1+-1)[b—In}y* ]. Therefore the contribution (28) 
may be incorporated into the Moliére theory according 
to the following prescription: 


(a) take x2 as ZX. rather than Z(Z+1)x2, 
(b) add to b the quantity Z~'D, where D is given by 
(32). 
6. LIMITATIONS OF THE THEORY 


The main limitation of the present theory probably 
lies in the acceptance of the Bethe theory of inelastic 
collisions, which assumes the incident particle to be 
much faster than the atomic electrons. This assumption 
is often not satisfied, e.g., for heavy particles of moder- 
ate energy or for high-Z atoms. Improvements over 
this initial assumption are often introduced in the 
theory of stopping power but have not been attempted 
in the present theory. However, inelastic collisions have 
substantial effect only in low-Z materials, where the 
assumption is best fulfilled. The simplifications made in 
the analytical development are believed accurate to 
within the limits of the Bethe theory of collisions. 

Finally, both the present theory and the Moliére 
theory assume that the characteristics of atomic struc- 
ture affect o(x) only at such low values of x that they 
do not influence the value of /o"0(x)(1—cosx)” sinxdx 
for n> 2.8 This assumption may be not quite adequate 
for high-Z atoms. 

18A calculation of the effect of atomic structure upon the 
integral for »=2 would correspond to the correction to the 


Landau theory of energy straggling introduced by O. Blunck and 
S. Leisegang, Z. Physik 128, 500 (1950). 
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A technique is presented which adapts the Stokes method to quantum mechanics and serves to calculate 
polarization effects by means of Pauli matrices. Illustrative examples indicate that this technique may be 
not only convenient mathematically but also physically more transparent than previous methods. 





1. INTRODUCTION 


HE treatment of the polarization of electro- 
magnetic radiation in terms of Stokes parameters! 
has been drawing increased attention, probably because 
it relies on operational concepts and therefore is par- 
ticularly suited to quantum physics.? Recent successes 
in experimenting with the polarization of high-energy 
radiations’ have stimulated theoretical studies of polar- 
ization effects and thereby increased the desirability of 
more powerful techniques for these studies. 

No general technique for the quantum-mechanical 
application of the Stokes method seems to be available 
in the literature, even though the ideas of this method 
are being utilized by an increasing number of workers. 
Since such a technique is in fact amenable to a rather 
simple formulation, it may be worthwhile to present it 
in this paper. The method constitutes no more than a 
transcription of established quantum mechanical theory. 
A few very simple examples will illustrate the operation 
of the technique. 


2. THE STOKES PARAMETER METHOD 
(a) Stokes Parameters 


The intensity and the kind and degree of polarization 
of a beam of light (or other electromagnetic radiation) 
can be represented by four parameters as follows. 
Take two orthogonal unit vectors A; and A, perpen- 
dicular to the beam direction as a frame of reference. 
The parameters are: 


(1) the total light intensity Jo; 
(2) the difference J; between the light intensity 
transmitted by a filter (Nicol prism) which accepts the 


1G. G. Stokes, Trans. Cambridge Phil. Soc. 9, 399 (1852). 

2 See, e.g., U. Fano, J. Opt. Soc. Am. 39, 859 (1949). 

3 Hoover, Faust, and Dohne, Phys. Rev. 85, 58 (1952) (double 
Compton scattering); E. Bleuler and H. L. Bradt, Phys. Rev. 
73, 1938 (1948); R. C. Hanna, Nature 162, 332 (1948); C.S. Wu 
and I. Shaknov, Phys. Rev. 77, 136 (1950); F. L. Hereford, 
Phys. Rev. 81, 482, 627 (1951) ) (all on polarization of annihilation 

uanta); F. Metzger and M. Deutsch, Phys. Rev. 78, 551 (1950) 
p ser AR aly direction correlation of gamma- -quanta) ; me. 
French and J. O. Newton, Phys. Rev. 85, 1041 (1952); S. B. 
Gunst and L. A. Page, Phys. Rev. 92, 970 (1953) (polarization 
by transmission through magnetized iron); F. L. Hereford and 
J. P. Keuper, Phys. Rev. 90, 1043 (1953) (polarization effects in 
photoelectric effect); K. Phillips, Phil. Mag. 44, 169 (1953) 
(polarization of bremsstrahlung) ; D. H. Wilkinson, Phil. Mag. 
a. 659 (1952); L. W. Fagg and S. S. Hanna, Phys. Rev. 88, 1205 
(1952) (polarization analysis by deuteron disintegration). 


linear polarization A, and the intensity transmitted by 
the “opposite” filter which accepts Ao; 

(3) the difference J; between the light intensities 
transmitted by a filter which accepts the linear polar- 
ization (A,+A,)/v2 and by the opposite filter; 

(4) the difference 7; between the intensities trans- 
mitted by a filter which accepts circular polarization 
rotating from A, to A; and by the opposite filter. 

For convenience in the following applications we 
write 


I,=IoP, T,=IoP:, I;=IoP, (1) 


and regard the set of parameters as a four component 
vector Jo(1, P), where P= (P;, P;, P,) is a vector of the 
three-dimensional Poincaré representation,’ which de- 
scribes the kind and degree of polarization (P <1).‘ 


(b) Density Matrix 


Since two independent states of light polarization 
constitute a complete set, the quantum-mechanical 
treatment of polarization is mathematically equivalent 
(isomorphic) to the treatment of the orientation of a 
spin 4 particle. Therefore the density matrix which 
represents the polarization state of a light beam accord- 
ing to quantum mechanics is a 2X2 matrix, which can 
be resolved into the sum of a unit matrix J and of Pauli 
matrices (wy, we, w,)=@. (These matrices are taken in 
the usual representation, with w; diagonal.) The coeffi- 
cients of this sum are the Stokes parameters and we 
write the density matrix® in the form 


$=}1(I+P-w). (2) 


(c) Response of a Light Detector 


A detector that serves as a polarization analyzer 
responds to light of different polarizations with different 
efficiency. Maximum and minimum efficiencies ¢y and 
€m correspond to completely polarized beams which 
have opposite polarizations with Poincaré vectors P 
equal, respectively, to Q and —Q (Q=1). Quantum- 
mechanically, the detector is represented by an operator 
with the eigenstates Q and —Q and with the eigen- 

‘ Unitary transformations of the frame of reference (A, Aa) are 
accompanied by rotations of the Poincaré axes (f, £,»). The 
formalism described in this paper is independent of the choice of 
the frame of reference. 

'The equivalence between the Stokes parameters and the 


density matrix has been pointed out by D. L. Falkoff and J. E. 
Macdonald, J. Opt. Soc. Am. 41, 862 (1951). 


121 





122 U. 


values ey and €», i.e., by the matrix® 
O=4[ (est em) I+ (emu— €m)Q- @ |. (3) 


The probability of response of this detector to a 
light beam with the density matrix (2) is given by the 
trace of the product of the matrices (2) and (3), namely, 


Tr(09)= 4 of (ewt+ Em) + (ew— €m)Q- PP). (4) 


(d) Probability of Interactions with Matter 


The calculation of photon emission, absorption, and 
scattering will be adapted to the Stokes formalism in 
close analogy to a well known technique for calculating 
the collisions of free Dirac electrons.? The quantum- 
mechanical expression of interaction probabilities is 
usually proportional to the square of a perturbation 
matrix element V,; which relates to the transition from 
an initial state i to a final state f. If the initial and/or 
final states are not “pure states” (e.g., not completely 
polarized), the transition probability is proportional to 
a sur > /* >°.*| V,,|?; the asterisks indicate that the 
sums must be carried out according to rules implied by 
the statement of the problem (e.g., over both photon 
polarizations if the polarization is irrelevant to the 
problem). 

The perturbation matrix element V,,; for an inter- 
action of photons with matter is a linear function of the 


polarization vector A, for any incident radiation and of 
the polarization vector B,t for any outgoing radiation 
(the dagger denotes Hermitian conjugation). In turn, 
A; may be expressed in terms of unit polarization 
vectors A, (a=1, 2) of the incident radiation and of a 


two-component wave function d@ja,? Aj=>o« QiaAa; 
similarly B t= D 2bye' Bz. 

When the >> ,* 3>,*| V,;|? is formed, the 5>,* may be 
factored out as >> ,* @j.@ja’t and constitutes in fact the 
density matrix (2) of the incident radiation, Jaq’ 
=>0i* ajaGia’t. Similarly the ¥*byg-byat may be fac- 
tored out and regarded as the matrix (3), Ogg, of an 
ideal detector which accepts outgoing radiation with 
the kind and degree of polarization specified in the 
statement of the problem. 

In a scattering problem, which involves both incident 
and outgoing radiation, the perturbation matrix element 
V,, is a linear function of both B,t and A,. It can be 


expressed as 


V5:( By, A)=X 5 Dea byptV (Ba, Aa)dia, (S) 
* If Q points along ¢, the matrix (3) is clearly diagonal with the 

stated eigenvalues; otherwise the diagonal form is achieved by a 

unitary transformation of (Aj, A:), i.¢., by a rotation of @. — 

7 See, e.g., W. Heitler, Quantum Theory of Radiation (Oxford 
University Press, London, 1944), second edition, p. 151 ff. The 
operator (Ho+-Eo)/4E» of Eq. (27) of this reference represents, 
for unpolarized electrons of positive energy, the density matrix 9 
which — in (6); the operator (H+£E)/2E represents a 
detector © which accepts only positive energy electrons with any 
spin orientation. : 

*In the second quantization formalism, @iq represents a 
destruction operator. 
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where V (Bz, A.) may be regarded as a matrix Vs, and 
resolved, if desired, into a sum of standard matrices: 


V (Bs, Ac)=3{(V (Bi, Ai) +V (Be, Ar) )7 
+(V(B,, A:)—V (Be, As) Joy 
+(V (Bi, A»)+ V (Bz, A;) wx 

+i[V(B,, A2)—V (Bz, Ai) Joy}. (5’) 


Accordingly, the >> ;* }>,*| V,;|? takes the form of the 

trace of a product of matrices, quite analogous to (27) 

of reference 7: 

pO >| V yi |?=> aa’ pp Os'6V paI aa’ V apt 
=Tr(OV9Vt)=Tr(VtOVg). (6) 


The core of the procedure suggested here is, then, to 
represent the perturbation matrix element as a polar- 
ization operator, according to (5) and (5’). In emission 
or absorption processes the procedure seems to fail 
because V,; contains only one polarization vector, B,! 
or A,, respectively, and cannot be reduced directly to 
a matrix Vs.. However, in the event of emission, there 
is no density mat.ix g which depends on the polar- 
ization coordinates a,a’; the factors V and Vt in 
(6) constitute then a single polarization operator 
V (Bs) Vt(Bg-)= (VV) sa which can be resolved in the 
manner of (5’). In the event of absorption, the operator 
© disappears from (6) and one can construct the 
operator (V1V ara. 

A basic set of conventions for the treatment of 
polarization effects in terms of Stokes parameters and 
of matrices w, according to (6), (2), (3), and (5’), has 
thus been completed. Products and traces of the 
matrices w are carried out according to the standard 
rules for Pauli matrices. 


(e) Stokes Parameters of Emitted or Scattered 
Radiation 


To display the intensity and the polarization of 
emitted or scattered radiation, it is not necessary to 
inquire about the probabiiity of a specific event, such 
as the response of the detector represented by the 
matrix © in (6). Instead of constructing the full product 
OVgVt in (6) and taking its trace, one may simply 
resolve the product V9Vt into the sum of a unit matrix 
and of the polarization matrices w. The coefficients of 
the matrices are proportional to the Stokes parameters 
of the emitted or scattered radiation. Indeed VgVt 
represents (here as well as in reference 7) the perturbed 
density matrix. Selection rules on the types of polar- 
ization resulting from particular processes become 
apparent upon inspection of the polarization operators 
which are contained in V and Vt, as shown in the 
following examples. 


3. EXAMPLES 
(a) Dipole Emission of Light 


In the theory of dipole emission, V is proportional to 
the displacement of electric charge, r. In a transition 
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between fully specified states, r represents a specific 
matrix element; in general one may treat rrt as an 
operator whose expectation value can be determined 
later by a procedure such as (6). Proceeding as sug- 
gested in 2e, we resolve VVt, or r-Brt- Bt, which 
amounts to the same, into a sum of Pauli matrices. 
Equation (5’) shows that the Stokes parameters of the 
emitted light are proportional, respectively, to 


r-B,rt-B,+r- B.rt- B,=r-rt—r-nrt-n, (7) 
r- B,rt-B,—r- B,rt- B,, (7’) 
r- B,rt- B.+r- B, rt- B,, (7”) 
i(r- B, rt- B.—r- B. rt- B,)=irXrt-n, (7’”) 


where n= B,X B, indicates the direction of emission. 
The expression (7) for the total emission along n is 
trivial and familiar; the expression (7’’’) for the degree 
of circular polarization may be somewhat more trans- 
parent than usual. 


(b) Rayleigh Scattering 


In the nonrelativistic approximation, the essential 
factor of V is the scalar product of the polarization 
vectors of the incident and scattered waves. If the 
unit vectors A,, B, are laid in the plane of scattering, 
Eq. (5’) yields that V is proportional to 


3[ (14+ cosd)I— (1—cosd)w; ], (8) 


where # is the angle of scattering. The product VsVt 
is then proportional to 


$[(14+-cosd)I— (1—cosd)wy JJo(1+P-w) 
X[(1+cose#)1— (1—cosd wy ] 
=4[1+cos’d—sin*9P; ]J+}[ (1+ cos?) P;— sind jue 
+} cosdPw:+ 4 cosdP yw, (9) 


The results contained in this formula are rather well 
known. Notice how the anticommutation property of 
the w’s operates as a selection rule: the coefficient of 
each w vanishes for the scattered wave whenever it 
vanishes for both the incident wave and the operator V ; 
one might say loosely that the output contains any 
one kind of polarization only if that kind is present in 
the input or generated by the interaction. 


(c) Bremsstrahlung 


The bremsstrahlung cross section has been calculated 
relativistically in the Born approximation, taking into 
account polarization effects, by May® and by Gluck- 


*M. May, Phys. Rev. 84, 265 (1951). 
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stern, Hull, and Breit.!°"' Equation (15) of reference 11 
shows this cross section as consisting of four terms. The 
last term, independent of polarization, arises from spin 
effects (these effects should also yield a polarization if 
the spin orientations were not averaged out in both the 
initial and final electron states). The first three terms 
depend on the components, in the direction of the 
polarization B, of the electron momentum before and 
after the collision, po: and p;; they are proportional, 
respectively, to po’, 2porpi, and p?, which are written 
in our notations as po: B po- Bt, po- B p- Bt+- p- B po- Bt, 
and p-Bp-Bt. These quantities can be expressed as a 
sum of Pauli matrices by means of (5’). Calling nm the 
direction of the bremsstrahlung, & and # the angles 
between po and n and between p and n, and ¢ the angle 
between the planes (pon) and (pn) and laying B, in 
the plane (pon), with po- B,>0, we find 


Po- B Po: Bt= A I+w; | sin*do, 


Po° B p- Bi+p- B Po Bt 

=} sindy sind[ (1+w;) cos2¢+«a; sin2¢ ], 
p: B p- Bt=} sin*0[ 1+; cos2¢+«; sin2¢ ]. 
The Stokes parameters of the bremsstrahlung are 
obtained by replacing po’, 2poipi, and p? in (15) of 
reference 11 with the expressions (10) and separating 
out the coefficients of the unit matrix and of the various 
Pauli matrices. The coefficient of the unit matrix is the 
Bethe-Heitler formula for the total intensity. The 
coefficients of w; and w; characterize the partial linear 
polarization (the coefficient of w; is bound to vanish 
when the direction of p is averaged out). The absence 
of w, in (10) indicates the total lack of circular polar- 

ization which is stressed in reference 11. 


(10) 


(d) Compton Effect 


The relativistic treatment of Compton scattering 
yields a polarization which differs from that of Rayleigh 
scattering owing to the effect of electron spin. If the 
spin orientation before and after scattering is averaged 
out, the spin effects modify (9) only by the insertion of 
a new term in the coefficient of the unit matrix and in 
the coefficient of P,w,. The results for a nonrandom 
initial spin orientation are more complicated and are 
given in reference 2. The calculation for a nonrandom 
initial orientation combined with an analysis of the 
final orientation is still more complicated; it is being 
completed now by Tolhoek and Lipps” by means of a 
technique of the type presented in this paper. 

” Gluckstern, Hull, and Breit, Science 114, 480 (1951). 

4 Gluckstern, Hull, and Breit, Phys. Rev. 90, 1026 (1953). 

21 wish to thank Dr. Tolhoek and Mr. Lipps for information 


on their work and for participating, together with Dr. S. Berko 
and Dr. F. L. Hereford, in stimulating discussions. 
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In order to extend our knowledge of nuclear level systematics in the Pt-Au-Hg region, neutron deficient 
isotopes of Hg were produced by high-energy proton bombardment of Au. A technique is described for the 
analysis of the very complex internal conversion electron spectra present in the decay chains of Hg isotopes 
produced by Au(p,2n)Hg reactions where n=1 to 8 or 9. More or less complete decay chains from Hg to Pt 


or Ir are postulated for masses 195 to 190 or 189. 





INTRODUCTION 


N important aspect of nuclear spectroscopy is the 
search for systematic behavior of different nuclear 
properties. The shell model arose from the observations 
of regularities among the spins and magnetic moments 
of nuclear ground and isomeric states. Through the 
study of these properties it was possible to invent a 
more or less self-consistent scheme of levels with rela- 
tively simple rules for their coupling, and a great many 
phenomena were successfully explained. 

However, the fact that some nuclear properties are 
unexplainable in terms of the simple rules of the shell 
model suggests that finer details of nuclear structure 
may play an important role in describing the whole 
state of affairs, anda search for further regularities in 
nuclear data seems to be essential. 

It was realized in an early stage of nuclear physics 
that, at least as far as low-energy states are concerned, 
there is a marked difference between odd-even, even- 
even, and odd-odd nuclei, and in search for regularities 
one naturally confines oneself to only one of these sub- 
groups of nuclei. It is also clear that because of the 
small number of nuclear states in one and the same 
nucleus which can be reached and properly investigated 
by present day techniques, one cannot hope to find 
regularities among the states of a single nucleus. 
Instead, one should try to see which properties approxi- 
mately repeat themselves in a complete set of properly 
chosen nuclei, and to determine what is the trend or 
variation of these properties as one goes from one 
nucleus of the set to another. 

One knows from experimental evidence which has 
been so far obtained that the main features of nuclear 
levels in odd-A nuclei are determined by the odd group. 
One therefore looks for regularities in the set of nuclei 
(Z+-2&, N+2v), where & and » are integers. Inasmuch 
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as the techniques for measuring magnetic and quad- 
rupole moments of small quantities of radioactive 
nuclei have not been fully developed yet, one can 
hardly speak of any regularities concerning these quan- 
tities although some indications for possible regularities 
have been repeatedly indicated in the literature. The 
chances at present are much better to establish regu- 
larities in energy-level spacings, etc., since a much wider 
range of nuclei can be compared. The best examples for 
this are perhaps the different states in the odd neutron 
isotopes of Sn, Te, Xe, and Ba.' In this series the 
neutrons are filling the shell completed by 82 neutrons. 

It was pointed out? that a similar, and even more 
extensive, set of nuclei should be found among the odd 
isotopes of Ir, Pt, Au, Hg, and TI, since here both the 
neutrons and the protons are filling up their respective 
shells. This set of nuclei could also prove to be of special 
interest since there are chances to follow the behavior 
of the spin doublets (the states with j=/+}4 and 
j’=1—}4) as one adds pairs of nucleons: both p; and p, 
states show up in Hg™,?* and both dy and dy show up 
in Au’? 4 

The study of a complete chain of nuclei is made 
especially easy by the use of a high-energy accelerator. 
Starting with an odd-Z element (which therefore has at 
most two stable isotopes), one can get reactions of the 
type (p,2n) where x increases as the energy of the 
bombarding particle is increased. Reactions as high 
as (p,9n) or higher can be obtained without an appre- 
icable loss in yield due to competing reactions. The re- 
sulting radio-isotopes decay mainly by K capture and 
the study of the internal conversion electron lines is 
then undisturbed by the presence of a continuous- 
energy 8 spectrum. 

In the present work the target material was Au which 
has just one stable isotope—Au'’, and Hg isotopes as 
low as Hg'*°r!® were produced by going to proton 
energies as high as 85 Mev. This paper will describe 
the improved experimental technique employed for ob- 

oan Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
Oe Shalit, Huber, and Schneider, Helv. Phys. Acta 25, 279 
OPM. Sherk and R. D. Hill, Phys. Rev. 83, 1097 (1951). 

4J. W. Mihelich and A. de-Shalit, Phys. Rev. 91, 781 (1953), 
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taining and analyzing the data for the lighter isotopes 
of Hg, and the results obtained with this method. A 
general discussion of the significance of these results is 
given in the following paper. 


METHOD 


Preliminary experiments performed with sources 
produced at the Nevis cyclotron at Columbia Univer- 
sity indicated that the complexity of the conversion 
electron spectrum was too great for analysis by a con- 
ventional “single-channel” counter spectrometer. Most 
of the electron lines were in the energy range of ~10 
kev to 300 kev, and there were many different decay 
rates, including growth of daughter activities. Accord- 
ingly, we decided to employ the Brookhaven Laboratory 
permanent magnet 180° spectrographs, which possess 
the advantage of recording, photographically, all the 
lines simultaneously. In addition, these spectrographs 
have a very good resolving power, a feature which was 
important, since the number of electron lines per energy 
interval is very high. Even so, a considerable number of 
“overlaps” of lines arising from. different transitions 
were observed. However, our analysis enabled us, in 
most cases, to indirectly resolve these overlapping lines. 

Since some of the activities to be studied were of 
short half-life, a 119-gauss spectrograph was set up at 
the Harvard Cyclotron Laboratory in order to get the 
sources in the spectrograph with the least delay. 

Besides the primary magnet, others of 100 and 275 
gauss were used at Brookhaven to study some of the 
longer-lived activities. Unfortunately, it was not feasible 
to follow all the sources in more than one magnet for a 
time sufficient to get good values of decay rates for 
long-lived activities. Hence, our electron data for 
energies greater than 300 kev are sketchy, but the most 
important problem, for our interests, were the shorter- 
lived activities in the low-energy region. 

The magnets have pole gaps of 12 in. 20 in.X2 in. 
into which the spectrograph “cameras” are inserted. 
Calibration of the magnet had been made with con- 
version lines of Au, I'*!, and W'87.5 The spectra 
were recorded on Eastman No-screen x-ray film 
(1 in.X15 in.). The task of taking large numbers of 
spectrograms was facilitated by means of a light-tight 
“film pack” which enabled one to load the spectrograph 
in daylight, without removing the spectrograph camera. 

In general, the time required to get the spectrograph 
in operation was ~45 minutes after turning off the 
cyclotron. In one experiment which we set up to measure 
a 30-minute activity, a 20-minute irradiation was made, 
and within 18 minutes after turning off the beam, the 
Au target was removed, the distillation of the source 
performed, and the spectrograph put into operation. 

The procedure for making the sources was as follows. 
Au foil (6 layers of 6 mils) was irradiated at the desired 
position in the cyclotron chamber. After removal, the 


5 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
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Au was placed in a quartz container, a thin narrow 
piece of stable Au foil with Scotch Tape backing (to 
which Hg would not stick) inserted in a cool portion, 
the device evacuated by a mechanical pump, and the 
Au target beated with a flame. The Hg boiled off and 
condensed on the Au foil. In this way, one produces an 
ideal source, since essentially only radioactive Hg is 
deposited on the foil. The thinness of the source is 
apparent from the sharpness of the electron lines. 

Eventually, a furnace was built, which was heated by 
a nichrome filament operated through a variac. Better 
control of the heating was then possible. The tempera- 
ture of the Au was brought to about 850-1000°C. 

In retrospect, after analysis of all the data, certain 
refinements become apparent. Since the Au backing for 
the source was ~0.005 mil, the Hg-Au amalgam formed 
on the surface initially will diffuse into the stable Au 
with a resultant “thickening” of the source with time. 
This effect was noticed in that the electron lines were 
very sharp for a fresh source and after a day or two, 
some loss of sharpness was apparent. If we had used a 
very thin evaporated Au film on Ni, say, the effect 
wouid have been decreased. 

The sources were about 0.2 mm wideX1.5 cm long. 
Sufficient activity was deposited to produce good pictures 
in 30 minutes with a fresh source produced by high- 
energy protons, but as the source aged, exposures of 
several days were required. 

All told, some 175 spectrograms were taken and some 
250 different electron lines analyzed. Protons up to 105 
Mev were used for activation. The problem became 
complicated since, when the threshold for a new ac- 
tivity (say p,xn) was reached, all the previous reactions 
requiring a lower energy were still present. The Hg’ 
produced by (p,) which has an effective threshold at 
~6 Mev was still present with 85-Mev protons. Part 
of the low-order reaction is possibly due to degraded 
protons in the target. 

Figure 1 is a reproduction of the first spectra obtained 
from various sources produced by protons of energies 
from 25 to 65 Mev. Figure 2 is a reproduction of the 
spectra obtained at increasing times with one of these 
sources. The reproduction process in making positive 
prints does not allow one to appreciate the sharpness and 
clarity of these films. 

The following is a discussion of the analysis employed 
in the assignment of electron lines to various mass 
numbers of the elements involved and in postulating 
the decay schemes. 

The positions of the lines on the films were measured 
on a viewer equipped with a vernier caliper. As stated 
above, the magnets had been calibrated against con- 
version lines of y-ray transitions previously measured 
by the DuMond group. The energy measurements 
were, in general, quite consistent. Energy sums (e~ 
kinetic energy plus x-ray absorption edge energy*) were 


* Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 
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Fic. 1, Conversion electron spectra of Au(p,xn)Hg sources produced by protons of various energies. (119-gauss magnet.) 





consistent to about 0.1 kev. In comparing electron lines Photometric measurements were made on a Leeds 
recorded with different sources and exposures, 0.3 kev and Northrup recording microphotometer, used in a 
was the greatest allowable deviation; it was usually standard fashion. A major portion of our photometric 
much less. measurements were concerned with determining the 
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decay rate of lines, as compared to an arbitrary standard 
line of known half-life in Hg,’ as well as the excitation 
functions and thresholds for reactions producing the 
conversion lines. These excitation functions are taken 
relative to a transition in Au’ which appears at all 
proton energies. More will be said about this below. In 
addition, the HNO; “washing factor” for certain con- 
version lines was measured. This last technique con- 
sists of dipping the Au-Hg amalgam comprising the 
source into concentrated HNO. The Hg should dissolve 
easily, leaving the Au, Pt, or Ir daughters. This was 
of considerable aid in deciding the element in which a 
transition occurred. Here too, care had to be employed, 
since the washing factor is dependent on the energy of 
the electrons and the amalgam thickness (i.e., the age 
of the source). Further information was obtained by 
evaporating the Hg at some time after completion of 
the irradiation, thus allowing the short-lived Hg to 
decay, with the result that the activity of this short- 
lived Hg and any of its descendants would be atten- 
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Fic. 3. Typical curves of relative excitation functions of 
conversion electron lines. 


uated. Although not any one piece of information on a 
line would always make its assignment unique, usually 
a combination of these criteria would. 

A very useful criterion was the excitation function. 
For a line of sufficient intensity, and an energy of >70 
kev, the peak of this curve was well enough located to 
place the line in an activity arising in mass 193, 192, or 
191. (See Fig. 3.) It will be noted that the excitation 
curve for the 37.9—Liotai does not drop as the energy of 
the protons is increased beyond the peak at 55 Mev. 
This is due to the fact that the Z; line is composite with 
an electron line arising from a (p,7m) reaction. 

The experimental uncertainty in determining the 
decay rates of individual lines was somewhat greater, 
although decay rates were measured relative to the 
122—L line (38 hr) in Hg. It was desirable to 


7 Huber, Joly, Scherrer, and Verster, Helv. Phys. Acta 25, 621 
(1952) and private communication to A. de-Shalit. 
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Fic. 4. Typical decay curves of conversion electron lines in the 
A=193 decay chain (produced by 45-Mev protons). 


follow some of the sourc¢s several half-lives, a procedure 
which could not always be adhered to for the long-lived 
daughters. Nevertheless, the decay-rate data were good 
enough to allow us to group lines together, and in par- 
ticular, did indicate to us the growth and decay of 
the long-lived descendents in the decay chains. Figures 
4 and 5 show some typical curves. 

The accurate determination of intensities of con- 
version lines in a constant-field photographic recording 
instrument is difficult when considering lines corre- 
sponding to considerably different radii of curvature. 
This is due to the fact that the shape of the image is a 
function of the distance of the line along the focal 
plane, as well as of the source characteristics, scattering 
effects, and detector efficiency effects. We have taken 
the intensity of a line (T> 50 kev) as equal to the peak 
height, corrected by a p~' factor (where p is the radius 
of curvature), and used the sensitivity function for 
no-screen film as determined experimentally.® 
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Fic. 5. Typical decay curves of electron lines resulting from 
activities produced by 85-Mev protons. 


*R. A. Dudley, Notes for Oak Ridge Autoradiography Course, 
1951 (unpublished) ; L. Cranberg and J. Halpern, Rev. Sci. Instr. 
20, 641 (1949); J. W. Mihelich (unpublished). 
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For electron lines of 77<50 kev, we have corrected 
our intensity data against the intensity data of Huber, 
Joly, Scherrer, and Verster, for Hg*".” Admittedly, a 
more complicated correction could be applied, but 
since the lines are very sharp because of the effective 
zero thickness of source, it was felt that this procedure 
would not give intensities too far from the correct ones. 
We must attach considerable uncertainty to electron 
lines of energy <60 kev. For lines of higher energy, the 
data are much better. For any conversion lines which 
are reasonably close in energy, our values of relative 
intensity should be most reliable. Densities above 1.0 
were not considered, and at the other extreme only lines 
which were 3 or 4 times the background photometric 
fluctuation were seriously measured. 

Intensities of all prompt lines are given relative to 
the sum of the L-line intensities for a 61.2-kev transition 
in Au", The intensities of daughter activity lines (Pt 
or Ir) which grow in are not normalized, but are con- 
sistent for lines arising from the same activity. 

It was noticed when using a counter spectrometer 
that the counting background increased with time, 


Taste I. Electron lines associated with A=195. Intensity 
integrated over 100 minutes, starting 20 minutes after a 40-minute 
evaporation of a 1-hr target. 








Intensity 
T(kev) (arb. units) 


22.09 300 38 hr Hg 
22.62 70 Hg 
33.17 120 Hg 
36.05 50 Hg 
39.40 30 
42.83 115 
44.79 115 
53.35 50 
53.77 
55.87 

107.7 

108.4 

110.3 

119.1 

119.8 

181.9 

247.2 


Assignment 


36.93—Ly 
36.83—Ly 
36.73—My 
36.85—N 
122.5 —K 
56.56—Li1 
56.71—Lin 


Half-life 





122.6 —Ly 
122.6 —Lin 
122.7 —M, 
122.7 —Min 
261.7 —K 
261.6 —Ly 


61.20—Ly 
61.22—Ly 
61.17—Lin 
61.32—M; 
61.30—My 
61.12—Min 


46.85 38+9 hr. 
47.49 
49,25 
57.90 
58.15 
58.38 
60.49 
99.16 


, K/L=4.2 
165.4 


179.8 —Ly 


30.84—Ly 
98.77—K 


16.97 M1 
20.40 
27.47 
30.10 
85.05 
85.63 
87.40 
95.60 
96.20 
98.07 


98.95—Lin 
98.89—My, 
98.83—Min 
98.78—N 
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Fic. 6. Decay scheme of Hg’. 


indicating evaporation of the Hg from the source. We 
do not think that any such effect has materially affected 
our data. No fogging of the films was in evidence, and 
decay rates for electron lines arising from the same 
transition were consistent with each other. 

The assignment of multipole orders was made in some 
cases by K/L ratios, and in other cases, by L-conversion 
ratios. Considerable empirical data are available to 
supplement the theoretical data on Z-shell conversion 
of Gellman, Griffith, and Stanley.® In particular, M1, 
E2, M1+ £2 mixtures, and M4 multipole conversion 
in the Z subshells is fairly well understood. These L 
conversion data, along with other data, enabled us to 
assign these multipoles with considerable confidence. 
For LZ conversion of E3 transitions less empirical evi- 
dence is available than for other multipole orders. 
However, the £3 (130 kev) in Au’ ¢ is well established 
and is converted in the Zy;-Zy1 shells. One also may 
draw analogies between various isotopes of the same 
element. It should be emphasized that in most cases 
we do not have any positive measure of multipolarities, 
such as K-conversion coefficients," but for these low- 
energy transitions, Z conversion is probably the easiest 
criterion to employ. Undoubtedly, future work, em- 
ploying photon and electron counting techniques will be 
necessary to verify the decay scheme of each isotope. 

Unless otherwise stated, our level assignments are 
those predicted on the strong spin-orbit coupling single- 
particle shell model.” 

RESULTS 


A=195 


With a proton irradiation at 19 Mev, no (p,3m) reac- 
tion was observed, while at 25 Mev, a very good yield 
was obtained. Figure 1 shows a “‘25-Mev spectrum” and 
Table I lists our conversion electron data. 

It will be recalled that Hg’ decays via an M4 
isomeric transition as well as by a 3 percent K-capture 
branch to Au!®’™ (7.4 sec). Figure 6 shows the presently 
accepted decay scheme.‘ All levels are those predicted 
on the single particle shell model. When the number of 
neutrons is decreased by two (A=195), the levels are 

* Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 

J. W. Mihelich, Phys. Rev. 87, 646 (1952). 

4 Rose, Goertzel, Harr, Spinrad, and Strong, Phys. Rev. 83, 


79 (1951). 
2M. G. Mayer, Phys. Rev. 78, 16, 22 (1950); Haxel, Jensen, 


and Suess, Z. Physik 128, 301 (1950). 
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Fic. 7. Decay scheme of Hg’, 


quite analogous to those for A= 197, except that there 
are definite changes in the level spacings. 

Huber, Joly, Scherrer, and Verster’ have studied the 
decay of Hg", produced by 25-Mev deuterons on 
Au.” They have determined the lifetimes of the two 
levels'*~* in Hg and the 30-sec half-life of Au". They 
have observed all the main y-ray transitions in Hg and 
Au, have measured the coincidence spectrum and have 
determined the intensities of all the electron lines. Our 
results are in accord with theirs; however, we have 
examined the electron spectrum with a higher resolution 
instrument. 

Figure 7 shows the level scheme for A=195. The 
levels of a given element are drawn to approximate 
scale, but the energy differences between isobars are 
unknown. 

In agreement with Huber ef al., we find that Hg" 
(38 hr) decays via a 122-kev M4 (K/L=0.2; Lin /L1=2) 
followed by a 36.8-kev M1 transition. The 36.8-kev 
transition converts mainly in the Z; and My, shells 
(Li: Liz: Linr= 1:0.23:~0) and should undoubtedly be 
an M1. It is worth noting here that the appearance of 
the M1 second step in Hg ™ indicates that the ground 
state of Hg™ is now a py, level, (it is p, in Hg’) and 
that the p; and p, levels have crossed. The 9.5-hr 
ground state of Hg'® decays via K capture, followed by 
a 179-kev y ray, (probably M1) analogous to the 191- 
kev y ray in Au’, and an intense 61.2-kev (M1+E2) 
transition. The 61.2-kev transition has an L-conversion 
ratio of 1.2:1.1:1.0. By reference to interpolated values 
of Gellman, Griffith, and Stanley,® one may deduce that 
the mixture is very approximately 5 parts magnetic 

3 We are indebted to Dr. O. Huber for his private communica- 
tion to one of us (A. de-S.) regarding their recent results. 

on W. Fink and E. O. Wiig, J. Am. Chem. Soc. 74, 2457 
a Douglas, Foster, and Thompson [private communication to 
Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
469 (1953). ] 

16 J. H. Moon and A. L. Thompson, Phys. Rev. $3, 892 (1951) 


and private communication to Hollander, Perlman, and Seaborg, 
Revs. Modern Phys. 25, 469 (1953). 
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y ray to 1 part electric y rays or 1 part magnetic transi- 
tions (V.+N,) to 2 parts electric transitions. This 
transition is analogous to the 77.4-kev y ray in Au”’™,* 
The branching ratio of K capture to the 240- and 61.2- 
kev levels is ~5 percent, assuming that the 179-kev 
y ray is M1 and assuming a total conversion coefficient 
of 20 for the 61.2-kev transition. 

The isomeric level of Hg’ decays of K-capture to 
Au" (30 sec)? Au" decays via 56.5-kev (Lu1/Zin1= 1) 
and 262-kev transitions (K/ZL=5.4) which are in 
cascade.’ By comparing intensities of the 122-kev M4 
(assumed to be totally converted) and the 262-kev 
(taken as M1 with 6,'=0.52), we find that the branch- 
ing is 52 percent K capture. 

All indicated nuclear levels are those predicted by 
the single-particle model, including the dy ground state 
of Au, 

We should like to amplify the reasons for multipole 
order assignments in Au. Table IT lists the conversion 
ratios for these transitions. The 56.5-kev transition may 
be concluded to be E3 by several lines of reasoning. The 
30-second half-life and the Ly;/Zi1 ratio are consistent 
with £3. In addition, the 9.5-hr K capture in Hg” is 
probably first forbidden since it involves the changing 
of a neutron in one shell into a proton in a neighboring 
shell. It is then likely that the 38-hr K capture is also 
first forbidden and since the two levels in Hg have 
opposite parities, so should the isomeric and ground 
levels of Au. Since the second transition in the Au 
decay is (AJ=1, no), the isomeric transition must 
involve a change in parity. It is clearly an electric type 
transition and because of the absence of Z; only E3 is 
compatible with the other data. 

Since the A = 195 activity is present in all irradiations 
from 25 Mev to 105 Mev, it was decided to use the 
122—Li1 conversion line as a reference for plotting 
decay rates of conversion lines, and the sum of the L 
lines of the 61.2-kev transition as the standard against 
which to compare excitation functions. Hence, our 
values for lifetime of electron lines is based on the 
measured half-life (38 hr) of the Hg'™ level,’ and all 


TABLE II. Transitions in A = 195. 








Relative conversion 
jients 


Multipole 


Transition order 


122.6 (Hg) 





M4 K/L=0.2 


L1/Ln/ Lm = 1.0:0.2:2.0 
L/M=2 


L/L / Li = 1:0.2: — 
In/Lin=1 
Mu/Min=1 

L/M=1.6 

K/I;=5.5 

L; conversion 

DLy/ D/L = 1.2:1.1:1.0 
K/L>4 


36.9 (Hg) M1 
56.5 (Au) E3 


261.6 (Au) M1 


61.2 (Au) M1+E2 
179.8 (Au) M1 
K/L>4 


98.8 (Pt) M1 2 
Ly/Ly/Lur=7:1:0.3 
30.8 (Pt) M1 L/M=3 
Ly conversion 
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excitation functions are relative to that for Hg. At 
first glance, this would seem to be an unsatisfactory 
method to obtain excitation functions since the intensity 


of the 61.2-kev y ray at a given time will depend on the 


Taste III. Electron lines associated with A193. Intensity 
integrated over 2-hr exposure started 15 minutes after 30-minute 
evaporation of a source irradiated 14 hours. 








Intensity 
(arb. Half- 
units) life 


144 12 hr 
220 


Remarks 


£3 in Au’ 


Energy Assignment 


18,21 
19.96 
24.33 





39.17—Ly Composite 
with Au 
37.9—Ly 
M1 in Mg 
28.74 
29.18 
29.62 
31.40 
35.63 
86.39 
87.00 
88.95 
137.4 
477.2 
204.3 
206.1 
210.1 
243.4 


31.89—My 
31.92—Min 
31.91—Miy 
32.04—Ni 
39.19-—M;, 
191.2 —l; 
101.2 —Ly 
101.2 —Lin 
218.1 —K 
257.9 —K 
218.0 —Ly 
218.0 —Lin 
290.8 —K 
257.8 —Lly 
257.8 
257.8 
258.3 
258.5 

Au 342.1 

Au 341.8 


M4 in Hg" 


M1 (?) 
M1 


M4 crossover 


254.9 
257.7 
261.4 
327.4 


12 +6 hour composite half-life (following Hg) 
Intensity Assignment 


Au 37.94—L; 


37. 91—Ly 
37.89—Lin 
37,.95—My 
37.86—My 
Au 37.88—Minr 
Au 186.7 —K 
Au 186.6 —L, 


Remarks 


M1+£2 in 
Au 


Energy 
23.59 


24,18 
25.97 
34.54 
34.71 
35.14 
106.0 
172.2 





M1 (?) 
Composite 
with Pt 
186.2—L; 
(80 percent) 


(Grow with 12 +6 hr and decay with ~20 hr.) 


Complex y-ray spectrum in Pt™. 
Energies: 112.4, 173.5, and 186.2 kev. 


Additional other y rays™ seen in Au™ produced by Pt +d. 
Half-life of several days* 


121.86 7 {Pt 135.73—Ly 
124.27 20 Pt 135.82—Liu1 
on fAu 136.2 —L; 
\Au 136.2 —Lin 


1045 


M4 in Pt 
or Au 


Unassigned lines 
Half 


Energy Intensity life 


138.6 7 
301.2 10 
302.0 12 
313.7 5 
265.0 4 
382.0 8 














* Intensities are not normalized. 
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isomeric ratio, which of course is a function of the 
proton energy. However, intensities were taken from 
the first film of each series, and since the 9.5-hr activity 
is the predominant one for a fresh source, we are 
effectively drawing an excitation curve relative to the 
excitation function of Hg™ in the ground state. 

We observe two converted transitions in Pt, fol- 
lowing the 185-day'’ K capture of Au, Previously, 
rays of 126, 97, and 29 kev have been observed and 
multipolarities of E2, M1, and M1, respectively as- 
signed.'.!* We observed the two lower-energy transitions 
(which grow in and decay with 7,>10 days) and the 
L structure is that expected for magnetic dipoles. 

In addition, certain high-energy transitions are re- 
ported, these energies being: 206, 261, 318, and 558 kev 
in the 38-hr activity;® and 600 and 780 kev in the 
9.5-hr activity." We are unable to fit them into the 
scheme. Apparently, there is considerable energy 
available for K capture from Hg". We can say 
nothing about the existence or nonexistence of Bt. 

Apparently, very little, if any, K capture occurs from 
the ; level in Hg to the d, level in Au, although this 
would be only first forbidden. A conservative upper 
limit of any 9.5-hr component in the 262-kev 7 transi- 
tion in Au in 10 percent. Also, the K capture to the 
240-kev dy level, also first forbidden, is quite weak 
compared to that going to the 61.2-kev s, level. 

It was hoped that some conclusion could be drawn 
regarding the isomerit ratio (i.e., the ratio of the pro- 
duction of metastable and ground-state activities) as a 
function of energy. However, our exposures of spectro- 
grams was made in such a way as to obtain adequate 
blackening of the film for the activities under investiga- 
tion. A more consistent schedule of irradiation, source 
preparation, and exposure time would have to be fol- 
lowed to obtain data on the behavior of the isomeric 
ratio. Qualitatively, the isomeric ratio for the Hg" 
does not change greatly as the proton energy is increased 
from 25 Mev to 65 Mev. As the proton energy is in- 
creased, there appears to be a slight reduction in the 
ratio of production of metastable to ground state, a 
point which is somewhat surprising. 


A=193 


As one increases the energy of the proton beam above 
25 Mev, no new activity definitely ascribable to Hg is 
observed until the threshold for (p,5) is reached at an 
energy slightly below 35 Mev. We shall remark later 
upon a possible (p,47) reaction. The Weizsacker mass 
formula predicts very little energy (less than 80 kev) 
for the decay of Hg™ to Au™ and hence, this decay 
would have a long half-life. It is worth noting that a 
good yield of Au(p,6n)Hg™ is achieved at the expected 
proton energy of ~50 Mev. Moon and Thompson'* 
have noted no Hg™ daughter activities when Au is 
irradiated with protons of the proper energy. 


17G. Wilkinson, Phys. Rev. 75, 1019 (1949). 
18 Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 
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Half-lives of 10 hr,!* 14.5, and 29.0 hr“ have been 
reported for Hg. Au has published lifetimes of 15.8 
hr.*!7 Several y-ray transitions are reported,“ some 
of which we believe are assigned to the incorrect mass 
number. 

Figure 1 shows a spectrum obtained at 35 Mev. The 
number of electron lines per interval of film is quite 
high in the region under 50 kev. We find that the levels 
present in the two higher odd-A nuclei are present in 
A=193. Our results for this mass are shown in Tables 
III and IV and Fig. 8. 

As we decrease the number of neutrons in these Hg 
isomers, the K capture/I.T. (I.T.=isomeric transition) 
ratio increases sharply. The i13/2—/s/2—> 3/2 transitions in 
Hg are 101.2 kev M4(L;/Lin=0.36) and 39.2 kev M1 
(L; conversion) which decay with a 12-hr half-life. The 
K-capture of Hg" (~84 percent) is followed by a 
31.9-kev E3 (Ly/Lin=0.65) and 258.7-kev M1, 
(K/L=5.3) with the 290.6-kev M4 crossover (<3 
percent). All three transitions decay with a 12-hr half- 
life and have the same excitation function (see in Figs. 3 
and 4). We have no definite evidence for the multi- 


TABLE IV. Transitions in A= 193. 








Relative conversion 
coefficients 


Ly: Ly = 0.27 

Lu: Lin =0.65 

In: Ly: Lin =3:8.5:4 
L:M=5.3 

K:L=54 

Ly: Lu =0.35 


Multipole order 
M4 
E3 
M1+£2 


M1 
M4 


Transition 


101.2 (Hg) 
31.9 (Au) 
37.9 (Au) 


257.9 (Au) 
135.8 mn or 
136.2 (Au) 








polarity of the 31.9-kev transition, except that it is 
electric radiation rather than magnetic. However, shell 
model prediction and analogy with Au" and Au'®7™ 
make the assignment not unreasonable. 

Here again, the ground state of Hg™ is most likely a 
py level. This level appears to decay to a level in Au(s;) 
which emits a y ray of 37.9 kev. On the basis of the LZ 
conversion ratio this y ray is probably an M1+M2 
mixture, although one is unabie to compute the mixing 
ratio due to the lack of conversion coefficients for transi- 
tions of such a low energy. The decay curve of this 
transition may be decomposed into two components of 
12-hr and 6-hr half-lives (Fig. 4). In addition, two 
electron lines of 105.9 and 39.24 kev are observed. It is 
most reasonable to assign the 105.9-kev line as the K 
of a 186.5-kev transition in Au, although no Z line is 
seen, which is surprising since the “K” electron line is 
fairly intense. It may be the d,s, transition. The 
weak and composite 39.24-kev line is not assigned. 

Three conversion lines of 12-hr half-life may fit the 
assignment K, Ly, Ly in Au for a y ray of 218.1 kev. 
K/L and L ratio considerations indicate a possible 
multipolarity of Z2, which would be the type transition 
expected between the dy and s; levels. However, this 
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Fic. 8. Decay scheme of Hg’. 


energy should be 219.8 kev. A similar situation arose in 
the case of Au’, where a possible transition between 
the dy and s; levels was observed, but which had an 
energy slightly less than that required. 

An unsuccessful attempt was made to measure the 
half-life of Au", by use of a Ge'ger tube se cup. Since 
the 56.6-kev E3 in Au lives for 30 sec, it would 
appear that this transition of considerably lower energy 
(31.9 kev) should have an appreciable half-life. How 
much this transition is speeded up by internal conver- 
sion is difficult to say. An upper limit of the branching 
via the M4 cross-over transition, made by comparing 
the intensity of electron lines from the M4 (101 kev) 
and the M1 (259 kev) transitions is ~3 percent. 

The half-life of the ground state of Au™ is generally 
agreed in the literature to be 15 hr.” We observe several 
electron lines which grow in and then decay with a 
half-life very crudely estimated as 20 hr. These lines 
also survive the HNO; wash and are almost undoubtedly 
in Pt'*, These correspond to y-ray transitions of the 
following energies: 112.4, 173.5, and 186.2 kev (see 
Table III). The Canadian workers'*-'* report a half-life 
for Au’ of 15.8 hr and observe the following y-ray 
energies: 15, 60, 84, 93, 109, 165, 177, and 235 kev. 

In addition, two weak but interesting electron lines 
are observed to grow in and decay with a half-life of 
several days. The energies are 121.9 and 124.3 kev with 
a relative intensity ratio of 7:20. Swan, Portnoy, and 
Hill™ have assigned a 134.9-kev M4 transition to Pt'™™ 
on the basis of Pt+-y and Ir+d reactions. Our electron 
lines could correspond very nicely to the Z; and Jy 
lines (energy and intensity-wise) they observe. How- 
ever, in a later experiment,” Pt was irradiated with 
22-Mev deuterons in the Brookhaven 60-inch cyclotron 
and the Au fraction chemically separated. Two lines 
which appear to be identical with those observed in our 

” Way, Fano, Scott, and Thew, Nuclear Data, National Bureau 
of Standards Circular No. 499 (U. S. Government Printing Office, 
Washington, D. C., 1950). 


*” Swan, Portnoy, and Hill, Phys. Rev. 90, 257 (1953). 
"J. W. Mihelich and K. Gopalakrishnan (to be published). 
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Taste V. Electron lines associated with A=192. Intensities 
integrated over 45-min exposure started 15 min after 30-min 
evaporation of a 1-hr irradiated source. 








Remarks 


M1 


Assignment 


Au 31.30—Ly 


Energy Intensity " 





16.95 6 hr 
17.57 
19.49 
27.92 
28.41 


31.34—M, 
31.4 —Mu- 
Min 
31.45—N 
31.41—O 
114.3 —K 
38 142.3 —K 
65.26 43 146.0 —K 
76.68 185 157.4 —K 
100.2 16 114.6 —ly 
127.9 13 142.3 —l, 
131.5 9 145.9 —Ly 
134.0 weak 145.9 —Li 
142.8 55 157.2 —li 
153.7 13 157.2 —Mr 
194.3 50 275.0 —K 


Intensity % Assignment 


Grow+7-hr 
decay 
Grow+-7-hr 
decay 
Grow+7-hr 
decay 
Grow+7-hr 
decay 
Grow+-7-hr 
decay 
Grow+7-hr 


decay 


30.69 
31.3 
33.6 
61.57 


K/L5 M1 


K/L 3.5 M1 


Energy Remarks 


217.4 20 





Pt 295.8—K oe 


238.2 40 
Pt 316.6—K 

Pt 296.4—Ly 
Pt 295.8—Lin 
Pt 317.0—Ly 


Pt 317.0—Lin 


Composite 
283.1 


284.3 
303.7 
305.5 
Unassigned lines 


weak 
weak 
6 

10 

20 

16 

6 

20 

23 

12 








Hg source (produced by 65-Mev protons) are detected. 
It then seems unlikely that our transition (if, indeed, 
our lines are 1; and Ly; electrons) is the same as that 
reported by Swan ef al., since it is difficult to see how 
the isomeric Pt level could be fed by the Au™ ground 
state. A possible assignment is that of Z; and Ly lines 
of an M4 transition in Au™, since the energy separation 
of the lines is not well enough ascertained to make a 
definite elemental assignment and the X conversion line 
is too weak to see. This would be consistent with the 
activation data. If this is a valid assignment, then the 
upper level of Au™ has a low spin (since it is fed by 
K capture of even-even Hg™ which is presumed to 
have spin zero) and the ground state (39 hr) of Au™ 
should have a high spin. This is not unreasonable since 
no K capture from this level to the low-lying levels of 
spin 0 and 2+ in Pt™ is reported. However, these con- 
clusions are tentative. But, it would be interesting if 
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the addition of one proton to Pt'™ (forming Au™) 
should give rise to levels also leading to an M4 transition 
of almost identical energy. 

In the Au fraction of the Pt+d source, a complex 
y-ray spectrum attributed to Pt™, following K capture 
of Au™, is observed via conversion electrons. Some of 
these transitions were observed in the Hg™ source. All 
that we wish to point out at this time are the following 
energy sums and the fact that all indicated transitions 
are observed : 


117.9+-114.0= 119.44 112.4= 231.9 kev; 
186.2+ 256.0= 173.5+-268.7 = 442.2 kev. 


A=192 


Hg™ is reported to decay by K capture and/or Bt 
emission with a half-life of 5.7 hr'® or 8.4" hr. No infor- 
mation regarding low-energy transitions was available. 

In our experiment, at a proton energy of 45 Mev, a 
new set of conversion lines appeared. See Fig. 1. The 
excitation function for these lines is shown in Fig. 3, 
and they appear to be due to the (p,6m) reaction. Many 
of the lines have measured half-lives of between 5 and 
7 hours, and presumably have the same parent. We 
assign these to Au, following a 6-hr Hg K capture. At 
least five transitions in Au are observed. The electron 
data are listed in Table V and the transitions in Table 
VI. Figure 9 shows an incomplete decay scheme. 

It is interesting to note that the 145.9-kev transition 
(K/L=5) may well be the crossover associated with 
the 114.5- and 31.4-kev transitions in cascade. In this 
case, the intense 31.4-kev transition would have to be 
fed by another intense y ray, presumably the 157.4-kev 
transition, or by a K-capture branch. The ground state 
state of Au’ then decays via K capture or @* emission 
to levels in Pt'. The reported half-lives are 5.0, 4.7, 
and 4.1 hr.!*:!7,2 

We observe electron lines, attributed to Pt, which 
grow in and then decay with a half-life we roughly 
measure as 7 hr. Two sets of electron lines fit very nicely 
the assignment of K, Ly, and Ly conversion of 295.8- 
kev and 316.8-kev vy transitions in Pt. Muller ef al.” 
report energies of 295.9 and 316.5 kev for photons ob- 
served in the 8~ decay of Ir. It may be noted that 


TaBLe VI. Transitions in A = 192. 








Relative conversion 


Multipole order coefficients 


M1 (E1 ?) 
Mi 


Transition 


31.3 (Au) 
114.3 (Au) 
142.3 (Au) 
146.0 (Au) 
157.4 (Au) 





Dy: Dun: Lor =4.7:1:1 
K/L=5 


K/L=3 
K/L=5 
K/L=3.5 


p 
M1 
M1 (?) 








2A. L. Thompson [private communication to Hollander, 
Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953) ]. 
8 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
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these two transitions are the two most intense transi- 
tions observed as y rays by Muller ef al. with their 
crystal spectrometer, and by internal conversion by 
Cork ef al.* The 308.5-kev transition which is very 
intense in Muller’s spectrum and also Cork’s internal 
conversion spectrum is not observed in the E.C. of 
Au™, In addition, in our spectrum, the 316.8-kev transi- 
tion is ~twice as intense as the 295.8. Both are E2 
transitions as indicated by their K/Z- and L-conversion 
ratios. Hence, it seems reasonable that the first excited 
state of Pt! is at 316.8 kev, and since the crossover of 
612 kev is observed, that the spins in the first three 
levels of this nucleus are 0, 2+, 2+. 

The odd-odd Au™ nucleus is bracketed on both sides 
by even-even nuclei, which we may assume to have 0+ 
ground states. Since the ground state of Au decays to 
both the first and second excited states of Pt'®, its spin 
is most probably 1—, 2—, or 3—. Any of these is con- 
sistent with Nordheim’s rule*® assuming a d; proton 
and a ; neutron. 

There are a number of iines which cannot be assigned 
to specific transitions. 

A=191 


Moon and Thompson“ have assigned a 12.4-hr 
electron capture activity to Hg. They produced Hg 
by the Au(p,7m) reaction and report an abundant 
yield at 70-80 Mev, with a threshold about 10 Mev 
lower. 

In our experiment, at a proton energy of between 55 
and 65 Mev, a set of lines decaying with a half-life of 
5745 min was observed. The excitation curve peaked 
at 70 Mev. See Figs. 1, 2, 3, and 5. The half-life is based 
on a series of 45-min exposures started 45 min after 
completion of a 1 hour irradiation. Several conversion 
lines fit nicely the assignment of conversion lines of a 
252.6-kev ray in Au and one line fits the assignment 
274.1—K in Au. A set of weak lines are observed which 
are probably Auger lines, although the possibility of a 
13.9-kev y ray in Au cannot be entirely excluded. The 
data are presented in Table VII. It is likely that the 
252.8-kev y ray is the dy—d, transition in Au™, 
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% Cork, LeBlanc, Stoddard, Childs, Branyan, and Martin, 


Phys. Rev. 82, 258 (1952). 
% 1, W. Nordheim, Revs. Modern Phys. 23, 325 (1951). 


TABLE VII. Electron lines associated with A = 191. 








57-minute half-life (intensity integrated over a 45-minute exposure started 
15 min after 30-min evaporation of a 1-hr irradiated source). 


Energy Intensity Assignment Remarks 


10.8 = 30 
11.1 = 20 
13.3 = 20 
171.9 270 





Possible Au 


Auger 
13.9—Mn, Min, Nu 


Auger 

Auger 

Au 252.6-—K Composite with 
Pt! 185.5—L 
Au 186,6—Li 
274.1—K 
252.7—Ly 


252.7—Lu 
252.7—Lin 
252.8—My, 


193.4 115 
238.3 66 Composite with 

Pt'™ 316—K 
239.0 weak 
240.8 weak 


249.3 15 





Longer lived lines (intensity integrated during 45’ starting 1$ hr after end 
of irradiation). 


Energy Intensity % Assignment 


34.95 1-hr growth (?) Pt47.8—Ly Composite with 
+4hr decay 37.9—M 


A=193 
48.0—Lin 
47.8—My Composite with 
Au 


Remarks 





36.80 
44.80 


1-hr growth 

+4hr decay Pt 129.9 
91.0—Liy 
91.0—Lin 
158.7—K 


51.56 


77.72 
79.47 
80.34 
88.03 
116.3 
116.8 
88.03 


Composite 


30.1—Ly 


1 
~3-hr half- Au 168.7—K ? not in A= 192 


life no 
growth 





3-day half-life after growth of 4 hr. 
Intensity* Assignment 


45+ 20 Ir 96.51—K 


Energy Remarks 


"20.40 





Composite with 
98.6—K Pt! 
and Au™ 32.2—Lin 

129.4—K 

82.46—L) 

82.49—Ly 

82.43—Lin 

82.49—My 


53.25 
69.05 
69.67 
71.22 
79.59 
80.00 
82.00 
83.13 
83.63 


85.00 Very close to Pt" 


98.6—Ly 
129.5—Ly M1+£2 
129.4—Liy 


129.4—Lin 


Unassigned lines 


116.0 
116.6 
118,2 


na NNO WM~100¢ 


18.6 56 3 hr 
27.02 
69.00 
116.1 
199.4 10 
205.4 


251.1 20 


55 min 


Composite with Au 
21 0O—Lin 








* Not normalized. 


The only activity we can definitely assign to Hg™ 
is that of 57 minutes. Other 57-minute lines are ob- 
served, as shown in Table VII. 





GILLON, GOPALAKRISHNAN, 


253 
Y «2747, 1667 


Fic. 10. Partial decay scheme for A= 191. Note added in proof. 
—A drafting error is present in this figure. Obviously, the 171- 
and 267-kev transitions do not originate from the same level as 
the 537- and 408-kev transitions. 


Certain lines which grow appear to be in Pt. These 
correspond to transitions of 130.0 kev (M1+E2 prob- 
ably) and 91.0 kev (probably an electric transition) and 
158.7 kev (M1). These lines decay with a half-life of 
~4 hr, and are gone in a few hours. Previously reported 
half-lives are 18 hr and 1 day, which we believe are in 
error. Moon and Thompson" reported converted y rays 
of 0.053, 0.064, 0.111, 0.123, 0.666, 0.250, and 0.405 
Mev. 

Eventually, Ir™ transitions grow in and decay with 
a half-life of ~3 days, following the decay of Pt. The 
appearance of these transitions was the criterion for 
deciding when we had produced the (p,7m) reaction in 
Au. We observe transitions of 82.5, 96.5, and 129.4 kev; 
these are presumed to be identical to the ones observed 
by.Swan, Portnoy, and Hill” in the decay of Pt’. In 
Fig. 10 we show a tentative decay scheme for A= 191. 
The arrangement of levels in Ir™ is that suggested by 
Swan e al.™ 

We should like to amplify our argument concerning 
the threshold for (p,7m) and the half-life (~1 hr) of 
Hg™. In all irradiations for which E,>35 Mev, no new 
activity (which is not a daughter activity) of half-life 


TaBie VIII. Electron lines associated with A=190 or 189. 
Intensity integrated over a 15-minute exposure started 8 minutes 
after an 8-minute evaporation of a 20-minute irradiation source. 








Assignment Remarks 


28.6—Ly 
28.6—Lir 
28.6—Lin 
28.6—M, 
28.7-—N; 


Au 142.4--K 


Energy Intensity or 


14.22 
14.90 
16.71 
25.19 
27.92 
48.76 
61.66 
63.41 


73.84 
84.57 





25 min 


? 
Composite with 
pugenine 











DE-SHALIT, AND MIHELICH 

greater than 8 hours is observed. Furthermore, the 
assignment of the 82.5-kev y ray to Ir as done by 
Swan, etc. is quite convincing. Hence, once we have 
observed this transition in a decay chain, we can be 
certain we have produced Hg™. 

To verify that the Ir activity is indeed fed by a 
short-lived Hg, evaporation of the radioactive Hg 
(produced by a 65-Mev irradiation) was done at a 
time shortly after irradiation, 4 hours after irradiation, 
and 10 hours after irradiation. In the first case, the Ir 
Trays appeared strongly, in the second, only weakly, 
and in the 10-hr case, not at all. Therefore, we feel 
that there is no Hg" level which lives for several hours. 


As191 


At a proton energy 265 Mev, other electron lines 
appear. We can make no definite mass assignments for 
them. 

We observe one electron line (threshold ~65 Mev) 
with a decay rate corresponding to a half-life of 90 
minutes. We are unable to assign the mass number for 
this activity. Thompson” reports a 90-min activity for 
Hg™. The intensity of our line is too small to plot an 
adequate excitation curve which might have given a 
mass assignment. It may be that this follows the 
ground-state decay of Hg", since it is produced at a 
proton energy of 65 Mev. 

In addition an electron line of 88.02 kev and good 
intensity has a 3- or 4-hr half-life from the beginning 
of the exposure series; i.e., there is no growth. It defi- 
nitely cannot be in the decay chain of A= 192. If it is 
in the A=191 chain, it is possibly a 168.7—K in Au 
following electron capture from an isomeric level of 
Hg", 

We observe an activity of 25+10 minutes, which is 
produced by protons of energy greater than 65 Mev. 
Therefore, the mass number is <191. On the basis of 
our evidence, we are not able to make a definite mass 
assignment. Thompson” reports a 30-minute activity 
in Hg'®. 

Figure 4 shows the decay curve for the electron lines 
and Table VIII lists the conversion line data. The only 
definite y-ray transition is a quite intense 28.6-kev 
transition whose multipolarity is M1+ £2 or E1. Other 
short-lived conversion lines are observed. 


SUMMARY 


The results reported here are not complete or final. 
What we have attempted to do is to systematically 
catalog activities belonging to the various masses and 
elements. In most cases we have determined the half- 
lives, energies, multipolarities, and electron intensity 
data for the internally converted y-ray transitions. The 
mass-number assignments are made from the excitation- 
function data, supplemented by the measured half-lives. 
The elemental assignments are made largely from con- 
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sideration of the energy separation of conversion elec- 
tron lines, after the lines are assigned to the same 
activity from decay rate and excitation curve data. 

More definitive experiments are needed, studying 
each activity separately and in more detail, particularly 
for the activities belonging to nuclei of mass less than 
193, 

We are indebted to many people for their generous 
help in this problem. In particular, we wish to thank 
W. F. Goodell and the operating crew of the Nevis 
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cyclotron who made the bombardments for the early 
stages of this work; E. P. Tomlinson who made his 
high-resolution variable-field spectrometer available to 
us; W. M. Preston and the crew of the Harvard cyclo- 
tron for their hospitality and help in carrying out most 
of the bombardments; the crew of the Brookhaven 
60-inch cyclotron for their irradiation of Pt for some 
subsidiary experiments; M. Slavin of Brookhaven for 
his help in running some of the photometry measure- 
ments; and M. Goldhaber for helpful discussions. 
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An attempt is made to determine any systematic behavior of nuclear energy levels in a number of heavy 
eleraents, as the number of protons (for a fixed neutron number) or neutrons (for a fixed proton number) is 
changed. Certain regularities in the movement of levels are pointed out and discussed. The occurrence of 
“pure” M1 and mixed M1-+-£2 transitions (in odd-A nuclei) as related to the type of odd particle and the 
change in orbital angular momentum is summarized. Empirical evidence for L subshell conversion regu- 
larities for M4 and £3 multipole orders is given. An extension of this work is suggested. 


I, THE DECAY SCHEMES AND LEVEL MOVEMENTS 


HE recent studies of new isotopes of Hg and their 
daughter activities'* make it possible to look 
for regularities of level movements in this region of the 
periodic table. Certain regularities in the Te-Xe-Ba 
region have been pointed out by Goldhaber and Hill.‘ 
We should first remark on the validity of the spin 
assignments in the previous article.’ Experimentally 
only the multipolarity of the radiations have been 
determined and, in principle, one must have a direct 
measurement of the spin of at least one state of a 
nucleus in order to be able to give the spins of the other 
levels. Since the intensity measurements are not very 
precise and since no coincidence measurements were 
done for most of the isotopes, we do not have a good 
knowledge of the branching ratios of the K captures 
and, therefore, it is hard to deduce the spins uniquely 
from the directly measured spin of the last stable 
isotope in the relatively long chains which have been 
investigated. We, therefore, have to make use of some 
general arguments of. similarity and of more or less 
well-established regularities, such as the assignments 


Commission. 


* Work supported by the U. S. Atomic Ener, 
ern Phys. 25, 469 


( a a Foster, and Thompson, Revs. M 
1953). 

2 J. H. Moon and A. L. —— Phys. Rev. 83, 892 (1951). 

3Gillon, Gopalakrishnan, de-Shalit, and Mihelich, preceding 
paper [Phys. Rev. 93, 124 (1953) ]. 

4M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 


t13/x—fs2 to the M4 transitions for odd-neutron nuclei 
near the end of the 126 shell. This, of course, is not the 
rigorous way of treating the experimental data which 
are supposed to prove the similarity in decay schemes, 
Strictly speaking, our discussion shows only the internal 
consistency of the regularities mentioned, suggesting 
that we are not too far from the truth. 

The similarity in the decay schemes of the Au and Hg 
isotopes studied is outstanding (see the previous article). 
It is best seen when plotting the relative separation of 
pairs of levels 7; and j2 as a function of N or Z. We see 
(Fig. 1) that the separation of the odd neutron states 
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Fic. 1. Separation of i13/2 and f/2 levels as a function 
of neutron number for Hg and Pt. 
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Fic. 2. Separation of hy1/2 and d3y2 levels as a function of proton 
number, with the neutron number fixed at 77 or 79. 


feo and 41/2 increases as the number of neutrons is in- 
creased and that the increase is quite steep near the 
end of the shell. This behavior is completely analogous 
to the behavior of the /y:;2—d3;2 neutron states near 


the end of the 82 shell.‘ The simiiarity is more striking © 


in that an addition of two protons (going from Pt 
to Hg) increases the separation of the 413;2—fs/2 odd- 
neutron states in the same manner as the addition of 
two protons (change from Te to Xe to Ba) increases 
the separation of the /4:;2—d3/2 neutron states (Fig. 2). 
The last effect has its complete analog in the odd- 
proton states /41;2—ds3;2 and their relative movements 
as pairs of neutrons are added (Fig. 3). It is perhaps 
worth noting here that despite the paucity of odd- 
proton isomers between Z= 50 and Z= 82, it is not sur- 
prising that metastable /,,/2 states have appeared. For 
lower proton number, i.e., the rare earth region, the 
low-lying first excited states of the even-even core tend 
to destroy the metastability of the expected single- 
particle levels, But as the magic number 82 is ap- 
proached, the energy of the even-even first excited 
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Fic. 3. Separation of the Ai. and dys" levels in odd Au isomers 
as a function of neutron number. 
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states increase to several hundred kev so that low-lying 
single-particle isomeric levels are possible. 

The behavior of the d3/2—s12 separation for a fixed 
proton number under the addition of pairs of neutrons 
(Fig. 4) is similar to the behavior of the same separation 
for a fixed neutron number under the addition of pairs 
of protons (see Fig. 79 of reference 2). 

The interpretation of these movements always suffers 
from the lack of definite information as to whether the 
transitions studied are due to “holes” or “particles.” 
More precisely, if a transition between, say, a g7/2 state 
and a ds5,2 state is observed in a nucleus which contains 
7 particles outside the closed shell of 50, it is hard to say 
whether the configurations involved are g7j2’—ds5y2¢7/25 
(particle transition) or ds/2°g7j2—ds25gz/2? (hole transi- 
tion). Clearly a clarification of this ambiguity is essen- 
tial for an interpretation of the facts. Thus if one 
ignores the interaction between the nucleons (assuming 
that the approximate central field takes care of most 
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Fic. 4. Separation of ds;2 and ds/2 levels in odd Au isomers as a 
function of neutron number (left-hand ordinate scale) ; Separation 
of 51/2 and d3z levels for the same isotopes (right-hand ordinate 
scale). 


of it), one gets for a “particle transition”: 
AE y= E(jrm' 72") — E (jem je?) = E(j1:)— E (jo), 


and for a “hole transition” (which is always associated 
with breaking one pair and creating another) : 


AE,= E(jert472") — E(j 2"? 72") 
= —E(ji)+E(j2)= —AE,, 


where E(j*) is the energy of & nucleons in the state j, 
etc. One thus sees that, depending on whether the states 
differ by a particle or a hole, one state or the other will 
be the ground state. The introduction of an extra 
interaction between the nucleons, such as the pairing 
energy, complicates the relations somewhat, but a 
difference of essentially the same origin remains be- 
tween a hole and a particle transition. 

If in the above expressions /2 is a lower (more tightly 
bound) state than j;, then, ignoring as we did the inter- 
action between the nucleons, we can expect a move- 
ment of the levels j; and j2 relative to each other of the 
form shown in Fig. 5. The break in the line occurs at 
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the value »=m,=the maximum number of nucleons 
which one can put in the state j2. In reality “the 
state j,” is probably a mixture of the states (j:°"7,?"*") 
and (j;°"**j,2"-!) and perhaps some others. The con- 
figuration interaction which is responsible for this 
mixture will usually shift the energy levels considerably 
and it is hard to predict which will be shifted more and 
which less. From the experimental results on the move- 
ment of the 4;3/2 levels relative to the fs/2 levels or of 
hiyj2 relative to the ds;2 levels, one may conclude that 
the high-spin states (#13; and /41/2) are more affected 
by the configuration interaction than the low-spin ones 
(fsj2 and d32), which conclusion is perhaps not un- 
reasonable. 

There is another point regarding the movement of 
levels which is worth emphasizing. It is concerned with 
the movement of the spin doublets. In the Hg and the 
Pt nuclei we can follow the movement of the 3/2 and 
pie states, and in the Au we can follow the d5;2 and the 
d3/2 states. Although we do not see both the 3/2 and p12 
states in all the Hg’s and the Pt’s, Fig. 6 suggests that 
their crossing occurs rather sharply, since p/2 is the 
lowest state in Hg and Hg™. It seems to be too early 
to make any speculations about this. The d5;2—ds/2 
separation in the Au’s is remarkably constant over this 
large range (Fig. 4). This is particularly interesting in 
view of the attempt® to explain the spin-orbit inter- 
action in terms of second-order effects of tensor forces. 
A core in a non-S state should be assumed in order to 
get nonvanishing results, and one might expect that a 
change in the number of nucleons would change the 
different modes of excitation of the core, and therefore 
the spin doublet separation appreciably. 

It has been pointed out already®’ that the matrix 
elements for the M4 transitions increase as one ap- 
proaches magic numbers. A similar effect has been 
observed in §-decay matrix elements* and was inter- 
preted as due to a “purification” of the single-nucleon 
wave function as one approaches a magic number. 
Although our present results suffer from a lack of an 
accurate knowledge of the K capture branching from 
the isomeric states in the Hg’s, as do the data on Pt 
and Pb,' it is interesting to note that they too suggest 
this general trend (see Table I). 

However, one should be careful with the interpreta- 
tion of such results. The values of | M|? were obtained 
by comparing the observed half-lives (corrected for 
conversion: Ty=712(1+-ator)/In2) with those deduced 
from the Weisskopf® formula for single-nucleon transi- 
tions. If some corrections which should probably be 
applied to the Weisskopf formula turn out to be energy 
dependent, one cannot say whether the trend observed 
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Fic. 5. The theoretical relative movement of two single-particle 
levels 7; and j2 (odd-A nuclei), as nucleons are added. The break 
occurs at the number of nucleons m:=2j,+1, the maximum 
number of nucleons one can put into the state jo. 


in | M|? is due to real nuclear effects or to a continuous 
change in our standard with which we compare the 
observed half-lives, since the energies associated with 
the transitions considered also show a very regular 
trend. The existence of similar regularities in 8~ decay, 
however, supports the assertion that at least part of 
the effect in the M4 transitions is of a real nuclear 
structure origin. 
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Fic. 6, The separation of the ps2—fs/2 and p1/2—fs/2 levels as 
a function of neutron number for Pb, Hg, and Pt. 
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Taste I. The calculations for | M|* for some M4 transitions in heavy nuclei. 











E Mev 


@tot* 





1,063 
0.368 
0.165 
0,122 
0.101 
0.337 
0.129 


s2P Dias” 
solgiis!™ 
sol gir?” 
soHigiis™ 
S113" 
wPtiis” 
mPti17™ 





0.13 
8.0 
370 
2062 
6608 
10.4 
1575 





* awt ak (1+1.3L/K); the factor 1.3 is to take into account M conversion. 


Il. THE MIXING OF £2 and M1 RADIATIONS 


It has become evident that measurements of the 
relative conversion of the three L subshells is a useful 
tool for the analyzing of the multipolarity of gamma- 
ray transitions. In particular, both empirical" and 
theoretical” evidence shows that M1 and £2 transitions 
convert entirely differently in the Z subshells for heavy 
nuclei. One is now able to more or less reliably analyze 
the amount of mixing of £2 with M1 radiation. Since 
several M1 and M1+- £2 transitions are reported in the 
previous work, it may be useful to make a brief sum- 
mary of these transitions, along with others previously 
reported. It is worth pointing out that on the single- 
particle model, the only magnetic dipole transitions 
“allowed” are those between the state j=/+1/2 to 
i’ = 1-1/2 (i.e., the same /), Thus, the nuclear decay 
from the state fs/2 to the state ps2 should proceed via 
electric quadrupole rather than magnetic dipole, on a 
strict one-particle model. 

It has been pointed out by Sachs and Ross" that the 
existence of M1 transitions with Al=2 gives strong 
evidence for a departure from additivity of the intrinsic 
nucleon moments, and thus imposes certain restrictions 


TABLE II. Relatively pure and mixed M1 radiation in odd-A 
nuclei. Energy (kev) in parentheses. In square brackets is given 
the ratio of magnetic y to electric y intensities, as deduced from L 
conversion ratios.* 








Odd neutron 
Al =0 Al =2 


Pt! (99) Hg'(39.0) 

Hg'#(209) Hg'®(36.7) 

Fe® (14) Hg'®(51) 
Pti96 (29) 
Tet (2 13) 
Te!™(159 
Te!%(35) 
Xe! (80) 
Snt7(159) 
Snt9(24) 


Odd proton 
Al =2 


Cs*(81) 
Cs'*6(247) 
Pm"? (91) 


Al=0 





Li’ (477) 

Au'®™ (253) 
Au'4(259) 
Au (262) 
Au" (279) 


Ir! (129) 
{S:1] Au'®(61.4) [5:1 
Au (37.9) [?} 
Ir (82.0) (1.5:1] 


Au'""(77,4) fF 4 








* Note added in proof.—The transitions listed are those for which the ex- 
percnee data are good enough to indicate the possibility of mixing and 
or which the change in orbital momentum has been specified. 
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1 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 

3 R, G. Sachs and M. Ross, Phys. Rev. 84, 379 (1951). 


on the possible forms of the interaction moment. It is 
therefore interesting to check whether or not these 
transitions behave like the M1’s for which Al=0. 

In Table II we have listed various M1 transitions in 
odd-A nuclei which are “pure” or mixed (with E2) 
classified with respect to the odd particle making the 
“jump” and .the change in orbital momentum (i.e., 
Al=0 or 2). The “pureness” of the M1 is a relative 
quantity ; however, the transitions so listed should have 
less than 5 percent £2 admixture. It can be seen that 
the pure M1 ¥ rays in odd-Z nuclei are not predomi- 
nantly associated with either AJ=0 or 2. All observed 
mixed low-energy transitions are for odd Z and, with 
one exception, are characterized by Al/= 2. The relative 
intensities of M1 and £2 radiation in all these mixed 
transitions are of roughly the same order of magnitude 
(the ratio of electric y rays to magnetic y rays being 
>0.14). We may thus conclude that AJ=2 M1’s are 
somewhat slower than Al=0 ones." For odd-neutron 
nuclei all listed transitions are “pure” M1; this might in- 
dicate that £2 transitions for neutrons are slower than 
for protons, since otherwise we could have expected 
them to compete favorably with the M1 transition. 

It is evident that this table should be extended by 
measurements in other regions of the periodic table. 
If the regularities just mentioned here persist, then we 
shall have another indication as to the extent to which 
a single-particle wave function can describe the low- 
lying states of the odd-even nuclei. 


Ill. L-SHELL CONVERSION SYSTEMATICS 


Below are tabulated some additional empirical data on 
L-shell conversion. Considerable evidence supporting 
the calculations of Gellman, Griffith, and Stanley” is 
available for M1 and £2 transitions and will not be 
repeated here. For M4 and £3 transitions new and 
useful data have been obtained and are listed in 
Table III. 

It will be noted that the increase of Bxzm/Bx1 for M4 
transitions as Z*/E increases is predicted by the theo- 
retical calculation of Tralli and Lowen.” However, most 
of these data are for transitions in nuclei of about the 
same atomic number, so that what is actually shown is 
the trend with energy. 


“4 R. L, Graham and R. E. Bell, Can. J. Phys. 31, 377 (1953). 
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For £3 transitions, the L/L ratio increases with 
increasing energy, the same behavior having been noted 
for E2 transitions.” 

Finally, we wish to point out further evidence for a Z 
dependence of K/L ratios for M1 transitions. As men- 
tioned by Goldhaber and Sunyar" and Swan and Hill," 
for high Z, K/L ratios for M1 transitions are less than 
for low Z. For the M1 transitions in Au (Z=79, E= 252 
to 279 kev),? K/L is ~~5, whereas for low Z and the 
same Z?/E one could expect a ratio of ~8. 


Suggestions for Future Work 


The work presented here and in the previous paper 
is far from complete. The main purpose was to show a 
possible way for a systematic study of nuclear spectra 
and the sort of results one may expect. Because of the 
rather small number of transitions usually observed in 
a single nucleus, it seems more promising to look for 
regularities in a whole series of similar nuclei and the 
method described here is most adequate for this pur- 
pose. Provided the separation of the element Z+1 from 
the element Z can be done with very little carrier (or 
better with no carrier at all), this method presents no 
exceptional difficulties and can certainly be improved 
once a systematic search is undertaken. 

An important problem which did not get its final 
answer in the present work is that of the relative move- 


16M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
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TABLE III. Experimental relative intensity of Z-subshell 
conversion for M4 and £3 transitions. 





Nucleus T(kev) 2Z*/E li Lu Lin Reference 





Balti= 
Snit™ 

Teme 
Telt= 
Hg'"= 
Prism 

Hg'™ 
Hg'™= 


ee 
eeaecvcde 


Nucleus Reference 
Aus see ¥ co) 
Au one . . 
Dy'#= eee 5 bf 
Aul™ 130 ’ ‘ e 





*® W. Kinney (private communication from G. N. Glasoe). 

> See reference 10. 

¢ J. W. Mihelich and A. de-Shalit, Phys. Rev. 91, 78 (1953). 
4Swan, Portnoy, and Hill, Phys. Rev. 90, 257 (1953). 

* See reference 3. 

t Jordan, Cork, and Burson, Phys. Rev. 91, 497 (1953). 


ment of the spin-doublet states ps2 and pi. Their 
crossing at a certain neutron number seems to be well 
established, but their movement to the left of the 
crossing point (smaller neutron number) is not yet 
clear. (See Fig. 6.) A coraplete picture might cast some 
fight on the origin of the spin-orbit interaction in nuclei 
or at least exclude some otherwise possible approaches. 
It would seem that the study of the neutron-deficient 
isotopes of Pb (produced by high-energy bombardment 
of Tl), as well as those of Pt (produced by the (, xn) 
reaction on Ir) would contribute important data to the 
clarification of this point as well as others. 
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The Second-Forbidden Beta Spectra of Co*® and Sc**t* 
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A hitherto unreported high-energy beta-ray component has been found in the decay of Co®. Its abundance 
and end point are (0.152-0.01) percent and 1.48+0.02 Mev, respectively. The abundance and end point of 
the Sc high-energy component are (0.096+0.01) percent and 1.25+0.02 Mev, respectively. Both the Co 
and Sc“ spectra can be fitted with the Czr correction factor corresponding to AJ =2 and no parity change. 
The log ft values, uncorrected for the forbidden shape, are: Co = 12.6, and Sc‘*= 11.3. The decay schemes are 


discussed. 





I. INTRODUCTION 


ECENT studies of beta spectra have shown the 
existence of several types of forbidden transitions. 
Excellent review articles are given by Konopinski and 
Langer! and Wu.? The theory of forbidden spectra is 
discussed by Konopinski and Uhlenbeck.? 

The work reported here is concerned with second- 
forbidden transitions characterized by a spin change of 
two units and no parity change. Spectra of this type 
are not unique in that one parameter may be adjusted 
to obtain agreement with experiment. Only transitions 
involving a spin change of one unit more than the 
degree of forbiddenness yield unique spectra. 

b The second-forbidden spectra with AJ=2 (no) have 
been satisfactorily fitted with the approximate form of 
the tensor correction factor ;! viz., 


WC => | Ti;|*(@Z/2R) (P’+4P)+Z | Aul*(P+¢) 
—¥ (TA g*+c.c.) (aZ/2R)(p?+2¢*), (1) 


where p and g are the electron and neutrino momenta, 
respectively. 

Longmire and Messiah* have shown that the ratio 
of the matrix elements p= Aj,;/Ty is real, and inde- 
pendent of both the z components of the spins and i, 7. 
Hence, (1) reduces to 


Cor~ (p?+ R'q’), (2) 
aZ 
p=— 
2R 


where 


(3) 


It must be mentioned that the same correction factor 
results from the polar-vector interaction, and that the 
polar-vector—axial-vector combination is not excluded. 
Further, admixtures of scalar and pseudoscalar to the 
tensor interaction do not alter the form of Eq. (2). 


~ + Partially supported by the U. S. Atomic Energy Commission. 
An abridgement of a thesis submitted by G. L. Keister to the 


Graduate School of the University of Washington in partial ful- 
fillment of the requirements for the Doctor of — y degree, 

1E, J. Konopinski and L. M. Langer, Ann. Rev. Nuclear Sci. 
2, 261 (1953). 

2C. S. Wu, Physica 18, 989 (1952). 

3E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
1941). 
‘ rod L. Longmire and A. M. L. Messiah, Phys. Rev. 83, 464 
(1951). 


However, for comparison with other work, it is con- 
venient to express the results in terms of the particular 
ratio stated in Eq. (3). Cs'*’, Tc”, Cl®*, Cs'5, and I 
exhibit spectra which fall into this category.” 

Cobalt-60 (5.2y) decays principally to the second 
excited state of Ni® by the emission of a 0.32-Mev 
beta ray.’ Two prompt gamma rays are in cascade to 
the ground state of Ni®. The existence of a weak high- 
energy beta transition to the first excited state of Ni® 
has not been mentioned hitherto in the literature, 
although Siegbahn and Deutsch*® observed electrons 
beyond the main beta spectrum which were attributed 
to the Compton effect. 

Scandium-46 (85d) decays to Ti*® in a manner’ 
similar to that of Co™. The existence of a high-energy 
beta component was first suspected by Walke;* since 
then numerous studies of its intensity and end-point 
energy have been made.’® The more recent!!! meas- 
urements give 0.1 to 0.2 percent and 1.25 Mev for 
these quantities. 


II. EXPERIMENTAL METHOD 
A. Spectrometer 


A uniform magnetic field solenoidal spectrometer 
with a ring image was used to measure the beta spectra. 
Several improvements were made in the spectrometer 
baffle since the original description” in order to facilitate 
study of the very weak beta components in the presence 
of intense gamma and low-energy beta radiation. 

The lead baffle nearest the source was removed, and 
additional lead was placed in the main support tube. 
A lead shield two inches thick was placed around the 


5 Deutsch, Elliot, and Roberts, Phys. Rev. 68, 193 (1945); 
C. Y. Fan, Phys. Rev. 87, 252 (1952). 

®K. Siegbahn and M. Deutsch, Arkiv Fysik 2, 9 (1950) and 
Phys. Rev. 77, 680 (1950). 

TT. Feister and L. F. Curtiss, J. Research Natl. Bur. Standards 
38, 411 (1947); C. Peacock and R. G. Wilkinson, Phys. Rev. 72, 
it p98); A. E. Miller and M. Deutsch, Phys. Rev. 72, 527 

1947). : 

*H. Walke, Phys. Rev. 57, 163 (1940). 

*C. E. Mandeville and M. V. Scherb, Phys. Rev. 73, 141 (1948) ; 
C. L. Peacock and R. G. Wilkinson, Phys. Rev. 74, 297 (1948); 
Sorenson, Dale, and Kurbatov, Phys. Rev. 79, 1007 (1950); F. T. 
Porter and C. S. Cook, Phys. Rev. 81, 298 and 640 (1951). 

” Whalen, Porter, and Cook, Phys. Rev. 89, 902 (1953). 

4 F, H. Schmidt and G. L. Keister, Phys. Rev. 91, 483 (1953). 

"F, H. Schmidt, Rev. Sci. Instr, 23, 361 (1952). 
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counter. Another lead shield approximately one-half 
inch thick was mounted directly behind the ring-slit. 

Six helical baffles were mounted along the electron 
trajectories between the delimiting and ring baffles to 
provide discrimination between positrons and electrons. 
Further discrimination was achieved by a turbine-like 
baffle consisting of #y-in. thick copper blades placed 
immediately behind the ring focus slit. In addition to 
positron-electron discrimination, these baffles reduced 
the background due to Compton and photoelectrons 
produced in the baffle structure. 

The spectrometer was calibrated with the F line™ of 
thorium B. Internal conversion electrons from Ni® pro- 
vided a check calibration.“ The sources were maintained 
at ground potential by means of a hot-cathode source 
discharger. 

The solid angle subtended at the source by the open- 
ing of the delimiting baffles was set to 4 percent of the 
total sphere. The actual transmission of the instrument 
was reduced to 2.7 percent by the helical baffle system. 
The inverse momentum resolution under these condi- 
tions for the source size used was 1.7 percent full width 
at half-maximum. 

An end-window G-M Counter served as the detector. 
A 0.6-mg/cm? rubber hydrochloride window allowed 
complete transmission of electrons down to 50 kev. 


B. Scattering in the Spectrometer 


The spectrometer was checked for possible electron 
scattering in several ways. The spectrum of Pm"™’, 
which is known to yield a linear Kurie plot,'® was ex- 
amined. A thin source on a Zapon backing produced a 
linear Kurie plot down to 50 kev; with a thin Zapon 
counter window linearity was achieved to 20 kev. The 
P® spectrum also gave a linear Kurie plot consistent 
with the thickness of the source backing. 

Very strong Pm"’ and P® sources were studied in 
the neighborhood of the end-point energies. These 
sources gave counting rates at the peaks of the spectra 
of more than 10 000 counts/sec.'* In addition to a small 
instrumental curvature due to the finite resolution, a 
“tail” of electrons was observed which extended to Bp 
values some 20 percent greater than the end point. 
The tail is entirely negligible for most purposes, but 
does produce a slight distortion in the high energy 
spectra of Co and Sc“ near the end-points of the main 
branches. It is probably due to scattering from baffle 
edges. Figure 1 shows the tail of the Pm’ spectrum. 
For comparison a corresponding section of the Co” 
spectrum is shown. 


13G. Lindstrém, Phys. Rev. 83, 465 (1951); D. I. Meyer and 
F, H. Schmidt, Phys. Rev. 89, 908 (1953). 

4 Alburger, Hedgran, and Lindstrém, Phys. Rev. 89, 1303 
(1953). 

16 Langer, Motz, and Price, Phys. Rev. 77, 798 (1950). 

16 Measured by closing all but a very small known fraction of 
the ring-slit. This was done by means of the sector baffle. See 
reference 12. 
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Fic, 1, Instrumental distortion observed with a very strong Pm'” 
source, Co is shown for comparison. 


C. Gamma-Ray Background 


The gamma-ray background from the strong sources 
used in this investigation was troublesome. Although 
the measurcs discussed in Sec. II-A materially reduced 
the background, it was still far from negligible. The 
gamma-ray background was measured by reversing the 
spectrometer current.'!? The reversed-current discrimi- 
nation of the helical and turbine baffle was better than 
one in 2X 10°. The background obtained by closing off 
the ring slit opening was slightly less than that obtained 
by reversing the current. This is due to absorption of 
degraded gamma radiation in the }-in. aluminum and 
brass shutter. The gamma-ray background counting 
rate was about equal to the maximum counting rates 
of the weak high-energy beta spectra. 


D. Secondary Effects in Baffle System 


The high gamma-ray flux produces many Compton 
and photoelectrons in the baffle. Depending upon the 
point of creation, such electrons could conceivably pass 
through the ring slit and reach the counter for current 
values both above and below the energy of the gamma- 
ray or internal conversion lines. 

In order to study the effect, a strong source of Mn® 
was made in the University of Washington 60-inch 
cyclotron.'* Mn® (6d) decays by positron emission and 
K capture. Three gamma rays, 0.73, 0.94, and 1.46 Mev, 
are in cascade.” 

The electron spectrum of Mn® was examined in the 
spectrometer. The source was chemically deposited and 
consequently quite non-uniform in thickness. Hence, 
many Compton electrons were observed which were 
produced in the source. However, above the Compton 
limit for the 1.46-Mev gamma ray, no electrons other 
than those due to internal conversion were found. The 


‘7 Positrons from internal pair conversion of the 1.33-Mev 
gamma ray of Co™ have a maximum energy of 0.33 Mev; hence, 
they introduced no error. 

°F. H. Schmidt ef al., Rev. Sci. Instr. (to be published). 

1? W. C. Peacock and M. Deutsch, Phys. Rev. 69, 306 (1946). 
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Fic, 2. The electron momentum fe gouge of Co™ source C-1. 
The dashed portions were obtained from extrapolation of the 
Kurie plots. 


counting rate on the high-energy side of the 1.46-Mev 
internal conversion line was indistinguishable from 
backgrourd. In contrast, a significant electron count 
extends beyond the higher energy internal conversion 
line of Co™ (see Fig. 2). 


E. Correction for Compton Electrons Produced 
in the Sources" 


The number of Compton electrons produced in a 
lamina exposed to gamma radiation is proportional to 


the thickness x of the lamina. If the lamina consists of 
a source of gamma radiation of constant specific ac- 
tivity then the number of gamma rays is also propor- 
tional to «. Hence, the number of Compton electrons 
produced in a laminar source, and counted in a spec- 
trometer is V,=QSax’*, where S=source strength per 
unit thickness, a=a constant for a given electron 
energy, and Q=spectrometer transmission. If the 
source lamina is not uniformly thick, one must sum 
over the various thicknesses to obtain V.=QSa(x*)y. 

If the source also emits a beta spectrum, the total 
count detected is 


N=QS[ a(x") +(x) me], (4) 


where b= the beta spectrum distribution function. 

If two sources equal in size but differing in thickness 
are made from material of uniform specific activity, the 
two spectrometer counting rates at a given energy will 


be ‘ 
N, a QSL a (217) w+ (x1) wl, 
Nz = OQS(04 x9") w+ b(x2) m |. 


Eliminating @ from Eq. (5), and solving for the true 
beta counts of source No. 1 


Nil (x2?) a / (#1?) J—N 2 
bQS (21) a= a tay seine 
(2092) me/ (21?) r 


where the ratio of the source strengths=r= (x2),,/ 


(S) 


(6) 
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(%1)a. If the two sources are uniform in thickness, then 
(x2?) m/ (#1?) w=1?, and Eq. (6) becomes 


1/Nir’—N2 
iass,--(—"——*). (7) 


r r—1 


In this case Eq. (4) is a true quadratic. Experi- 
mentally, the counting rates at one value of momentum 
for three sources of known relative strengths are suffi- 
cient to determine a quadratic dependence; such a de- 
pendence indicates that the sources are adequately 
uniform for application of this method of correction. 


Ill. SOURCE PREPARATION 


Cobalt-60 sources were prepared by electroplating 
active cobalt metal onto 0.6-mg/cm? rubber hydro- 
chloride films. High specific activity (>3 curies/gram) 
cobalt was obtained from Oak Ridge. 

A layer of gold (~0.1 mg/cm?) was vacuum-evapo- 
rated onto the rubber hydrochloride. Its resistance was 
about 10 ohms per square. The film was placed in a jig 
which pressed the gold section gently against the 
bottom of a short piece of glass tubing. A plating solu- 
tion of CoCl, and boric acid was pipetted into the tube. 
A platinum wire anode was inserted into the solution. 
A current of 5 ma/cm? for 14 seconds to 10 minutes 
was used to prepare the sources of various required 
strengths. A similar recipe has been described by Dunn.” 

Four Co® sources 33 inch in diameter were prepared. 
Data for them are listed in Table I. The low-energy 
beta spectrum of the weakest source was measured in 
the spectrometer; the source strength was found by 
integrating over the spectrum. The gamma radiation 
of the other three sources was compared with the 
weakest source. Source thicknesses were obtained from 
the charge passed through the plating cell. Due to a 
small amount of gas formation at the cathode the 
thicknesses listed in Table I are upper limits. 

Scandium-46 sources were prepared by precipitation 
of scandium hydroxide onto rubber hydrochloride films. 
High specific activity (>15 C/g) scandium was ob- 
tained from Oak Ridge. 

Vacuum evaporation was tried but proved imprac- 
tical for preparation of strong sources. The following 
method” proved most} satisfactory: Sc(NOs)s3 solution 
was placed on the rubber hydrochloride film over an 
area defined by insulin. The solution was exposed to 
ammonia vapor and a white gelatinous hydroxide 
appeared. After evaporation a thin and fairly uniform 
layer of scandium hydroxide and ammonia salt re- 
mained. 

Four Sc“* sources ¥5 inch in diameter were prepared. 
Their strengths, as listed in Table I, were determined 
in the same manner as the Co® sources. The two strong- 
est sources were weighed in order to determine their 
thicknesses. Thicknesses of the other two were inferred 
from their gamma-ray intensities. 

*R. W. Dunn, Nucleonics 10, No. 7, 8 (1952). 
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TaBLe I. Source data. 








Source material Cobalt-60 


Scandium-46 





C-2 

0,28 
<0,.66 

0.7 


0.60 


Source No, 

Strength mC 

Thickness mg/cm? 

Backing thickness mg/cm* 

Relative intensity by ioniza- 
tion chamber measurement 


C-3 
0.099 
<0.026 
0.7 


0.21 


S+4 

0.0094 
-~A.07 

0.6 


0.023 


S-2 S-3 

0.34 0.20 
~29 ~1.6 

0.6 0.6 


0.75 0.46 


C-4 

0.014 
<0.004 

0.1 


0.029 














IV. RESULTS 
A. Co* 


The electron momentum spectrum of the strongest 
Co® source, C-1, is shown in Fig. 2. The end of the 
spectrum beyond the 1.33-Mev internal conversion line 
is shown to expanded scale. No electrons were observed 
beyond the 1.46-Mev Mn® internal conversion line. 
(See Sec. II-D.) Its intensity was comparable with the 
Co® lines. A very small hump which may be due to 
Compton electrons lies just below the 1.17-Mev con- 
version line. The dashed portion of the high-energy 
spectrum is extrapolated from the best fit using the 
Cer correction factor. 

In Fig. 3 are plotted counting rates vs source strength 
for various points on the electron spectrum. The ab- 
sence of a quadratic component within experimental 
error shows that the sources are thin enough to make 
the Compton correction term in Eq. (4) negligible. 
Hence, for the Co™, no corrections for Compton elec- 
trons were made.”! 

Over a period of two months there was no evidence 
that the high-energy beta-component decayed with a 
half-life different from that of the main component.” 

Figure 4 shows Kurie plots” of the high-energy and 
the low-energy spectra of Co obtained from source 
C-1. The low-energy component exhibits linearity down 
to ~150 kev.* Hence, it is unlikely that the high-energy 
component would be distorted above 400 kev. 

The high-energy spectrum in Fig. 4 exhibits a for- 
bidden shape similar to that of Cs'*’.° The curve is 
calculated using the Czr correction factor from Eq. (2) 
with k? adjusted to give the best fit to the experimental 
points. The value of k so obtained is 5.79; the ratio of 
the matrix elements, p, obtained from Eq. (3) is 2.0. 
The nuclear radius was assumed= 1.4 10-"A}., 

The end point of the high-energy Co™ spectrum is 


Tt is interesting to note that a chernically deposited Co” 
source of strength comparable to C-1 exhibited strong Compton 
electron spectra similar to those of Sc“*, as shown in Fig. 5. 

#A very remote possibility exists that Co™ is present as a 
contaminant. Smith, Haslam, and Taylor [Phys. Rev. 84, 482 
(1951) ] have found that Co“ (99 min) emits two beta-rays (1.00 
and 1.43 Mev) and an ~0.5-Mev gamma ray. In order for Co™ 
to be produced in a secondary reaction in the pile and remain as 
a contaminant, it would have to exist in a long half-life low-energy 
isomeric state which fed the 99-min Co" ground state. 

% Tables for the Analysis of Beta Spectra, National Bureau of 
Standards, Applied Mathematics Series No. 13 (U. S. Govern- 
ment Printing Office, Washington, 1952). 

% The weakest source, C-4, showed linearity down to 50 kev. 

25 L. M. Langer and R. J. D. Moffat, Phys. Rev. 82, 635 (1951). 


1.48+0.02 Mev. From the integral of the momentum 
spectra of Fig. 2, the abundance of the high energy 
branch is found to be (0.15+0.01) percent. The log of 
the comparative half-life®* of the transition is 12.6. 

The high-energy Co® spectrum could not be fitted 
with the unique correction factor for second-forbidden 
spectra corresponding to AJ=3 (no), as is shown in 
Fig. 4. 


B. Sc** 


Figure 5 shows the electron spectra obtained from 
the three strongest Sc“ sources. The curves ave nor- 
malized to source S-1 by the source strengths listed in 
Table I. Again, electrons are observed beyond the 1.12- 
Mev conversion line. At the Compton limit for the 
0.89-Mev gamma ray there appear “humps” char- 
acteristic of Compton spectra. 
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Fic. 3. Analysis of the Compton electron background. The 
linearity of the Co curves indicates a negligible Compton com- 
ponent; the quadratic dependence for Sc“ shows the presence of 
Compton electrons. 


2S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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Fic. 4, Kurie plots of the Co™ spectra, The solid line on the 
higher energy spectrum is the best fit obtained from the Cor 
correction factor. The dashed curve is the unique shape for AJ = 3. 


In Fig. 3 is plotted the counting rate at one value of 
momentum as a function of source strength. The quad- 
ratic component predicted by Eq. (4) for uniform 
sources is apparent. From similar curves for each 
momentum value the appropriate correction factors are 
found. Curve A, Fig. 5, is the corrected spectrum found 
by application of Eq. (7). 

The high-energy Sc** spectrum was observed for a 
period of two months. Its half-life was the same as 
that of the main beta component. This result is in 
agreement with the observations of Porter and Cook.’ 

Figure 6 shows the Kurie plot of both Sc* spectra. 
The high-energy component is that obtained from 
curve A, Fig. 5. The low-energy component is linear 
down to ~175 kev. The high energy spectrum of Sc** 
is similar to that of Co™. The curve is calculated from 

{q. (2) with k®=7.70. Hence, p=2.59, the end-point 
energy = 1.25+0.02 Mev, and the abundance= (0.096 
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Fic. 5, The electron momentum spectra of three Sc** sources 
normalized to source S-1. Curve A shows the higher energy spec- 
trum obtained after correction for Compton electrons. 
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+0.010) percent.?” The log of the comparative half- 
life of the transition is** 11.3. 

As in the case of Co, it was not possible to fit the 
Sc“* spectrum with the unique correction factor corre- 
sponding to AJ =3 (no). 


DISCUSSION 


The high-energy beta component in Sc**, and the 
newly discovered high-energy component in Co, ex- 
hibit second-forbidden spectra characterized by AJ 
=2 (no). These conclusions are supported by the log ft 
values for the transitions. It is perhaps interesting to 
note that of the five previously known examples of this 
type, Cl* is the only other even-A nucleus. 

These results, coupled with other work,”* enable one 
to make unambiguous spin and parity assignments to 
the ground states of Co™ and Sc**. Angular-correlation 
and polarizition studies of the gamma rays emitted by 
Ni® and Ti“ have resulted in assignment of 0, 2, 4 for 


SCANDIUM- 46 


1.25 MEV 








2 WIN UNITS OF mc? 4 


Fic, 6. Kurie plots of the Sc** spectra. The solid line on the 
higher energy spectrum is the best fit obtained from the Cer 
correction factor. 


the spins and even parity for the first three levels of 
these even-even nuclei. Since the higher-energy spectra 
require AJ = 2 (no), and the ft values for the low-energy 
spectra are consistent with either allowed or first- 
forbidden, it follows that the spins and parities of the 
ground states of both Co and Sc“* are 4+-. Hence, the 
low-energy transitions are both allowed. 

Therefore, the present data supports earlier proposals 
for the decay scheme* of Sc** shown in Fig. 7. The 
gamma-ray order is in agreement with the more recent 
work.!°-!! The shell model predicts® an f7;2— 7/2 con- 
figuration for the odd proton and neutron, and hence 
even parity for the ground state. The spin of 4 is con- 
sistent with Nordheim’s rule® for coupling of odd- 
neutron and odd-proton groups belonging to the same 
Schmidt group. 

27 The value (0,220.5) percent given in a preliminary report 
(reference 11) was incorrect due to an instrumental error in esti- 
mating the intensity of the low-energy branch. 

- bar Goldhaber and R. D. Hill, Revs. Modern Phys, 24, 


*P. F. A, Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
*L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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For Co® the assignment of 4+ to the ground state 
is not in full agreement with other decay scheme pro- 
posals. Deutsch and Goldhaber*! measured the abun- 
dance of the beta-transition from the 10.7-min isomeric 
state of Co™ to the first excited state of Ni® relative 
to the gamma-ray intensity. No evidence for a transi- 
tion to the ground state was found. Accordingly, 2+ 
was assigned to the isomeric level. The K/L internal 
conversion ratio, and the half-life of the isomeric state, 
indicates a spin change of three** between the isomeric 
and ground states of Co™. These considerations led to 
the assignment of 5+ to the ground state. The angular- 
correlation studies at low temperature by Grace and 
Halban® are consistent with a spin of 5, but do not 
exclude 4. 

Figure 8 shows proposed new spin assignments of 
the Co™ decay scheme. A 1+ state has been assigned 
to the isomeric level. The shell model predicts that the 


Sc** Ti 4 




















Fic. 7. Sc** decay scheme. 


odd proton and odd neutron of the Co ground state 
are in fz/2 and 3/2 states, respectively.” Since these 
belong to the same Schmidt group, the assignment of 


( 81M, Deutsch and G. Scharff-Goldhaber, Phys. Rev. 83, 1059 
1951). 
®M. A. Grace and H. Halban, Physica 18, 1227 (1952). 
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Fic. 8. Co™ proposed decay scheme. 


4+ is consistent with Nordheim’s rule for this case. 
The isomeric state may be formed by merely shifting 
a ps2 neutron to the next shell; viz., the fs;2. Now the 
odd-proton and odd-neutron groups belong to different 
Schmidt groups. Accordingly, the resultant spin will 
be the difference ;”* i.e., J= 1. 

The log ft values for the 0.31- and 1.54-Mev allowed 
transitions are 7.46 and 7.15, respectively.** The assign- 
ment of the proton and neutron orbitals for the ground 
state of Co™ produces /-forbiddenness in the 0.31-Mev 
transition; however, such is not the case for the 1.54- 
Mev transition from the isomeric state. The much 
larger log ft value (>9.67)" for the beta transition 
from the isomeric level to the ground state of Ni® is 
even harder to understand. It remains inconsistent with 
the spin assignments proposed here. 

We wish to express our appreciation to T. J. Morgan 
and the University of Washington cyclotron group for 
the production of Mn™, and to J. S. Blair for helpful 
discussion. 
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The photoneutron thresholds for C*, N, O'%, Cu®, and Ag’ were determined by measurement of the 
yield of activity as a function of the peak bremsstrahlung energy. Measurements of the photoneutron 
thresholds of C*, N“, and O"*, which could be calculated accurately from the mass data, served to determine 
the energy scale. The photoneutron thresholds for Cu® and Ag were found to be 10.61+0.05 Mev and 


9.07 40.07 Mev, respectively. 


The shape of the activation curves for C, N'*, and O"* appeared to be a straight line for about 350 kev near 
threshold. The activation curves for Cu“ and Ag could be fitted accurately by functions of the form 
Y=k(E—E,)** and Y=k(E—E,)'™, respectively, over a 3-Mev interval. EZ refers to the peak x-ray energy 


and £, to the threshold energy. 





I, INTRODUCTION 


HE measurement of the photoneutron reaction 
threshold provides a method for determining the 
neutron binding energy. For those reactions where the 
binding energy can be accurately calculated from a 
knowledge of the masses, the threshold for the reaction 
serves to determine the x-ray energy. In this way, an 
x-ray energy scale can be calibrated. 

More detailed information about the activation 
curves in the neighborhood of threshold should indicate 
a method for unique extrapolation of the yield curve to 
zero yield. In addition, the shape of the actix ation curve 
in the neighborhood of threshold should provide 
information, in conjunction with other data, on the 
dependence of the cross section for the reaction on the 
x-ray energy. About 38 photoneutron thresholds had 
been determined relative to an energy scale based upon 
the Cu® threshold of 10.9+0.2 Mev.'~* In view of the 
widespread use of this value for the Cu® threshold, it 
appeared desirable to obtain a more reliable value. 

Thresholds may be determined by observing the 
yield of activity or neutrons® as a function of the peak 
x-ray energy. In the present work, thresholds were 
determined by the yield of activity. The thresholds of 
C”, N%, and O'*, which could be calculated from the 
mass data, were used to determine the energy scale of 
the betatron. 
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II. DESCRIPTION OF APPARATUS 


The source of x-rays for these experiments was the 
U. S. Naval Research Laboratory 22-Mev betatron. The 
method used for control of the peak x-ray energy was 
similar to that described by Katz et al. A diagram of 
the experimental arrangement is shown in Fig. 1. 

The induced samy activity was counted by means 
of a Geiger tube (Amperex Beta Counter, No. 120C) 
and a scaling circuit. The output of the scaler was fed 
into a Streeter-Amet Company “Ametron” Counter. 
At preset time intervals ranging from 30 seconds to 
12 hours, the number on its register, together with the 
date and time, could be printed on a paper tape. 
During the threshold determinations, the number of 
counts was recorded by the printing mechanism at 
one-minute intervals, synchronized with the electric 
clock used to time the irradiation of the sample. 

All of the samples irradiated were in the form of 
disks of 1.750-in. diameter. The copper and silver disks 
were 0.040 in. thick, and the disks of polyethylene (C), 
boric acid (O), and melamine (N) were 0.125 in. thick. 
These thicknesses are of the order of the absorption 
length of the most energetic betas emitted on irradia- 
tion of the respective samples." The disks were all 
machined to a 0.001 in. tolerance in all dimensions to 
render them as nearly identical (and therefore inter- 
changeable) as possible. 

As indicated in the diagram of Fig. 1, the disk was 
supported approximately tangent to the doughnut at 
the exit point of the x-ray beam. This geometry was 
advantageous in two ways. When the sample is placed 
as close as possible to the source of the x-rays, the 
irradiation is obtained at the highest available flux 
density. The activity counted originated mainly from 
the surface layer of the sample, and, in this geometry, 
the beam intercepted more of the surface layer. 

The x-ray beam intensity and x-ray dosage were 
monitored by identical air ionization chambers posi- 


% Katz, McNamara, Forsyth, Haslam, and Johns, Can. J. 
Research A28, 113 (1950). 

UE, Pollard and W. L. Davidson, Jr., Applied Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1942), p. 228, 
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tioned as shown in Fig. 1. The ionization chambers were 
of conventional design, not hermetically sealed, and 
consisted of 3 parallel plates, of which the center plate 
was maintained at ground potential and the outside 
plates at about 320 volts above ground. The design 
incorporated a guard ring in order to reduce the effects 
of leakage current. The current produced by the x-ray 
beam in the ionization chamber most distant from the 
betatron (Fig. 1) was fed into a current integrator and 
indicator circuit. The basic circuit was that of a very 
stable direct-current amplifier.” The calibration was 
accomplished by comparison with the reading of a 
Victoreen Roentgen Meter at a peak x-ray energy of 
20 Mev. The reading was obtained by means of a 
standard Victoreen thimble imbedded in the center of a 
4-in. cubical block of Lucite. The absolute measurement 
of the number of roentgens was not required for these 
experiments. 

Several improvements were incorporated in the 
electronic circuits for accurate control of the peak 
x-ray energy. The ac line voltage to the integrator 
amplifier waz regulated with a Sorenson line voltage 
regulator which maintained the root-mean-square line 
voltage constant to within +0.1 percent. The reference 
voltage power supply was checked against a standard 
cell before and during an irradiation and maintained 
constant to within +0.01 percent. To achieve more 
stable triggering of the 5C22 injector and expander 
thyratrons, a trigger circuit consisting of a 2050 
thyratron was employed. This circuit produced a 
pulse of over 200 volts across a 100-ohm load with a 
rise time of less than 0.01 microsecond and was used 
to trigger the 5C22 thyratrons. 

About 60 watts were dissipated in the 1-megohm 
resistor of the integrator stack at a magnet amplitude 
corresponding to an energy of 21 Mev. Bench tests 
indicated a change in resistance of several tenths of a 
percent until thermal equilibrium was reached. In 
order to reduce variations in the peak x-ray energy 
caused by this effect, a circuit was designed and installed 
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Fic, 1, Experimental arrangement. 
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which put a 60-cycle voltage across the stack, equal to 
the 180-cycle voltage across the stack when the magnet 
amplitude was set for a peak x-ray energy of 21 Mev. 
By this means, the integrator stack was always main- 
tained at an equilibrium condition for a 21-Mev magnet 
amplitude. 


Ill. EXPERIMENTAL TEST OF THE APPARATUS 


In order to test the alignment of the sample with 
respect to the x-ray beam, the method of autoradiog- 
raphy was employed. Autoradiographs of the irradiated 
Cu disk showed blackening which indicated the position 
of the maximum intensity of the x-ray beam. The sample 
was then positioned so that the x-ray beam center 
coincided with the disk center. 

The background counting rate was determined each 
day by the counts accumulated during the preceding 
8 to 24 hours. A counting rate of about 21 counts per 
minute was usually obtained. The total variation in 
the background counting rate was less than +1 count 
per min over a 9-month interval. The entire apparatus 
for counting sample activity was tested daily by means 
of a standard beta-ray source. Over the 57 days during 
which most of the data presented in this paper were 
obtained, the total spread in the measurements was 
about +1.3 percent. However, all but six of the 
measurements fell within the limits of +0.7 percent. 
Thus, the long period reliability and reproducibility 
of the counting apparatus was +0.7 percent. 

The factors which might produce errors in the meas- 
urement of the x-ray dosage were departure from linear- 
ity of the current integrator, drift of the amplifier of 
the current integrator, and the effect of variations in 
temperature and barometric pressure on the efficiency 
of the ionization chamber. It was concluded, after 
numerous tests, that the over-all long-time reliability 
of the instruments for measuring the x-ray dosage 
should be of the order of +1.8 percent. However, on 
any given day the fluctuations resulting from the afore- 
mentioned effects should be less than +1 percent. 

The method of determination of an activation curve 
consists of a sequence of exposures of the samples at 
different peak x-ray energies. A procedure was adopted 
which would insure good reproducibility of the irradia- 
tion and counting schedules. In fact, the irradiation 
and counting schedules could be reproduced with an 
uncertainty of less than one second, which would 
produce a negligible effect on the induced radioactivity. 

In order that the activities of the irradiated disks be 
directly comparable in terms of the number of roentgens 
received by the disk, it was necessary to insure that the 
intensity wave form of the irradiation be the same for 
all exposures. The simplest wave form to use was a 
square wave; that is, the flux of x-rays was maintained 
at a constant value during the irradiation. Ordinarily, 
it was found possible to keep the flux of x-rays constant 
to about +2 percent. Calculation of the uncertainty 
in the activations (expressed in counts per roentgen) 
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Fic, 2. Cu® activation curve. 


which resulted from variations in the wave form 
indicated that it was practically negligible. 


Reproducibility of Activations 


It had been realized throughout the course of this 
work that the peak x-ray energy of the betatron would 
be one of the most difficult factors to control with a 
high degree of stability over a long time interval. It 
was for this reason that several improvements, described 
above, were incorporated into the peak x-ray energy 
control circuits. In fact, the instability of the peak 
x-ray energy was one of the major factors which 
limited the precision of the threshold determinations 
in previous work.!*.* 

A test of the stability of the viel x-ray energy was 
obtained by the reproducibility of Cu activations at 
helipot 730, approximately 800 kev above the Cu® 
gamma-neutron threshold. Reference to the activation 
curve of Fig. 2 indicated a slope of about 20 counts 
per roentgen per helipot unit.“ Thus, at helipot 730 
a change in the peak x-ray energy of 0.1 percent 
produced a 3.6 percent change in the Cu activity. A se- 
quence of Cu disks was irradiated at a peak x-ray energy 
corresponding to helipot 730. The dispersion in the 
activations was a measure of the peak x-ray stability. 
For 11 irradiations of Cu at helipot 730, a spread in 
activity of 1.3 percent was recorded. The uncertainties 
due to statistics and other effects described above 
contributed 0.7 percent to the observed spread of 
activities. Thus, the spread in activity due to fluctua- 
tions of the peak x-ray energy was about 1.1 percent 
or 10 kev (0.8 h.u.) at a peak energy of 11.4 Mev. In 
most cases, the fluctuations of the peak x-ray energy 
during a day were somewhat greater, usually about 
+20 kev. 


% The abbreviations c/r and h.u, will stand, respectively, for 
counts per roentgen and helipot unit. 





Monitoring the Peak X-Ray Energy 


Since at helipot 730 the largest uncertainty by far 
in the reproducibility of Cu activations was due to the 
peak x-ray energy fluctuation, for simplicity, from now 
on, all the observed changes in activity of Cu at helipot 
730 will be”ascribed to this cause. It is now evident 
that the activation of Cu at helipot 730 can be used to 
monitor the peak x-ray energy. Suppose, for example, 
that on one day the Cu control activity‘ was 600 c/r 
and on another 500 c/r. Reference to Fig. 2 shows that 
the peak x-ray energy has shifted by 5 h.u. To normalize 
the latter to the former, it would be necessary to sub- 
tract 5 h.u. It will be shown later that this method can 
be rigorously justified 

The Cu® activation curve approximately 800 kev 
above threshold was determined when the control runs 
indicated a peak x-ray stability of 10 kev. This activa- 
tion curve, free from distortions caused by fluctuations 
in the peak x-ray energy, was used throughout the 
threshold determinations to correct for fluctuations 
and shifts in the peak x-ray energy as indicated by 
the Cu control activity. 


Experimental Procedure 


A very sensitive test of sample purity from the point 
of view of a threshold determination could be obtained 
by plotting a decay curve of the induced activity. If 
the curve of log (counting rate) versus the time is 
accurately represented by a straight line, then it may 
be concluded that there is no, or very little, activity 
of other half-lives present. Furthermore, the agreement 
of the measured half-life with that given by other 
observers identified positively the nucleus under 
investigation. In all cases, the half-life measurements 
identified the reactions studied. 

In each case, a standard irradiation and counting 
schedule was adopted. A series of runs at different 
peak x-ray energies was obtained; this constituted 
the data for the activation curve. Usually about three 
Cu control activations were obtained at the beginning 
of each day. If these showed good agreement, the 
threshold determination was started. A control run 
was taken for every one, two, or three data runs. The 
decision regarding the distribution of the control runs 
with respect to the data runs depended upon the 
agreement of the control runs. 


IV. PHOTONEUTRON THRESHOLD 
DETERMINATIONS 


Photoneutron Threshold of Cu® 


The standard exposure and counting schedule 
consisted of a 4-min irradiation and a 20-min counting 
interval, beginning 1.5 min after the x-ray bombard- 
ment. The Cu disks were supported during exposure 
by 2 a holder which completely surrounded them with a 


“ ~ M4 Activity of Cu at helipot 730 for the purpose of monitoring 
the peak x-ray energy will be referred to as Cu control activity. 
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#yz-in, thickness of Cd. The x-ray dosage was about 100r 
at one meter or about 5700 r at the sample position. 
For Cu irradiations at helipot settings above 730, both 
time of exposure to the x-ray beam and beam intensity 
were reduced to obtain initial counting rates less than 
10 000 counts per minute. These runs were normalized 
to those obtained with the standard procedure. 

The activation curve for the reaction Cu™(y,n)Cu® 
is shown in Fig. 2. The ordinates represent the observed 
activity in c/r corrected for cosmic-ray background and 
for the different exposure times. The dotted-line portion 
of Fig. 2 is shown on an expanded scale in Fig. 3. 
Inspection of the curve of Fig. 3 indicated threshold 
at 670+1 h.u. In Figs. 2 and 3 there is shown an upper 
abscissa scale in helipot units and a lower one in peak 
bremsstrahlung energy. The method of conversion of 
the arbitrary helipot unit scale to the peak x-ray 
energy scale will be described later. 

Some of the points on the curve of Fig. 3 are repre- 
sented by the intersection of a vertical and horizontal 
bar. The vertical bar represents the standard error 
in the c/r caused by counting statistics only. The 
horizontal bar represents the precision to which the 
helipot setting was known, as obtained from the Cu 
control runs. About 22 Cu control runs were obtained 
for the data shown in Figs. 2 and 3. Since most of the 
data near threshold were obtained with a Cu control 
of 565 c/r, all the data were referred to this value. The 
spread in the control activations was from 585 to 536 
c/r or +1.25 h.u.® 

The presence of an appreciable activity below 
threshold is due to the reactions Cu®*(y,n)Cu®, 
Cu®(n,y)Cu®, and Cu®(n,y)Cu™. The Cu and Cu® 
activities have 13-hour and 5-min half-lives, respec- 
tively. The contribution of the former was determined 
by counting the disks after the 10-min activity had 
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Fic. 3. Detail of Cu® activation curve near threshold. The 
vertical bars represent the standard error caused by counting 
statistics only; the horizontal bars, the uncertainty in the helipot 
setting. 


6 One h.u. is equal to approximately 14 kev. 
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Fic. 4, Log-log graph of Cu® activation curve of Figs. 2'and 3. 
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bars represent the standard errors caused by counting statistics 
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practically disappeared. The Cu“ activity amounted 
to 0.15 c/r at helipot 670 and so contributed only a very 
small fraction of the observed activity. Analysis of the 
data taken at helipot settings below 670 (Fig. 3) 
indicated a 5-min half-life. The activity was therefore 
attributed to Cu® through neutron capture in Cu®, 

In Fig. 4 is shown the log-log analysis of the Cu” 
activation curve shown in Figs. 2 and 3. The activities 
have been corrected by subtraction of the 13-hour 
and 5-min components. The points for the line Hp= 667 
represent the logio of the corrected activities. However, 
to the abscissas of the points for H)=668 have been 
added 0.5; to those of 1y)>= 669, 1.0; and so on. This has 
been done in order to display on a single sheet the 
behavior of the log-log analysis as a function of the 
threshold parameter Ho. The log-log analysis is an 
attempt to fit the activation curve with a function of 
the form Y=k(H—H,)*. Hp is said to be the threshold 
because the yield is zero when H= Ho. One of the main 
advantages of this type of analysis is the fact that the 
yield data are uniquely extrapolated to zero yield. 

It is evident from Fig. 4 that the best fit to a straight 
line is obtained with Hy>=669 and x= 2.23. A choice of 
Hp different by 1 h.u. from 669 results in a poorer fit 
to the data. The threshold was therefore taken to be 
669+1 h.u., in agreement with that obtained by 
inspection of Fig. 3, 670+1 h.u. The agreement ob- 
tained with these two methods showed that practically 
no part of the activation curve near threshold was 
obscured by the residual activity. Similar results were 
obtained in two other determinations of the Cu® 
threshold. 


Photoneutron Threshold of Ag'’* 


A similar procedure was used in the threshold 
determination for Ag’. Near threshold, each Ag disk 
was irradiated for 5 min, receiving about 4500 r. Count- 
ing was started 1 min after the exposure and terminated 
on the tenth minute. 
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Fic, 5, Ag activation curve. 


The data shown in the activation curve of Fig. 5 
have been corrected for cosmic-ray background, the 
24-min Ag"® activity, and the different irradiation 
times employed. The Ag activity was first observed 
about 330 kev above the Ag™ threshold. The portion 
of the activation curve enclosed in the dashed lines of 
Fig. 5 is shown enlarged in Fig. 6. Inspection of Fig. 6 
indicated a threshold of 551+1 h.u. It is apparent 
from Fig. 6 that there is a residual activity below 
threshold. This residual activity showed a half-life of 
about 2 min. The activity was assigned to Ag with 
a half-life of 2.4 min produced through neutron capture 
in Ag", 

Most of the data near threshold were obtained with 
a Cu control of 680 c/r, and the threshold determination 
was referred to this Cu control activity. About 43 
control runs were obtained during the 5-day interval 
occupied by the threshold determination. These showed 
a spread in activity of from 709 to 648 c/r or +1.5 h.u. 

The log-log analysis of the Ag activation data is 
shown in Fig. 7. The activities have been corrected by 
subtraction of the residual activity below threshold as 
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Fic. 6. Detail of Ag* activation curve near threshold. 
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Fic. 7. Log-log graph of Ag™* activation curve of Figs. 5 and 6. 
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ee corrected activities +0.2; Ho=550, +-0.7; Ho=551, +1.2; 
and so on. 


discussed above. The line denoted by Ho= 549 in Fig. 7 
has abscissas which are log(c/r)+0.2; Ho=550, 
log(c/r)+0.7; Ho=551, log(c/r)+1.2; and so on. As 
in the previous case, this is done in order to display 
the entire analysis on a single sheet. The threshold 
obtained by this method was 551+1 h.u. in exact 
agreement with that obtained by inspection of the 
activation curve of Fig. 6. 


Photoneutron Threshold of O'* 


The procedure used was similar to that already 
described, except that the disks were not surrounded 
by cadmium during exposure. The exposure time was 
4 min, during which the sample received about 13 000 r. 
It was counted for 10 min, starting 1 min after exposure. 
The activation curve is shown in Fig. 8. The portion 
enclosed by the dashed line is shown on an expanded 
scale in Fig.‘9. It is seen on inspection of Fig. 9 that the 
threshold was at 1034-1 h.u. The activation curve of 
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Fic. 8. O' activation curve. 
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Fic. 9. Detail of O" activation curve near threshold. 


Fig. 9 showed that from helipot 1070 down to threshold 
(about 480 kev) the activation curve was linear. The 
intersection of this line with that determined by the 
points below helipot 1033 is used as the experimental 
definition of threshold for the reaction O'*(y,n)O". 

Analysis of the decay curves below threshold indi- 
cated that the residual activity had a 5-10-min half-life. 
Only about 50 counts were obtained, and the poor 
statistics prevented a more reliable determination. 
An analysis of the decay curves for a series of oxygen 
runs ranging from helipot 1040-1180 showed the 
2-min O"* half-life. 


Photoneutron Threshold of N'4 


Among the various solid compounds containing a 
high percentage of N by weight, melamine, C;NeHs, 
was chosen.'* The procedure was similar to that em- 
ployed in the O' determination. The irradiation time 
was 15 min, during which time the disk received about 
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Fic. 10, N® activation curve. 


16 The author wishes to thank the American Cyanamid Com- 
pany for their cooperation in providing the pure malamine resin. 


THRESHOLDS 


HELIPOT SETTING 
665 675 





COUNTS / ROE NTCEN 
ae SEE Re 


o 











rs 
half | i 7 i i 
10.36 10.50 10.63 10.17 10.90 
PEAK BREMSSTRAHLUNG ENERGY (Mev) 





Fic. 11. Detail of N® activation curve near threshold. 


20000 r. The “hot” melamine disk was counted for 
30 min, starting 1.5 min after the exposure. 

The activation curve for the reaction N“(y,n)N¥ 
is shown in Figs. 10 and 11. Inspection of Fig. 11 showed 
that from helipot 684 down to threshold (about 340 
kev) the activation curve appeared linear. The threshold 
was determined by the intersection of this line with the 
line determined by the residual activity below threshold 
and was found to be 659+2 h.u. The activity of the 
runs below threshold was so weak that it was not 
possible to attempt a half-life analysis. On the average, 
9 counts were recorded in the 30-min counting interval 
for the points below threshold. The data shown in 
Figs. 10 and 11 were referred to a Cu control of 710 c/r. 
About 25 Cu control runs were obtained, and these 
showed a spread in activities of 743 to 657 c/r or 
+2.1 h.u. 


Photoneutron Threshold of C'” 


The procedure employed was similar to that described 
in connection with the O'* and N™ thresholds. Poly- 
ethylene disks were irradiated for 10 min, receiving 
about 35000r. The exposed disks were counted for 
30 min, starting 1.5 min after irradiation. 

The activation curve for the reaction C"(y,n)C™" is 
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Fic, 12, C" activation curve. 
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Fic. 13. Detail of C™ activation curve near threshold. 


shown in Figs. 12 and 13. However, the activities plotted 
were for a 20-min counting interval beginning 11.5 min 
after irradiation and corrected for an equivalent 
6-min exposure. The activation curve appeared linear 
(Fig. 13) from helipot 1255 down to threshold (about 
310 kev). The threshold was determined by the inter- 
section of this line with that determined by the points 
below threshold and was found to be 1232+2 h.u. 

The activity represented by the points below helipot 
1232, the C” threshold, was the strongest encountered 
in any of the determinations. This was not too sur- 
prising, since the threshold of C” occurs at about 18.7 
Mev, which is well above the photoneutron threshold 
for practically all other nuclei. Furthermore, the slope 
of the background line indicated an activity which 
was strongly energy-dependent. In order to establish 
with greater certainty that helipot 1232 corresponded 
to the C” threshold, a careful analysis of the half-lives 
of the activities, shown in Fig. 13, was performed. The 
activities below helipot 1232 had an average half-life 
of about 11 min and showed a sharp increase for higher 
helipot settings. The half-lives increased rapidly from 
14 min at 1234 to 20 min at 1250. Thus, it appeared 
very likely that the sharp increase in activity at helipot 
1232 was due to the onset of the 20-min C" activity. 

The residual activity below helipot 1232 was at- 
tributed to a very small nitrogen impurity producing 
the 10-min N"™ activity. The cross section for the 
photoneutron reaction in N™ increases steeply in the 
region between 18 and 20 Mev," and this could account 
for the energy dependence. It is now evident that a 
counting interval of from 11.5 to 31.5 min after irradia- 
tion is preferred to the 1.5- to 31.5-min interval, because 
the former interval discriminates more strongly against 
the 10-min activity as compared to the 20-min C” 
activity. 

V. SHAPE OF ACTIVATION CURVES NEAR 
THRESHOLD 


It has been found that the photoneutron activation 
curves for Cu™ and Ag’ can be represented by a func- 


17 Johns, Horsley, Haslam, and Quinton, Phys. Rev. 84, 856 
(1951). 
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tion of the form Y = k(H— Ho)? over a 3-Mev interval. 
These results agree qualitatively with those of other 
investigators. A comparison of the experimental results 
is shown in Table I. 

The activation curves for C", N™, and O" over the 
measured intervals (0.8, 1.4, and 2 Mev, respectively) 
could not be represented by an expression of the form, 
Y=k(H—H,)*. In these cases, however, the activation 
curves near threshold appeared to be linear functions 
of the peak x-ray energy. For C" and N", this region 
extended from threshold to about 340 kev above, and 
for oxygen to about 480 kev above threshold.!* Thus, 
the shapes of the activation curves of the light nuclei 
were different from those of the medium-weight nuclei 
of Cu® and Ag™, 

The above results for the light nuclei differ from 
those of other investigators. McElhinney et al.? found 
that the activation curves over a 3-Mev interval for 
all photoneutron reactions studied (including C®, 
N", Cu®) could be represented by a function, 
Y=k(H—#H,)*. Sher et al.® found that, over a 3-Mev 
interval, the activatior. curves could be represented by 
a function, Y=k(H—H,)*, for all the photoneutron 
reactions (over 70) investigated. The exponent, x, 


TABLE I. Comparison of values of exponent. 








Exponent 


Target 
Birnbaum McElhinney ef al.* Sher et al.> 


nucleus 





Cu® 
Ag'® 


2.23 2 1.5 
1.90 2 2.5 





* See reference 2. 
b See reference 9. 


varied from 0.7 to 3.1. In these experiments only a 
small number of data were obtained in the neighbor- 
hood of threshold. 

Over a small energy interval, the response of the ion 
chamber x-ray monitors will be almost independent of 
the peak x-ray energy. Thus, for the light nuclei, where 
the shape of the activation curves over a 350-kev 
interval is considered, the variation of the monitor 
response should be negligible. However, over a 3-Mev 
interval, the shape of the activation curves may be 
somewhat dependent on the monitor response. No 
attempt was made to correct the results for the energy 
dependence of the x-ray monitor. 


18 In several recent investigations, it has been found that the 
activation curves for the photoneutron reactions in O'%, C®, Li’, 
and F" consisted of straight-line regions with sharp breaks. The 
sharp breaks were taken to represent energy levels in the target 
nucleus. It is possible that the activation curves for C", N™, and 
O' reported in this paper consist of straight-line regions with 
sharp breaks. However, the investigation has not been carried 
far enough in this direction to reach any conclusions, Haslam, 
Katz, Horsley, Cameron, and Montalbetti, Phys. Rev. 87, 196 
(1952). J. Goldemberg and L. Katz, Bull. Am. Phys. Soc. 28, 
No. 4, 16 (1953). L. Katz and J. Goldemberg, Bull. Am, Phys. 
Soc. 28, No. 4, 16 (1953). 
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VI. PHOTONEUTRON THRESHOLD VALUES 
FOR Cu®* AND Ag’ 


From the mass data” (energy conservation calcu- 
lation), the threshold energies for C”, N“, O'* were 
found to be 18.712+0.027, 10.545+-0.017, and 
15.597+0.012 Mev, respectively. To these energies 
must be added a small additional energy, required by 
momentum conservation considerations, which for 
C”, N™, O'* amounted to 0.016, 0.004, and 0.008 Mev. 
Thus, the calculated threshold energies were: C”, 
18.728+0.027 Mev; N™, 10.549+0.017 Mev; O*, 
15.605+0.012 Mev. 

The results of threshold determinations No. 1 
(shown in Figs. 2-13) for C”, N*, O'*, Cu®, and Ag 
were, respectively, 1232+2, 659+2, 1034+1, 662+1.5, 
and 550+1.5 h.u. referred to a Cu control of 710 c/r. 
A linear energy scale can be determined using any pair 
of threshold values for the light nuclei. Here, N" is 
always used as one of the pair, since the thresholds 
to be determined were close to that of N™. The results 
are summarized in Table II. 

The results of threshold determinations No. 2 for 
C?, N*, O'8, Ag’ and Cu®, referred to a Cu control 
of 480 c/r, were, respectively, 12434-2, 669+2, 1040+1, 


TABLE II. Thresholds based on N*, O1*, C# 
determinations No, 1. 








Threshold (Mev) 


Energy scale 
Cu® Ag'® 


Slope 
determination (kev/h. u.) 





9,080.07 
8.99+0.07 


10.59+0,05 
10.59+-0.05 


13.5 


N¥, O18 
14.3 


N4 CB 








562+1, and 674+1 h.u. These results are summarized 
in Table III. The corrections to the threshold values 
resulting from momentum conservation amounted to 
0.001 and 0.0004 Mev for Cu® and Ag™, respectively, 
and were therefore neglected. 

Although the respective threshold values quoted in 
Tables II and III have the same precision estimates, 
the results in Table ITI are considered to be somewhat 
more reliable than those of Table II, for the following 
reason. The total spread in the values of the Cu control 
activity was 516 to 466 c/r or +0.017 Mev for the 
determinations of C”, N“, O'*, and‘ Cu®, so that 
corrections for shift of the peak x-ray energy were not 
required. The Ag™ threshold was referred to a Cu 
control of 520 c/r and was normalized to a Cu control 
of 480 c/r, the correction amounting to 0.027 Mev. 

The fact that the slopes were different (Tables II 
and III) (N“ and O'* were used as scale-calibration 
points) from the slope determined by N“ and C” was 
an indication of a nonlinearity in the relationship 
between helipot setting and peak x-ray energy. The 
nonlinearity, defined as the difference in slopes divided 
by the average slope, amounted to approximately 


% Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
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Taste IIT. Thresholds based on N*, O'*, C® 
determinations No. 2. 











Threshold (Mev) 
Agi@ 


10,620.05 9,090.07 
10.62+0.05 9.030,07 


Energy scale 
determination 
N¥, Ole 
Ju (1 
N¥ CH 


Slo 
(kev /h.u.) 


13.6 
14.2 


Cu® 











4 percent. This nonlinearity did not affect the threshold 
determination for Cu® because its threshold is so close 
to that of N. However, in the case of Ag’, the non- 
linearity results in a greater uncertainty in the threshold 
determination. The value for the threshold of Ag was 
taken to be 9.07+-0.07. This figure reflects the fact that 
more weight was given to the determinations using N™ 
and O"* than to those of N“ and C™. This was reason- 
able, since the N“ and O" calibration points are closest 
to the threshold of Ag. The average value for the 
threshold of Cu® was found to be 10.61+0.05 Mev. 
A comparison of the threshold values obtained in this 
work as compared with those of other investigators':?”! 
is shown in Table IV. 


VII. PROOF OF METHOD OF Cu CONTROL ACTIVITY 


A method of testing the absolute validity of the 
helipot correction method based upon the Cu control 
activity was afforded by the existence of two groups of 
threshold determinations, one obtained with a Cu 
control in the neighborhood of 710 c/r and the other 
with a control of 480 c/r. The method consists in 
comparing the change in threshold predicted by the Cu 
control data with the measured threshold changes. The 
comparison is tabulated in Table V below. 

The first three sets of data offer the most significant 
proof of the method, since the nonlinearity of the scale 
will be insignificant over so small a range. It is evident 
that the numbers in column 4 and column 5 of Table 
V are in excellent agreement and thus establish the 
method on an absolute basis to a precision of about 
0.9 h.u. This error was due mainly to uncertainties in 
the threshold measurements,” most of which were 
determined to within 1 to 2 h.u. On a relative basis 


Tasie IV. Cu® and Ag™ threshold values. 











Threshold values (Mev) 
Cu® Ag 


9.3 +0.5 


Observer Notes 
Baldwin & Koch* 
McElhinney e¢ ai.» 
McElhinney e# al.» 
Sher ef al.¢ 
Birnbaum 





10.9 +0.3 
10.8 +0.24 
16.9 +0.2° 
10.85 +0.2 
10.61 +0.05 


Compared to N¥“ 

Av. of 3 diff. methods 
9.05 40.2 
9.07 +0.07 








* See reference 1. 
» See reference 2, 
* See reference 9. 
4 See reference 20. 
¢ See reference 21. 


*® The Cu® threshold was referred to the N™ threshold of 
10.55+0.02 Mev. 

21 The results of the three methods were: energy scale defined 
by thresholds of Be? and C¥, 10.94+0.2 Mev; direct comparison 
with N™ threshold ; measurement of magnetic field, 11.0-0.2 Mev. 
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Taste V. Validity of method of Cu control activity. 





Diff. in Actual diff. 
Cu control threshold in thresholds 
(c/r) Cu control (h.u.) 


480 48 5 


Threshold 
h.u. 





674 

669 565 

560 520 8.0 9 

551 680 

669 480 11.5 

659 710 
1040 480 11.5 
1034 710 
1243 480 11.5 

Cs 1232 710 











the helipot correction method based on the Cu control 
activity can be expected to be much more precise. In 
fact, consideration of the results on the reproducibility 
of Cu activations indicated a precision of the order of 
+0.4 h.u. 


VIII. NONLINEARITY OF ENERGY SCALE 


There are many factors which could contribute to a 
nonlinearity in the helipot setting versus peak x-ray 
energy curve. Among these, two of the more likely 
hypotheses were: (1) a time delay between the instant 
when electron orbit expansion is initiated and the time 
at which it actually occurs, and (2) the possibility of a 
phase shift between the flux integrator amplifier input 
signal and the magnetic field. 

An experiment was performed in order to determine 
the presence of such effects. A set of runs was taken at 
constant helipot setting, but at different settings of the 
peak magnet amplitude. It is evident that this corre- 
sponds to expanding the beam at different values of 
rate of change of magnetic flux. An additional compli- 
cation is present in that the response of the integrator 
amplifier may also be dependent on the rate of change 


of voltage at the voltage level (helipot setting) at which 
orbit expansion is called for. 

The results of such an experiment showed that at 
helipot 730 a change in magnet amplitude of from 11 
to 21 Mev produced a change in the Cu activity which 
was equivalent to a shift in the peak x-ray energy of 
about 22 h.u. (300 kev). It was found that these results 
were consistent with the assumption of a constant time 
delay. However, when a correction based upon these 
results was applied to the calibration points for the 
energy scale, the resulting scale possessed a non- 
linearity which was roughly the same as that which 
it had originally. It therefore appeared that the above 
considerations would not resolve the scale nonlinearity. 

A conclusion of practical utility could be obtained 
from this experiment, namely, the degree to which 
the magnet amplitude must be held constant in order 
to eliminate this as an effect causing fluctuations in the 
peak x-ray energy. In the neighborhood of magnet 
amplitude 21 Mev, a 1-Mev change in the magnet 
amplitude can produce a change in the peak x-ray 
energy of 28 kev. Thus, if a stability of the order of 
+3 kev is desired, the magnet amplitude must be held 
constant to within +0.1 Mev. 
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The radiations from Sm'* and Eu'** have been studied by means of a 180-degree, magnetic-focusing, 
variable-field beta-ray spectrometer-spectrograph using enriched materials. In the disintegration of 47.0-hr 
Sm", conversion electrons of three gamma rays of energy, 0.0691, 0.1027, 0.548 Mev, and three beta-ray 
spectra whose end-point energy and relative intensity were 0.255 Mev, 9 percent; 0.685 Mev, 70 percent; 
0.795 Mev, 21 percent, respectively, were observed. A fourth beta-ray spectrum of end-point energy 0.62 Mev 
and intensity less than 6 percent is postulated. A decay scheme in good agreement with these data and with 
nuclear shell theory is proposed in which spin and parity have been assigned to all levels. The discrepancy 
between the magnetic moment measurement and the requirements of shell theory as to the parity of the 
ground state of Eu'™ has been resolved in favor of shell theory. In the disintegration of Eu'* two beta-ray 
spectra of end-point energy 0.152 and 0.252 Mev and relative intensity 84 percent and 16 percent, respect- 
ively, and conversion electrons of four gamma rays of energy 0.0593, 0.0858, 0.1045, 0.1309 Mev were ob- 
served, in agreement with earlier work. Weak conversion-electron lines attributed to gamma rays of energy 


0.0187 and 0.1368 Mev were also observed. 





I, INTRODUCTION 


HE disintegration of Sm'™ to Eu'® has been 
studied in detail in order to determine whether 
the case of Eu'® represents a violation of the shell- 
parity correlation' as indicated by magnetic moment 
measurements. Although a number of investigators?~* 
have studied radiations from this 47-hr activity, there 
has been insufficient agreement to warrant an attempt 
to assign spin and parity to the observed levels. It 
appears to be well established that the maximum beta- 
ray energy is approximately 0.80 Mev, but there has 
been some doubt as to the number of partial beta-ray 
spectra associated with the disintegration. The present 
investigation has shown that the beta-ray spectrum is 
complex, probably consisting of four components, one of 
which proceeds directly to the ground state of Eu’. 
Previous investigations?:*-* of Eu'®* have indicated the 
existence of two beta-ray spectra of end-point energies 
of approximately 0.150 and 0.250 Mev and several 
gamma rays. In the present investigation all previously 
reported radiation was confirmed, and in addition two 
previously unreported gamma rays were also observed. 
Insufficient data is available for judging between already 
proposed decay schemes or possible alternate behavior. 


Il. EXPERIMENTAL METHOD 


Measurements were made with the variable-field 
magnetic focusing beta-ray spectrometer-spectrograph 


t Portion of a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in Physics at 
Kansas State College. 

* Now at Continental Oil Company, Ponca City, Oklahoma. 

1 Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951). 

2 Nuclear Data National Bureau of Standards Circular No. 499 
(U. S. Government Printing Office, Washington, D. C., 1950) 
and Supplements. 

*K. Siegbahn, M. Siegbahn Commemorative Volume (Uppsala, 
Sweden, 1952), p. 241. 

¢ Bannerman, Proc. Phys. Soc. (London) A65, 565 (1952). 

+ Rutledge Cork, and Burson, Phys. Rev. 86, 775 (1952). 

*H. W. Wilson and G. M. Lewis, Proc. Phys. Soc. (London) 
A65, 656 (1952). 


which has been described elsewhere.’ The instrument 
was used either as a fixed radius (15 cm) spectrometer or 
as a fixed field spectrograph. In the latter case the field 
generated by the current from a storage-battery bank 
was monitored manually at intervals of six to twelve 
hours for the duration of the exposure. The sources were 
investigated both spectrometrically and spectrographi- 
cally in the same magnet ; this procedure resulted in two 
independent energy determinations of all conversion- 
electron groups. The discrepancy between these two 
modes of measurement, as well as that associated with 
the determination of gamma-ray energies from K, L, 
and M conversion electrons, has been incorporated in 
the uncertainty in energy assigned to each gamma ray. 
Calibration of the instrument was made in terms of the 
0.661-Mev gamma ray of Cs®’.8 Measurement of the 
magnetic field was made through comparison of the 
alternating voltages generated by two identical coils 
spinning at opposite ends of the same shaft, one in the 
field of a permanent reference magnet and the other in 
the field of the electromagnet. Spectrometer measure- 
ments were made with end-window counters filled with 
alcohol vapor at pressures ranging from 1.2 to 3.5 cm 
Hg. Windows were made from Formvar films ranging in 
thickness from 2 to 6 ug/cm?, supported by a copper 
Lectromesh grid. All data were appropriately corrected 
for window absorption and for electron transmission of 
the copper grid. 

Sources were prepared from enriched, stable samarium 
isotopes by pile bombardment at the Argonne National 
Laboratories. The enrichments of the two isotopes used 
in the investigation were 89.9 percent and 92.1 percent 
for Sm'™ and Sm", respectively. The samarium oxide 
was dissolved in dilute HNO; and was spread uniformly 
from solution onto 8 yg/cm? collodion backing with the 
aid of insulin.’ Sources were 4 cm high and 1 or 2mm 


7R. Katz and M. R. Lee, to be published. 
5 L. M. Langer and R. D. Moffat Phys. Rev. 78, 74 (1950). 
°L. M. Langer, Rev. Sci. Instr. 20, 216 (1949). 
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Fic. 1, Electron spectrum of Sm, From left to right the peaks 
are due to conversion electrons identified as 69.1-K, 102.7-K, 
69.1-L, 102.7-L, -M. K and L conversion electrons of the 548 kev 
transition are shown in the inset on an enlarged scale. 


wide. Source densities ranged from 0.075 to 0.10 mg/cm? 
which resulted in some distortion of low-energy spectra. 

All data were taken with statistical accuracies of 1 to 3 
percent. The higher statistical error was necessitated by 
the low specific activity of the Eu'®* sample. 


III, RESULTS FOR Sm!" 


Figure 1 is a normalized momentum distribution plot 
of the Sm'® activity as observed in the 15 cm radius, 
180-deg spectrometer using a 0.24.0 cm source. This 
spectrum has been corrected for the 47.0+0.3 hr half- 
life determined by monitoring the spectrum for ap- 
proximately one week. The inset shows an enlargement 
of the region including the conversion-electron spectrum 
resulting from the 0.548-Mev transition. Conversion- 
electron energies were determined photographically as 
well as spectrometrically. Energy values as determined 
from both sets of data are summarized in Table I. The 
K/L ratios were determined from the unnormalized 
peaks as well as from the normalized areas." It is the 
average value of the two methods which appears in 
Table I. This procedure was necessary in view of the 
self-absorption and backscattering which occurred at 
low energies in the relatively thick source. The values 
listed for ax depend on the proposed decay scheme. 

The Fermi plot of the Sm'™ beta spectrum, which is 
shown in Fig. 2, shows two distinct changes in slope. 
Analysis of the plot, assuming an allowed shape for each 
partial beta-ray spectrum, yields spectra with maximum 
energies of 0.255+-0.010, 0.685+-0.005, and 0.795+0.005 
Mev, having relative intensities of 9, 70, and 21 percent, 
respectively. The corresponding logo (ft) values are 6.0, 
6.5, and 7.3. The Fermi analysis was made with the help 
of tables recently made available by the National 
Bureau of Standards." 


” Katz, Hill, and Goldhaber, Phys. Rev. 78, 9 (1950). 
" Table for the Analysis of Beta Spectra, National Bureau of 
Standards, Applied Mathematics Series No. 13, June, 1952. 
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IV. DISCUSSION OF Sm! 


The preceding results lead to the main features of the 
disintegration scheme for Sm'™ shown in Fig. 3. 

The value 3.8 for the K/L ratio of the 69-kev gamma 
ray is in good agreement with that of 3.5 reported by 
Mihelich,” but is considerably larger than the value of 
0.29 reported by Rutledge, Cork, and Burson.® Supple- 
menting these data, the K-conversion coefficient of the 
69-kev gamma ray has been determined by Sunyar and 
by McGowan" using scintillation spectrometer methods. 
They found ax=3.1, which tends to confirm the as- 
signment of a mixed M1+£2 transition to this gamma 
ray. The value 6.2 for the K/L-ratio of the 103-kev 
gamma ray is also in good agreement with the majority 
of previously reported values. Siegbahn* has reported 
the K-conversion coefficient of the 103-kev gamma ray 
to be 0.65 as compared with the value of 0.62 determined 
in this research. McGowan has given K/(L+M)=3.5 
and ax=1.2 for this gamma ray. These values are in 
disagreement with the results of the present investiga- 
tion by a factor of about 2. Nevertheless they remain 
within the range appropriate to a mixed M1+£2 as 
assigned here. Coincidences between the 69- and 103-kev 
gamma rays have also been observed.” To our knowl- 
edge no conversion-coefficient data have been previously 
reported for the 548-kev gamma ray. The conversion- 
electron spectrum of this transition is quite weak, a 
condition which is reflected in the relatively large 
uncertainties in both ax and the K/L ratio for this 
gamma ray. Siegbahn has reported a gamma ray of 
energy 531 kev as determined by scintillation methods. 

A gamma ray of this energy has been reported by both 
Sunyar and McGowan using similar techniques. Sunyar 
has also reported a weak gamma ray of energy about 
600 kev which has not been observed in the present 
investigation. Multipole-order assignments were made 
by comparing experimental values of ax with those 
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Fic. 2. Fermi plot of the beta-ray spectrum of Sm", 


2 J. W. Mihelich, Phys. Rev. 87, 646 (1952). 
13 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953). 
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TABLE I, Gamma-ray data for Sm". 


AND Eu't& 








Gamma-ray 
energy (Mev) 


Observation* 


Experimental 


a 


Theoretical> 


Experimental 


K/L 


Empiricale 





0.0691 0.0002 


0.1027 +-0.0003 


0.548 +0.003 


$s, t-6 (K, L) 


s, -7 (K, L, M) 


0.62 +0.15 


0.008-+0.004 


M1 6.0 
E2 2.0 


M1 1.3 
E2 0.6 


M1 0.013 


E2 0.008 6.0 


3.gt25 


—1.5 


6.2+1.5 


+4.0 


—2.0 


M175 
wis M1+E2 
M176 * 
F2 0.55 M1+E2 
M170 


F2 80 M1+E2 








* s-observed in the spectrometer; t-6 (K, L)—-K and L conversion electrons were observed on 6 different spectrographic films. 


b See references 14 and 15 
¢ See reference 16. 


calculated theoretically by Rose et al.“ and Reitz!® and 
by comparing the experimental K/Z ratios with the 
empirical values tabulated by Goldhaber and Sunyar."® 

Although the spin of Eu'® in the ground state is 
known" to be 5/2, no clear-cut parity determination has 
been made. Magnetic moment considerations place this 
state as fs/2 since the value of uw falls near the “anti- 
parallel” region as computed from the Schmidt model. 
However, shell-parity correlation prefers the value d5,2. 
The parity of the ground state of Smg;'* seems to be 
clearly odd, there being no evident discrepancy between 
parity assignments from shell structure theory and ex- 
periment in the vicinity of 91 neutrons. The value of 
logio( ft) = 7.3 found for the 0.795-Mev beta ray from the 
ground state of Sm'® to the ground state of Eu'® 
indicates that the transition is first forbidden and re- 
quires a parity change. Thus the parity of the ground 
state of Eu'® is even, calling for an assignment of ds5y2 
rather than fs/2. Thus the proposed decay scheme as- 
sumes the value predicted by shell theory, which results 
in an internally consistent diagram. The f72 state for 
Sm! (91 neutrons) is also in agreement with the shell 
model. Selection rules for beta decay predict the three 
experimentally observed spectra to be of the first- 
forbidden type. The ft values found for these beta 
spectra are consistent with this assignment. These rules 
indicate further that the postulated beta-spectrum 
(dashed line) be higher forbidden than second order in 
agreement with the experimental difficulty in observing 
it. Furthermore, calculations from electron intensities 
and empirical conversion coefficients" place the relative 
intensity of this transition at not greater than 6 percent. 
The experimental absence of other transitions which 
might be inferred from the decay scheme is consistent 
with the spins and parities assigned. The indicated level 
assignments are precisely those predicted by shell 
theory, with the first twelve protons in the shell be- 
ginning with A=5S0 filling the twelve available hy1,2 
levels.'* The appearance of the g7/2 level instead of an hy1/2 


4 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL-1023 (1951). 

16 J. R. Reitz, Phys. Rev. 77, 10 (1950). 

16M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

17H. Schuler and T. Schmidt, Z. Physik 94, 457 (1935). 

18 M. G. Mayer, Phys. Rev. 25, 1969 (1949). 


level is explained by the high pairing energy associated 
with large j values. 

In confirmation, Bannerman,‘ using the integrated 
spectrum technique,” has reported the total energy of 
the transition from Sm'™ to Eu'® as 0.800+0.020 Mev 
(plus mec?). 

The K capture of Gd" and the life time of the S12 
state have been added to the scheme for completeness.” 

Goldhaber and Hill have remarked upon the limited 
number of long-lived odd-proton isomers between 50 
and 82 protons as compared with the relatively abun- 
dant odd-neutron isormers in the region of 50 to 82 
neutrons. The zbsence of an excited /y,;2 level in Eu'™ 
may imply that the pairing energy for protons is higher 
than the pairing energy for neutrons of large j which 
would account for the absence of odd proton isomers. 


V. RESULTS FOR Eu'** 


The daughter product of 23.5-min Sm'® is known” to 
be a long-lived radioactive nucleus Eu'®® which dis- 
integrates to Gd'®®. Samarium, having mass number 154 
enriched to 92.1 percent, was given a 6-month pile 
bombardment at the Argonne National Laboratory. 
The sample was allowed to stand for a period of several 
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Fic. 3. Proposed disintegration scheme of Sm’. Energies are 
given in Mev. 
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Fic, 4. Electron spectrum of Eu'®* admixed with some Eu'”% 
impurity. Thirteen conversion-electron peaks are identified from 
left to right as 85.8-K, 59.3-L, 104.5-K, 59.3-M, 122.4-K* 
121.2-K*, 85.8-L, 130.9-K, 85.8-M, 104.5-L, 104.5-M, 121.2-Lem 
+122.4-L*, and 121.2-Mg,,*+122.4-M*. The starred items are a 
result of Eu'®!™, Gamma rays are converted in Gd unless other- 
wise noted, The unnormalized spectrum is shown. 


weeks in order that radiations associated with the 
disintegrations of the 23.5-min Sm" or the 47-hr Sm'™ 
would not be present in objectionable amounts. Figure 4 
is the unnormalized spectrum and shows several peaks 
arising from the decay of Eu'®'™ even though the mass- 
spectrographic and chemical analyses showed these 
materials to be present in very small amounts (0.31 
percent). Because of the low activity of the sample, 
conversion-electron energies were determined photo- 
graphically. K/L ratios for some of the transitions have 
been determined as outlined in Sec. III. These values, 
along with the gamma-ray energies, are listed in 
Table II. 

Figure 5 shows the Fermi analysis of the spectrum 
indicating three partial beta-ray spectra. Two of these, 
having maximum energies of 0.152+0.005 and 0.252 
+0.005 Mev and relative abundances of 84 and 16 
percent, respectively, are attributed to the decay of 
Eu'®*, This is in agreement with other workers.? The 
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Fic. 5. Fermi plot of the beta-ray spectrum of Eu!’ and of the 
Eu'™ impurity. The two low-energy spectra result from Eu'™ while 
the high-energy, low-intensity spectrum results from Eu", 





low-intensity, high-energy spectrum is assigned to the 
disintegration of Eu’. 


VI. DISCUSSION OF Eu'* 


Four of the gamma rays listed in Table II have been 
previously reported?** in Eu'®®, Two additional very 
weak conversion lines which were attributed to gamma 
rays of energy 18.7 and 136.8 kev by M and K con- 
version, respectively, were observed in sources enriched 
in mass number 154 (stable) and in no other, although 
Sm samples having other isotopic enrichments were 
studied. Wilson and Lewis have assigned a gamma ray 
of 15 kev to the disintegration of Eu'®® on the basis of 
scintillation measurements. They did not, however, re- 
port gamma rays of 59, 131, or 137 kev. Rutledge et al. 
have observed al! gamma rays listed in Table II except 
the 18.7 and 136.8 kev transitions. Both groups named 
have proposed decay schemes for this activity, but it is 
felt that there is insufficient evidence reported here to 
verify either of the schemes. 

Assuming a half-life of 1.7 yr, logio (ft) for the 0.152- 
and 0.252-Mev beta transities are found to be 6.8 and 


TABLE II. Gamma-ray data for Eu’. 








Gamma-ray energy ‘ 
(Mev) Observation* 


0.0187+-0.0001 t-2 (M) 
0.0593 +-0.0002 s, +3 (L, M) 
0.0858+-0.0001 s, -3 (K, L, M) 


0.1045+0.0003 s, +3 (K, L, M) 
0.1309+-0.0004 5, +-3 (K) 
0.1368+0.0002 t-2 (K) 


K/L 





+2.0 
4.0" 10 
6.141.5 





* See reference a of Table I. 








8.2, respectively, indicating that they are probably of the 
first-forbidden type consistent with the requirements of 
shell-theory. 


VII. IMPURITY ACTIVITY 


The 0.710+0.020 Mev beta-ray spectrum has been 
assigned to the disintegration of Eu on the basis of the 
relative enrichments of (stable) masses 151 and 153 in 
the original source material. Mass analysis indicated a 
ratio of approximately 16/1 in favor of mass number 153 
which definitely places this transition with the decay of 
Eu'™, None of the beta spectra associated with the 
decay of Eu' were observed with this source. 

This result completes the assignment of long-lived 
impurity radiations to the disintegration of Eu'® and 
Eu on the basis of mass number enrichment in several 
enriched samarium isotopes.” 

In summation, gamma rays of energy 121.2+0.3, 
243.6+0.7, and 344.2+1.0 kev were assigned to Eu? 
while a gamma ray of energy 122.4+0.3 kev and a beta- 
ray spectrum of end-point energy 0.710+0.020 Mev 


* R. Katz and M. R. Lee, Phys. Rev. 85, 1038 (1952). 
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was assigned to Eu'™, These energies were determined 
by spectrometer and by spectrograph. Two further high- 
energy gamma rays were found in the long-lived 
europium impurity; one of energy 0.980 Mev by ab- 
sorption was associated with Eu'™, and one of energy 
1.17 Mev by absorption was associated with Eu. 
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Nuclear Spins and Band Spectra of the Selenium Isotopes 
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An investigation of the rotational structure of the '2,*+—'Z,* band system of Se: in the region 3700-3815A, 
using separated isotopes of selenium, has made possible the assignment of J=4 to the nucleus Se”, and 
the confirmation of J =0 for Se” and Se®. At the same time a number of new facts regarding the predis- 
sociation and the rotational constants of the Se: molecules are established. 


I. INTRODUCTION 


HE work described here was originally undertaken 
to resolve a discrepancy’ that existed between the 
values of the nuclear spin of 3,Se”’ indicated by optical 
hyperfine structure? and by microwave spectra.’ The 
former method indicated J=7/2+1 and the latter 
I=}, although with certain reinterpretations? of the 
data either result could be reconciled with the other. 
Under these circumstances it was decided to try the 
band-spectroscopic method of nuclear-spin determi- 
nation, since this was the one originally used® to 
establish the value J=0 for Se® and is the only one 
that gives a direct, positive result for a nuclear spin of 
I=} (or J=0). 

Of the previous analyses of the band spectrum of 
selenium,*” those of Rosen and of Olsson are the most 
important. It was clear from the work of Olsson that a 
separated isotope would be needed to study the rota- 
tional structure of the (Se’’). bands, since in the normal 
isotopic mixture Se” is present to the extent of only 
8 percent. [Olsson was able to detect only bands result- 
ing from (Se), and Se’Se®. ] Enriched samples" con- 


* Now at Department of Physics, Massachusetts Institute of 
Technology, Cambridge 39, Massachusetts. 

1J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

2 J. E. Mack and O. H. Arroe, Phys. Rev. 76, 173 (1949). 

*Strandberg, Wentink, and Hill, Phys. Rev. 75, 827 (1949); 
Geschwind, Minden, and Townes, Phys. Rev. 78, 174 (1950). 

4 Townes, Foley, and Low, Phys. Rev. 76, 1415 (1949), 

5K. Wurm, Naturwiss. 20, 85 (1932). 

6 J, Messerschmitt, Z. wiss. Phot. 5, 249 (1907). 

7B. Rosen, Z. Physik 43, 69 (1927). 

* B. Rosen, Physica 6, 205 (1939). 

*T. Nevin, Phil. Mag. 20, 347 (1935). 

%” E, Olsson, Z. Physik 90, 138 (1934) ; Dissertation, Stockholm, 
1938 (unpublished). 

4 All enriched isotopes were supplied by the Stable Isotopes 
Research and Production Division, Y-12 Area, Oak Ridge 
National Laboratory, Oak Ridge, Tennessee. 


taining as much as 92 percent of this isotope were even- 
tually required to obtain sufficiently accurate intensity 
measurements on the alternation ratio (J+1)/J in the 
spectrum of (Se”)». Other samples enriched in Se”* and 
Se® also gave greatly simplified spectra and permitted 
clarification of certain features of the structure of these 
bands.” 


II, EXPERIMENTAL 


The sources were electrodeless radio-frequency dis- 
charge tubes, this type being chosen principally because 
of its basic simplicity, freedom from contamination by 
electrodes, and adaptability to the use of milligram 
quantities of the elements to be excited. They were 
straight sealed quartz tubes from 2 to 5 mm in diameter 
and from 20 to 100 mm long, containing argon gas at 
several mm pressure and a small sample of metallic 
selenium, between 2 and 25 milligrams. With this 
arrangement the entire tube could easily be heated to 
the desired temperature, if necessary, in the neighbor- 
hood of 300°C. To provide better control of the selenium 
vapor pressure, some of the tubes had side arms which 
could be heated separately. The external electrodes 
were made by platinizing the ends of the tubes. Exci- 
tation was accomplished by a 60-Mc/sec rf power os- 
cillator, this frequency being chosen because it was high 
enough to give a satisfactory discharge, but not so high 
as to require the use of special tubes and circuit compo- 
nents. During operation of the discharge tubes, the 
power drawn from the oscillator was very small, of the 
order of 5 or 10 watts. 

A large part of the success of this work was due to 
the availability of enriched isotopes of selenium. In the 
natural mixture, the principal isotope Se® constitutes 


” Preliminary accounts of this work have appeared in Phys. 
Rev. 83, 891, 1269 (1951). 
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Fic. 1. (a) 10—5 band of Ses from the natural isotopic mixture. 
(b) 10-5 band of Sez from 92-percent Se”, photographed through 
a step-weakener with transmissions at this wavelength of 100, 
67.5, 51, 35, 22, and 9.5 percent. (c) 10—5 band of Ses, from 
83-percent Se”*. (d) 11—5 band of Ses, from 92-percent Se7’. 


48 percent, whereas in the enriched samples the amounts 
of the most abundant isotope were: Se”? sample I, 58 
percent; Se”? sample II, 92 percent; Se’’, 83 percent; 
Se™, 95 percent. Only in the natural mixture and in 
Se’? sample I were the intensities of mixed isotopic 
molecules objectionable. Sample II of this isotope was 
the result of a special separation kindly made at our 
request by the Oak Ridge National Laboratory. 

Spectrograms were taken in the second order of a 
21-foot concave grating, which has 30000 lines per 
inch. In the region near \3800 the plate factor was 
0.67 A/mm. Exposure times were from one-half hour to 
eight hours, on Eastman ITa-O Spectroscopic Plates. 

The intense ',,+—'2,* system of See covers a wide 
range of the spectrum between 3400 and 6000A, with 
the strongest bands in the visible near 4600A. Over the 
latter region there is so much overlapping of bands 
that an analysis of the rotational structure of the bands 
involving low vibrational quantum numbers seems 
impossible with the emission spectrum, Only a few 
bands of relatively high » at the ultraviolet end of the 
spectrum are clearly enough separated for this purpose, 
and it was with several of these that Olsson’s analysis 
was concerned. In the present work, the high-dispersion 
spectrograms covered the region 3700-3800A. The 
optimum operating conditions for the source could be 
monitored by observing the intensity of the visible 
bands with a small spectroscope. 
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Ill. RESULTS 


The simple structure of single P and R branches found 
by Olsson was confirmed, as was the correctness of the 
assignment of the rotational quantum numbers® N in 
the 10—4 and 10—5 bands of (Se™). and Se7*Se™, The 
greater simplicity is of the structure resulting from 
higher isotopic purity may be seen by comparing Fig. 
1(a) with 1(b) and 1(c). It made possible the complete 
measurement of the 9—4 and 9—5 bands, in addition 
to those studied by Olsson, for the three molecules 
(Se7’)2, (Se7%)2, and (Se®). on different plates taken 
with these three isotopes as the major constituents in 
the source. 

For the measurement of the nuclear spin of Se7’, 
exposures were taken with a calibrated step-weakener 
in front of the plate [see Fig. 1(b) ]. The last five lines 
of the P branch in the 10—5 band were traced with the 
Zeiss microphotometer and yielded values of the alter- 
nation ratio between 2.65 and 3.30, with an average of 
3.02. Hence, it is concluded without question that J=} 
for Se’’. As expected for an odd number of nucleons, 
the lines of odd N” were stronger. The bands resulting 
from (Se’*), and (Se®). showed lines of even N” only, 
corresponding to zero nuclear spin for these isotopes. 
The very simple appearance of the (Se™), bands was 
similar to that of the (Se’*). band shown in Fig. 1(c). 

It is worth noting that the observed isotope shifts do 
not agree well with those calculated from 


AG‘= (p— 1)w,(v+-4) ™ (p?— 1)xww.(v+4), 


using Olsson’s values of the vibrational constants and 
v numbering. A somewhat better agreement, although 
far from a satisfactory one, was obtained by increasing 
v in the upper state by two units. The difficulty appears 
to arise from the presence of rather strong vibrational 
perturbations. It does not invalidate the adopted 
assignment of rotational quantum numbers, however, 
since the isotope shifts for the different molecules bore 
ratios in very close agreement with those predicted 
from the relative values of p=u/p'. 

This agreement is shown in Table I, where the 
molecular constants for the three molecules are com- 
pared. The rotational constants were calculated by 
applying least squares to the average combination 
differences A2/ (NV). The table shows satisfactory agree- 
ment of the ratios of B with p*? and agreement within 
the probable error of the ratios of a with p’. 

Predissociation effects in the upper state are very 
clear on the plates. The breaking-off of the rotational 
lines at V’=49, 45, and 44 in the state o’'=10 for the 


13 The notation WN in place of the customary K for the rotational 
quantum number in Hund’s case 6 is in accordance with the 
recommendations of the Joint Commission for Spectroscopy at 
its Rome meeting in September, 1952. [See J. Opt. Soc. Am, 43, 
410 (1953).] Other recommended modifications employed here 
are the use of a dash between the designations of the upper and 
lower states in a transition, of o for wave number, and of K 
(kaysers) for cm™. 
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TABLE I, Molecu 


lar constants of Ses. 


Se 


ISOTOPES 








Constant 80 


Isotope 
78 


77 





0.089 163+0.000 023K 
0,089 457+0.000 031K 
0.090 78 +0.000 20 K 


0.068 141+0.000 037K 
0,068 443+0.000 028K 
0,071 32 +0,000 46 K 


B'*/B,”’ 
B,!*/B, 


— 0,000 294+0,000 038K 
— 0,000 303+0.000 046K 


—2.1X10-°K 
—2.7X10-°K 


2.1555+0.0024A 
2.4319+0.0078A 


* se 391.9 K 
Xe" we” 1.04K 


w,’ 271.1 K 
Xe We 2.19K 








* See reference 10. 


isotopes 80, 78, and 77 may be observed in Figs. 1(a), 
1(c), and 1(b) respectively. The result for Se® agrees 
with Olsson’s observation. For the adjacent vibrational 
states, however, his results are not confirmed. He 
found that v’=9 does not predissociate, but has a 
perturbation at N’=65. The present work shows a 
breakoff at this point for Se®, with no further lines 
beyond the perturbation, which therefore had every 
appearance of a predissociation limit. Since its energy 
is considerably below the genuine limit in v=10, 
however, it seems probable that it is actually a pertur- 
bation. 

For the level v'=11, Rosen* found bands to be 
present, whereas Olsson was unable to detect any. A 
search was therefore made for the 11—4 and 11—5 
bands, since they should have been present in a region 
relatively free from overlapping. On one of the most 
heavily exposed plates for (Se”’)» both of the bands 
were found, although they were quite weak. After the 
lines of the 11—5 band were measured, the combination 
differences were formed and compared with those from 
10—5 and 9—5. The comparison is given in Table II. 
The good agreement is ample proof that the level 
v’=11 is in evidence. As a check, a rough calculation 
for B’ yielded 0.07043K as compared to 0.07046K 
predicted from the data on the other two bands. The 
fact that Olsson did not find this band could easily be 
because of its weakness, since his exposure times were of 
the order of 30 hours. What is peculiar, however, is 


0.091 422+0,.000 025K 
0,091 809+-0,000 036K 
0,093 55 +0.000 23 K 


0.069 885--0.000 042K 
0.070 214+-0,000 025K 
0.073 34 +0,000 48 K 


1,0305+0.0034 
1.02832-0,0094 
1.0257 


— 0,000 387 +-0.000 044K 
— 0.000 329+0,000 049K 


1.32+0.23 
1.09+0,23 
1.04 


—2.2X10°*K 
—2.8X10-°K 


2.1504-+0.0026A 
2.4287 +0.0080A 


0,092 661-+0,.000 020K 
0,093 0162-0.000 046K 
0.094 61 +0.000 27 K 


0,070 787+0.000 042K 
0,071 112+-0,000 022K 
0,074 20 +0.000 46 K 


1,0422+0,0038 
1,0404+-0,0093 
1.0390 


— 0,000 355+0.000 O55K 
— 0,006 325+0,000 047K 


1.21+0.24 
1,07 +0.23 
1,06 


—2.2X10-°K 
—2,9X10-°K 


2.1523+0.0031A 
2.4303+0,0074A 


that v'=11 does appear above the predissociation 
energy in v' =10 and furthermore does not appear to 
predissociate within the observed range of rotational 
levels, as can be seen from Fig. 1(d). 

A search was then made for the 12—4 and 12—5 
bands, since Rosen found that the level v'=12 was 
strong in emission. On none of the plates was either of 
these two bands visible. Unfortunately Rosen did not 
make a rotational analysis of the bands that he found 
with v’=12, so that it is not possible to compare his 
work and definitely to determine the cause of this 
discrepancy. The most effective way to pursue the 
problem further would be to observe these bands in 
absorption under high dispersion. 

Another interesting phenomenon that could be profit- 
ably studied in absorption is the exceptional weakness, 
with no sign of splitting, of the lines from the levels 
N’=41, 37, and 38 in the state v’=10 for the isotopes 
80, 78, and 77. The two weakened lines for Se’* are 
marked on Fig. 1(c). This may possibly represent a 
perturbation, but the absence of any splitting or shift 
would seem to indicate a case of accidental predissoci- 
ation.“ A study of the line width in absorption might 
yield a confirmation of this interpretation. 


IV. CONCLUSIONS 


In regard to the nuclear spins, the values /=0, 0, 
and 4 for Se®, Se’*, and Se” are in accord with the 


“G. Herzberg, Molecular Spectra and Molecular Structure (D. 
Van Nostrand Company, Inc., New York, 1950), Vol. 1. 
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TasLez II. Combination differences for the 11-5, 10—5, 
and 9—5 bands of (Se"’)s. 
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expectations of the shell model,'® although the possi- 
bility that in Se”’ the odd neutron was in a spin-9/2 
state was not excluded. The only experimental evidence 


% M. G. Mayer, Phys. Rev. 78, 16 (1950). 
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for a high value of the spin is that of hyperfine structure.” 
From the present result, it must be concluded that the 
structure observed by Mack and Arroe is due to 
isotope shifts, and the Se’? must have an exceptionally 
large shift. The other evidence for a spin of 4, that of 
the lack of splitting of the microwave lines* of OCSe, 
and the 8 decay"® of As” are confirmed by the result 
reported here. 

Conclusions concerning the structure of the band 
spectrum are as follows: the vibrational levels are so 
badly perturbed that accurate extrapolations of the 
vibrational constants to equilibrium values cannot be 
made. Further, the vibrational numbering of Olsson, 
which is used here, may be in error in the upper state 
by as much as two units. There is a definite predissoci- 
ation which occurs at 28871K above the ground state 
in the state v'=10 for all isotopes. The apparent 
predissociation in v'=9 may be only a perturbation. 
It is certain, however, that the predissociation is weak, 
since it does not affect the rotational levels of v’=11. 
Further experiments on the absorption spectrum will be 
required to clarify the apparent absence of bands with 
v’=12 and the anomalous weakness of lines from a 
single rotational level in the state v’ = 10. 

Thanks are due Dr. F. A. Jenkins, under whose 
direction this work was done, and Dr. Perlman, of the 
Chemistry Department, who kindly arranged the pro- 
curement of Se’? sample I. 


16 R. Canada and A. C, G, Mitchell, Phys. Rev. 81, 485 (1951). 
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Measure of K-Shell Internal Conversion Coefficients with a 
Coincidence Scintillation Spectrometer 


F. K. McGowan 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
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The K-shell internal conversion coefficients of gamma rays from Te!, Sm'*, Hf'*!, and Os have been 
measured using a coincidence scintillation spectrometer employing NaI and anthracene phosphors as de- 
tectors. In several cases an unambiguous classification of the transition as to multipole order and character 
is possible. The results indicate that the 159-kev gamma ray from Te™ is predominantly M1, the 70-kev 
gamma ray from Sm" is a mixture of E2+ M1, the 132-kev gamma ray from Hf™ is predominantly £2, the 
135-kev gamma ray from Hf!*! is predominantly M1, the 345-kev and 480-kev gamma rays from Hf'*! are 
a mixture of either E2+M1 or E1+M2, and the 129-kev gamma ray from Os™ is a mixture of either £24+M1 


or £1+M2. 





I. INTRODUCTION 


N many nuclear gamma transitions, a measurement 

of K-shell internal-conversion coefficients will permit 
an unambiguous assignment of multipole order and 
character of the transition. Recently, the importance 
of these measurements in conjunction with directional 
angular correlation measurements of nuclear gamma- 
ray cascades has become quite evident.' In some cases 
of a mixed multipole transition, a measured conversion 
coefficient will not distinguish between a _parity- 
favored or a parity-unfavored transition, and the 
measurements must be supplemented by directional 
angular correlation measurements if possible. 

For Z240, many K-shell internal-conversion coeffi- 
cients are easily measured with a scintillation spectrom- 
eter employing NaI phosphors. Many transitions have 
already been classified from measurements by this 
method.’ For a simple decay scheme consisting of a 
single gamma ray, the K-shell internal-conversion 
coefficient is obtained from a pulse spectrum of the 
gamma radiation. However, in decay schemes involving 
gamma-ray cascades, a knowledge of the pulse spectrum 
of the gamma radiation from a particular transition is 
required. In many cases this spectrum can be obtained 
from a coincidence scintillation spectrometer. In this 
paper, a fast delayed coincidence scintillation spec- 
trometer using Nal detectors is described. The applica- 
tion of coincidence scintillation spectrometry to the 
measurement of K-shell internal-conversion coefficients 
is discussed. Possible interferences in coincidence spec- 
trometry are enumerated and discussed briefly. Ex- 
perimental measurements of eight K-shell internal- 
conversion coefficients and a discussion of the results 
are presented. 

Il. APPARATUS 


For the detection of the radiations, scintillation de- 
tectors consisting of Tl-activated sodium iodide crystals 
and an anthracene crystal mounted on RCA type 5819 


1F, R. Metzger and H. C. Amacher, Phys. Rev. 88, 147 (1952); 
R. M. Steffen, Phys. Rev. 90, 321 (1953). 

2 See for instance “The nuclear data, 1952 cumulation,” Nuclear 
Science Abstracts 6, No. 24B (1952). 


photomultiplier tubes were used. The sodium iodide 
crystals were 1.5 in. in diameter by 1 in. thick, and the 
anthracene crystal was 1.5 in. in diameter by 0.20 in. 
thick. In most experiments the detectors were oriented 
at 180° with respect to the source which was located on 
the axis of the cylindrical crystals. The light shield 
assembly for the detectors was surrounded by 4 in. 
of Pb. To suppress the characteristic x-rays from the Pb 
shield by a factor of 10°, the Pb shield was lined with a 
graded shield consisting of 0.090 in. of Cd and 0.015 in. 
of Cu. 

Figure 1 is a block diagram of the delayed coincidence 
scintillation spectrometer which uses the fast-slow 
coincidence method. Although this apparatus has been 
in use for several years to measure the lifetimes’ of 
short-lived metastable states of nuclei, it is perhaps 
appropriate to describe the fast-slow coincidence 
method, indicating its advantages in view of the ad- 
vanced technique of scintillation spectrometry. 

The integrated current pulse from each photomulti- 
plier is fed both to a linear amplifier* and to a grid of a 
cathode follower. The coupling condenser between 
the cathode follower and the 200-ohm transmission 


f PRE A-t PULSE HEIGHT 
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Fic. 1. Block diagram of the delayed coincidence 
scintillation spectrometer. 


*F. K. McGowan, Phys. Rev. 79, 404 (1950). 
‘W. H. Jordan and P. R. Bell, Rev. Sci. Instr. 18, 703 (1947) 
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line of the Hewlett-Packard 460A wide-band amplifiers 
is chosen to provide a time constant equal to the decay 
period of the phosphor. In this way the signal to be 
amplified is the current pulse which has been smoothed 
by some integration. This much integration assures one 
that the timing circuit is actuated by the arrival of the 
first » photoelectrons injected into the multiplier and 
is not actuated again by other groups of photoelectrons 
that may occur later in the same current pulse. More 
integration than this only makes the recovery time 
unnecessarily longer. After suitable amplification with 
two Hewlett-Packard 460A amplifiers in cascade, the 
pulses are equalized by limiting in a Western Electric 
404A pentode. The equalization minimizes the error 
in determining the time of occurrence of the nuclear 
event which excites the phosphor crystal. The limited 
signal is led along a 100-ohm coaxial cable to a 100-ohm 
shorted coaxial cable clipper to fix the duration of the 
pulse. The pulses from either channel can be delayed 
by accurately known amounts by lengthening the ap- 
propriate signal cable. The clipped pulses are fed directly 
to a fast coincidence circuit consisting of a 1N21A 
diode. These unselected fast coincidence pulses are 
lengthened and amplified with a linear amplifier‘ 
equipped with a pulse-height selector. The minimum 
useful signal for the timing circuit corresponds to 
about »=5 photoelectrons injected into the multiplier. 
With NaI and anthracene as phosphors, the timing 
error for the arrival of the first five photoelectrons 
through the detectors is approximately (4.5/E) 1077 
sec and (8/E)X10~* sec, respectively, where £ is the 
energy in kev dissipated in the phosphor. These values 
of the timing error are, of course, for a single measure- 
ment. Since the phenomena being measured are repeti- 
tive, the timing error improves with the square root of 
the number of observations. 

The two outer channels with the scintillation de- 
tectors represent the usual scintillation spectrometer. 
The differential pulse-height analyzer' selects all pulses 
whose amplitudes lie between E and E+dE. The out- 
put pulses of the analyzers are fed into a slow triple 
coincidence stage. The unselected fast coincidence 
pulses are delayed to match the delay introduced by the 
pulse-height analyzers before being fed to the slow 


TABLE I. Ratio of the integral of the pulse spectrum in the full- 
energy peak to the integral of the total pulse spectrum. 











Ratio of peak to 


Ratio of peak to 
total at 7.0 cm 


Source Ey (kev) total at 0.2 cm 
H 279 
ce 320 
Au! 411 
Sr* 512 
C387 661 
Cb 760 
Mn* 824 
Zn 1114 
K*® 1510 
rr 2180 








0.769 


0.423 
0.297 
0.275 
0.215 


0.14 
0.087 





5 Francis, Bell, and Gundlach, Rev. Sci. Instr. 22, 133 (1951). 
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coincidence stage. In this way only those coincidences 
are selected corresponding to signals from detectors 
1 and 2 whose amplitudes after suitable amplification 
fall within the respective windows of the analyzers. 

Actually, the gain of the detectors is not a fixed 
quantity but is statistical in nature. This pulse-height 
spread would introduce an additional timing error if 
pulse-height selection of the pulses from the amplifier 
with a finite rise time preceded the timing circuit. 
The fast-slow coincidence method eliminates this timing 
error in that all pulse-height selection follows the timing 
circuit. Thus, the difficulties of fast pulse-height selec- 
tion are avoided. 

For gamma rays of a few hundred kev incident on a 
Nal phosphor, a time resolution of 27s>=8.8X10~ sec 
without reducing the coincidence efficiency below unity 
has been realized. The trailing edge of a time-resolution 
curve for prompt events has a slope corresponding to a 
half-period of 5X10-" sec. Under these conditions 
nuclear metastable states with 7;>10~* are measurable. 

In some of the measurements of coincidence gamma- 
ray spectrums, where a small resolving time was not 
necessary, the wide-band amplifiers were not used. 
In this case the signals from the pulse-height selector of 
the linear amplifiers were fed to a pulse-shaping and 
coincidence circuit whose resolving time, 279, could be 
varied down to 2X10~’ sec for the fast coincidence 
portion of the coincidence spectrometer. The timing 
error introduced by the pulse-height selector preceding 
the fast coincidence stage was reduced to a minimum 
by adjusting the bias of the selector to trigger on all 
pulses just above the noise level of the amplifier. 

In a typical experiment the pulse spectrum of the 
gamma radiation in coincidence with another gamma 
ray of the cascade was measured. The window of the 
fixed pulse-height analyzer was always operated to in- 
clude only the full-energy-pulse spectrum peak of the 
gamma ray. The window width of the analyzer scanning 
the coincidence pulse spectrum was 12 pulse-height 
units out of 1500. Most of the data in these experi- 
ments were recorded automatically. The time for the 
collection of a fixed number of coincidence counts was 
printed on a paper tape by a printing timer which also 
advanced the fifteen-turn helipot of the pulse-height 
analyzer a fixed increment to the next energy. Unless 
otherwise specified, each point in a pulse spectrum con- 
tains 4096 counts. 


Ill. DISCUSSION OF METHOD 


The method of measuring the K-shell internal-con- 
version coefficients which has been used involves the 
measurement of the number of K x-rays and the number 
of gamma rays from the source per unit time. A meas- 
urement of the rate of emission of gamma radiation 
from a source requires a knowledge of the efficiency of 
the detector and a counting of the number of gamma 
rays registered by the detector. The latter is obtained 
from an integration of the entire differential pulse- 
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height spectrum, i.e., number of pulses observed per 
unit time per unit pulse height versus pulse height. For a 
monoenergetic gamma ray incident on the detector, 
the integration of the pulse spectrum is straightforward ; 
but with a polyenergetic gamma-ray source the integra- 
tion cannot be done easily. The full energy of a gamma 
ray is dissipated in the phosphor by photoelectric ab- 
sorption and also by multiple processes, e.g., Compton 
recoil electrons and the eventual absorption of the 
Compton-scattered gamma ray. Since the pulse spec- 
trum from a Nal scintillation detector for a gamma ray 
whose energy is totally absorbed in the phosphor 
appears to be Gaussian, it is desirable to know the 
ratio of the integral of the pulse spectrum in the full- 
energy peak to the integral of the total pulse spectrum 
as a function of the gamma-ray energy. In this way the 
total number of gamma rays detected by the scintilla- 
tion counter can be obtained from an integration of the 
full-energy pulse spectrum of each gamma ray. The 
ratio of these two integrals has been measured by Bell, 
Heath, and Davis® for a NaI crystal of the size above 
and a source distance of 1 cm from the crystal face at 
eight different energies distributed between 0.141 and 
1.114 Mev. To check the operation of the two Nal 
scintillation spectrometers used for the measurements 
below, the ratio of these two integrals (ratio of peak to 
total) was measured at several different gamma-ray 
energies. The results are tabulated in Table I. At a 
source distance of 0.2 cm from the front face of the 
crystal, the values of the ratio of peak to total are prob- 
ably good to within +2 percent. At 7.0 cm the intensity 
of the pulse spectrum from degraded gamma radiation 
resulting from the scattering of the primary radiation 
by the surroundings becomes appreciable and must be 
removed from the gross pulse spectrum. As a result the 
values of the ratio of peak to total at 7.0 cm are prob- 
ably uncertain by +5 percent with the exception of the 
last two entries, which are good only to within +10 
percent. 

Let: R,, Rx=ratio of peak to total for the gamma ray 
and the K x-ray, respectively ; V (EZo),, N (Eo).=count- 
ing rate at the peak of the full-energy peak ; a,, a, = half- 
width of the full-energy peak at 1/e amplitude; ¢,, 
€x= detection efficiency; A,, Ax=correction for absorp- 
tion of gamma radiation in the beta shield and NaI 
crystal holder; wx=fluorescent yield’ of K x-rays. 
From these definitions the K-shell internal-conversion 
coefficient (ratio of the number of K-shell vacancies 
formed to the number of gamma-ray transitions per 
unit time) is 

s N (Eo)x(Eo),Ry€yA y 


N (Eo),"(Eo)sRuextoxAx 


where n(Eo),= 1/(a,m!) and n(E£)x is similarly defined. 


* Bell, Heath, and Davis, Physics Division Quarterly Progress 
Report, gery 20, 1952, Oak Ridge National Laboratory 
Report ORNL-1415 (unpublished). 

Steffen, Huber, and Humbel, Helv. Phys. Acta. 22, 167 
(1949) ; Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 


(1) 





INTERNAL CONVERSION COEFFICIENTS 


165 


Taste II. The ratio of the number of K x-rays of iodine that 
leave the phosphor to the number of gamma rays detected by the 
phosphor. 








Computed 


Experimental 
i ratio 


ratio 


0.238 
0.170 


E (kev) 


35 0.268 
50 0.236 
45 0.205 
50 0.180 
0.149 55 0.156 

60 0.137 
0.118 


E (kev) 


41.6 


Source 
Gd'* 
Tb'® 





46.0 


Tm'® 52.5 
0.160 65 
70 

0.130 75 
80 

0.115 85 
90 

0,099 95 
100 

0.103 110 
120 

0.087 130 
140 


Lu!” 55.5 


Hf! 57.5 
ws; 
Aus 


Hg™ 








For gamma radiation below 100 kev, the ratio of 
peak to total would be unity, provided the K x-ray of 
iodine did not escape from the detector. Actually the 
pulse spectrum of gamma radiation of this energy is 
made up of two peaks (the full-energy peak and the 
escape peak whose energy is the difference between the 
energy of the incident radiation and the K x-ray of 
iodine). The ratio of the number of K x-rays of iodine 
that leave the phosphor to the number of gamma rays 
detected by the phosphor was measured at eight differ- 
ent energies distributed between 41.6 and 75.1 kev. 
The results are shown in Table II. For comparison the 
computed ratio for a collimated beam of gamma radia- 
tion entering a semi-infinite crystal of NaI normal to its 
plane surface is also tabulated. 

The detection efficiency has been computed as a func- 
tion of the geometry and cross section of the Nal 
detector for gamma radiation by the Mathematics 
Panel at Oak Ridge National Laboratory. Computa- 
tions were done for a right circular cylinder of height 1 
in. and diameter 1.5 in. with the point source located on 
the axis of the cylindrical crystal at a distance h above 
the front face. It is assumed that the gamma radiation 
detected by the crystal is directly proportional to 
(1—¢~-"*), where 7 is the absorption cross section of the 
Nal crystal and x is the distance the radiation travels 
through the crystal. It is also assumed that there is no 
radiation loss between the source and the crystal. 
The detection efficiency with this arrangement is 
given by 


¢,(E)=} f (1—e-1®*(@))] sinada. 
0 


The efficiency ¢,(Z) has been evaluated at each dis- 
tance h=0, 0.2, 0.3, 0.5, 0.7, 1.0, 1.5, 2.0, 3.0, 5.0, 7.0, 
10.0, 20.0, and 50.0 cm for 14 values of r distributed 
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between 600 and 0.123 cm™.§ The absorption cross 
section of NaI for gamma radiation as a function of 
gamma-ray energy was obtained from the tables com- 
piled by White’ and from transmission measurements 
by Bell et al.” 

So far nothing has beén mentioned about possible 
interferences that arise in coincidence scintillation 
spectrometry. One must bear in mind that there are a 
number of possible false coincidences which will lead 
to erroneous results unless they are either eliminated 
from the measurements or are properly removed from 
the gross coincidence spectrums. A few of the diffi- 
culties encountered in the measurements discussed in 
this paper are: 


(1) Scattering of gamma radiation from one detector 
to the other. 

(2) Scattering from the shield and surroundings into 
the detector. 

(3) Sum pulses either by simultaneous detection of 
several coincidence radiations or by random detection 
of several radiations. 


counts /sec) 


cE { 












































| | 
ES ee Se Oe bs ee E : iimod 





1 ae | 
300 400 500 600 700 
PULSE HEIGHT 


Fic, 2. one wp Conan nego spectrum of the gamma radia- 


tion announcing the formation of the 10~* sec state of Ta'® in 
delayed coincidence with the 480-kev gamma ray. Each point in 
the — contains about 10‘ coincidence counts. The inset is 
the Ta’ decay scheme. 


® Tables of the efficiencies are available for distribution from 
either P. R. Bell or the writer. 

*G. R. White, National Bureau of Standards Report NBS-1003, 
1952 (unpublished). 

” Bell, Hughes, Davis, Jordan, and Randall, Physics Division 
echo Progress Report, September 20, 1952, Oak Ridge 

ational Laboratory Report ORNL-1415 (unpublished). 


McGOWAN 


(4) Iodine K x-rays escaping from one detector into 
the other detector. 

(5) Characteristic x-rays from the shield. 

(6) Anisotropy effects from the directional angular 
correlation of the gamma rays. 


These difficulties are discussed in more detail under the 
section on experimental measurements. 


IV. EXPERIMENTAL MEASUREMENTS AND 
DISCUSSION OF RESULTS 


A. Hf!*! 


The radiations from the decay of Hf'* have been 
studied by many investigators." In spite of the numer- 
ous activities produced by neutron-irradiated Hf, the 
general features of the decay scheme of Hf'* given 
originally by Chu and Wiedenbeck” are probably cor- 
rect. This decay scheme is shown in the inset of Fig. 2. 

Sources of Hf'*' were prepared from a sample of HfO, 
irradiated with pile neutrons for four weeks. The sample 
of HfO2 was enriched in Hf'® (93.96 percent). With 
this enrichment the intensity of the 342-kev gamma ray 
of Hf'”® in the source relative to the 345-kev gamma ray 
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Fic. 3. A differential pulse-height spectrum of the 
gamma radiation from Hf'*'\—Ta!®. 


" Nuclear Data, National Bureau of Standards Circular 499 
(U. S. Government Printing Office, Washington, D. C., 1950) and 
Supplements 1, 2, and 3. 

1K, Chu and M. Wiedenbeck, Phys. Rev. 75, 226 (1949). 

( 18 > Hedgran and Sigvard Thulin, Phys. Rev. 81, 1072 
1951). 

4 Obtained from the Isotopes Division of the Oak Ridge Na- 

tional Laboratory. 
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TABLE III. Experimental and theoretical internal-conversion coefficients. 








Nucleus Ey (kev) 


Gexp* Theoretical coefficients a:* and 8:* 


Classification 





s2le™ 159 0.19+0,.02 
70 3.8 +0.2 
102 1.14+0.20 
132 0.48+0.02 
135 1.88+0.20 


345 8x10" 


a= 0,260, 8, =0.175 

a, =0.63, a2= 2.9, Bi=5.7 
a, =0.25, ag= 1.1, 8: = 1.6 y: 
a, =0.15, a2 = 0.495, {= 1.94 E2 
a; =0.15, a) = 0.495, A= 1.94 

a = 1.3510, a2=4.03X 10, a3=11.2X 10 


M1 
E2+M1 


M1 


Bi= 14.2 10, B2= 46.0 107 


480 (3.4+0.4) X 10 


a, =0.64X 10, a2= 1.74 10, as=4.40X 10? 


E2+M1 or E1+M2 


B:=6.00X 10, B2= 16.4 10", 8; = 40.2 107 


2.07+0.10 


a. = 0.518, ay= 1.27, By = 3.10 


M1+£2 








of Hf'* is about 4 percent. With sources of normal Hf, 
the intensity of the 342-kev gamma ray is equal to the 
345-kev gamma-ray intensity three weeks after the end 
of the irradiation. 

A differential pulse-height spectrum of the gamma 
radiation from Hf'*\~Ta!* is shown in Fig. 3. The 
dashed curve is the pulse spectrum of degraded gamma 
radiation resulting from Compton scattering of the 
primary radiation by the surroundings. The degraded 
spectrum was obtained by inserting a cone of Pb be- 
tween the source and detector to shadow the phosphor 
from the direct radiation. This degraded spectrum is 
not the full intensity of the degraded radiation incident 
on the phosphor because the cone also shadows the sur- 
roundings beyond the back face of the phusphor, but 
it does indicate the general s:iape and magnitude. The 
full-energy peak at 612 kev is not the true intensity of 
the 612-kev crossover transition but is partly the result 
of simultaneous detection of the 132- and 480-kev 
gamma rays. For the purpose of obtaining the true 
intensity of the crossover transition, the source distance 
is increased until the intensity of the full-energy peak 
decreases proportionally with ¢¢12, whereas the sum 
pulse intensity decreases with the product €132€430. From 
a measurement of the pulse spectrum with the source at 
30 cm, the intensity of the 612-kev gamma radiation 
relative to the 480-kev gamma radiation is 0.8 percent. 

For analysis of a pulse spectrum into its components, 
the following procedure has been used. A set of Gaus- 
sian templets made up on 3-cy semilog paper is used to 
fit the full-energy pulse-spectrum peaks visually. A 
Compton recoil electron distribution plus backscatter 
is constructed from the pulse spectrum of a monoener- 
getic gamma-ray source with energy as near as possible 
to the energy of the gamma-ray whose pulse-spectrum 
shape one wants to know. The intensity of the Compton 
distribution is adjusted to fit the measured peak-to- 
total ratio taken from a curve of the data in Table I. 
The pulse spectrum of the most energetic gamma ray 
is peeled off from the. gross spectrum. The process is 
repeated for the next gamma ray down in energy, and 
so on for the rest of the gamma rays making up the 
pulse spectrum. From the pulse spectrum of Fig. 3, 
the intensity of the 345-kev gamma radiation relative 
to 480-kev gamma radiation is 15.7 percent. 


Figure 2 is the differential pulse spectrum of the 
gamma radiation announcing the formation of the 10~*- 
sec state of Ta'* in delayed coincidence with the 480- 
kev gamma ray at a time delay 1.2 10~® sec which is 
sufficient to resolve simultaneous events. NaI detectors 
were employed in both channels and the resolving time 
2ro was 1.32X10~* sec. In addition to the pulse spec- 
trum of the 132-kev gamma ray and K x-rays from the 
internal conversion of this gamma ray, there is a com- 
posite peak at 240 pulse-height units because of the back- 
scatter and escape peak of the 132-kev gamma ray. The 
K-shell internal-conversion coefficient obtained from 
an analysis of this pulse spectrum is tabulated, together 
with the theoretical internal conversion coefficients'® in 
Table Iil. The transition is classified as predominantly 
E2 radiation. Previous measurements" of a* (132 kev) 
using a coincidence scintillation spectrometer with 
2ro=3.8X10~7 sec were always somewhat larger be- 
cause of the sum pulse resulting from 132+345-kev 
gamma rays which could not be distinguished from the 
full-energy pulse of the 480-kev gamma ray. 

The K-shell internal-conversion coefficient of the 
480-kev gamma ray was obtained from intensity 
measurements of the K-shell internal-conversion elec- 
trons and the gamma ray with an anthracene and Nal 
scintillation spectrometer, respectively. In one set of 
experiments the intensities were measured from the 
singles pulse spectrum as shown in Fig. 4. The conver- 
sion-electron pulse spectrum above the endpoint of the 
beta spectrum is resolved into two Gaussian com- 
ponents (L+M conversion electrons and K conversion 
electrons). The K/(L+M) ratio of 4.0+-0.6 is obtained 
directly from an integration of these two components. 
Only the full-energy pulse spectrum peak of the 480-kev 
gamma ray is shown in Fig. 4. In another set of experi- 
ments these intensities were obtained from the pulse 
spectra in coincidence with the 132-kev gamma ray as 
shown in Fig. 5. The agreement between the two sets of 
measurements was good. To check the method of 
measurement the K-shell internal-conversion coefficient 


Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). 

16 F. K. McGowan, Physics Division Quarterly Progress Report, 
December 20, 1951, Oak Ridge National Laboratory Report 
ORNL-1278 (unpublished). 
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Fic. 4. Differential pulse-height spectrum of the internal con- 
version electrons and gamma radiation from the 480-kev transi- 
tion of Ta'*. 


of the 661-kev gamma transition of Ba®’™ was meas- 
ured. The result agreed to within 6 percent of the ac- 
cepted M4 assignment for the transition. In all experi- 
ments involving intensity measurements of conversion 
electrons, the air between the source and detector was 
displaced with He gas. 

A similar set of measurements was done to determine 
a* (345 kev) but with considerably less*precision. The 
results are tabulated in Table III. From the conversion 
coefficients, the 480-kev transition may be interpreted 
as either Z2+M1 with E2 to M1 intensity ratio of 
1.57 or E1+M2 with M2 to E1 intensity ratio of 0.21 
or E2+M3 with M3 to £2 intensity ratio of 0.046. A 
classification E2+M3 would require the M3 transition 
probability to be 1.6 10‘ times greater than estimates 
from the independent-particle model'’ and therefore 
seems rather unlikely. The theoretical estimates repre- 
sent upper limits to the transition probabilities. Results 
from extensive directional angular correlation measure- 
ments'* of the various gamma-ray cascades of Ta!*' re- 
quire the interpretation that 480-kev transition is a 
mixed multipole. A similar interpretation is probable for 
the 345-kev transition. 


17 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

18 F, K. McGowan, Physics Division Quarterly Progress Re- 
ports, Oak Ridge National Laboratory Reports ORNL-1365, 1415, 
and 1496. These results will be discussed in a subsequent paper in 
the near future. 


A differential pulse-height spectrum of all delayed 
radiation from the 10~*-sec metastable state in delayed 
coincidence with the 132-kev gamma ray is shown in 
Fig. 6. After the pulse-spectrum shapes for the 480- 
and 345-kev gamma rays are peeled off from the total 
spectrum of delayed radiation, there is left the pulse 
spectrum of the 135-kev gamma ray and K x-ray. The 
K x-rays, of course, result from internal conversion of 
all three gamma rays (480, 345, and 135 kev). Since the 
K-shell internal-conversion coefficients of the 345- and 
480-kev gamma rays are known from the measurements 
discussed above, a* (135 kev) is obtained from the 
analysis of this pulse spectrum. The result is tabulated 
in Table III, and the transition is classified as pre- 
dominantly M1 radiation. 

Difficulties 1, 3, and 4 in Sec. III are not, in general, 
encountered in the delayed coincidence spectrum meas- 
urements of Hf'*' aside from sum pulses by random de- 
tection of several radiations. In the spectrum of delayed 
gamma radiation of Fig. 6 the sum pulses due to simul 
taneous detection of 345- and 135-kev gamma rays do 
occur, and in the analysis of this spectrum a correction 
for this effect has been included. The anisotropy effects 
are also very small! and may be neglected. For instance, 
the largest anisotropy observed in any one of the cas- 
cades for a solid source of Hf'*'(OH), is 10 percent.'* 
For the angular resolution used in the measurements 
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Fic. 5. Differential pulse-height spectrum of the internal-con- 
version electrons and gamma radiation from the 480-kev transi- 
tion of Ta! in coincidence with the 132-kev gamma ray. Each 
point in the spectrum contains 1024 coincidence counts. 
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Fic. 6. Differential pulse-height spectrum of all delayed radia- 
tion from the 10~*-sec metastable state of Ta'* in delayed coin- 
cidence with the 132-kev gamma ray. Each point in the spectrum 
contains 4096 coincidence counts. 


above, any corrections to the gamma-ray intensities 
are less than 0.6 percent. 

While these K-shell internal-conversion coefficients 
were being measured, Fan" reported values for the 
conversion coefficients obtained from electron intensity 
measurements. Fan concluded that all the transitions 
were pure multipoles, a conclusion not in accord with 
measurements above. Also, in those cases for which we 
disagree, the results'® from the directional angular 
correlation measurements require that the transitions 
be a mixture of two different multipoles. 


B. Sm!53 


Although much work” on the decay of Sm'* has been 
done, it is apparent that the data are not all consistent. 
At least some of the beta emission of Sm'* leads to a 
metastable state in Eu'® which decays with a 7,;=3 
X10~* sec ** by the emission of two transitions, 70 kev 
and 102 kev, in cascade. For the measurements and 
results discussed below, a knowledge of either the cor- 
rect decay scheme or order of emission of the 70-kev 
and 102-kev transitions is not needed.* 

# C, Y. Fan, Phys. Rev. 87, 252 (1952). 

%® Nuclear Data, National Bureau of Standards Circular 499 
(U. S. Government Printing Office, Washington, D. C., 1950) and 
Supplements 1 and 2. New Nuclear Data 1952 Cumulation, 
Nuclear Science Abstracts 6, No. 24B (1952). 

21 F, K. McGowan, Phys. Rev. 80, 482 (1950). 


* Note added in proof.—Recent measurements with the delayed 
coincidence scintillation spectrometer have shown conclusively 
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Sources of Sm‘ were prepared from samples of 
Sm,0; irradiated with pile neutrons. The samples of 
Sm,O; were purified by Boyd and Harris of the Chemis- 
try Division of Oak Ridge National Laboratory. A 
differential pulse-height spectrum of the gamma radia- 
tion in coincidence with the 102-kev gamma ray is 
shown in Fig. 7. The data were taken with a coincidence 
scintillation spectrometer with a resolving time 279= 3.8 
X10-7 sec with NaI detectors being used in both 
channels. The K-shell internal-conversion coefficient of 
the 70-kev transition obtained from an analysis of this 
pulse spectrum is tabulated in Table III. The theoretical 
K-shell conversion coefficients for E,=70 and 102 kev 
are extrapolated values. The method” of extrapolation 
has been described previously. The transition is classi- 
fied E2+M1 with £2 to M1 intensity ratio of 2.0. 
A classification E1+M2 with M2 to £1 intensity ratio 
of 0.074 seems rather unlikely because the observed M2 
transition probability is at least 5X10 times greater 
than estimates from the independent-particle model.” 
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Fic. 7. Differential pulse-height spectrum of the gamma radia- 
tion in coincidence with the 102-kev gamma from Sm™—>Eu™, 
Each point in the spectrum contains 2048 coincidence counts. 
that the 70-kev transition precedes the 102-kev isomeric transition 
of 3.4X10~* sec half-life. Also, the 102-kev transition following 
the «capture decay of Gd'™ decays with 71.=3.4X10~ sec. 
In addition, the e-capture decay of Gd'® leads to another excited 
state in Eu'® within a few kev of the 102-kev level. The gamma 
ray from the decay of this state is in prompt coincidence (71/2 
<10~* sec) with the K x-rays from ¢ capture and is 1.4 times as 
intense as the 102-kev gamma ray. 

# F, K. McGowan, Phys. Rev. 85, 151 (1952). 





170 


Coincidence spectra of gamma radiation in coin- 
cidence with a gamma ray of higher energy are, in 
general, free of difficulty (1) (see Sec. III) and are much 
easier to analyze. For the reverse situation, coincidence 
spectra of gamma radiation in coincidence with a 
gamma ray of intermediate energy, difficulty (1) is very 
troublesome unless the Nal phosphors are arranged 
so that they do not see each other for gamma radia- 
tion. Pulse spectra of the gamma radiation in coinci- 
dence (a) with the 70-kev gamma ray and (b) with the 
K x-ray from internal conversion of the 70-kev transi- 
tion were taken in an attempt to measure a* (102 kev). 
The data were difficult to analyze. Unfortunately, in 
this case, the energies of the K x-rays and gamma rays 
are such that the escape peaks of the two gamma rays 
coincide in energy with the 70-kev gamma ray and K 
x-ray full-energy pulse-spectrum peaks, respectively. 
This situation gives rise to several sources of unwanted 
coincidences in the coincidence spectrum. In addition, 
the iodine K x-rays escaping from one detector to the 
other were troublesome. For the purpose of suppressing 
these, the source was mounted in a small aperture of a 
graded shield of 0.015 in. of Cu—0.010 in. of Cd—9.015 
in. of Cu between the detectors. The unwanted 
coincidences in the spectrums taken under the condi- 
tions (a) and (b) were removed in the analysis, and 
good agreement was obtained between the two measure- 
ments for the K-shell internal-conversion coefficient 
(a* = 1,3). 
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Fic. 8, Differential pulse-height spectrum of the 
low-energy gamma radiation from Sm'8—Eu!®, 
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Since the value of a* (70 kev) is known from the 
measurement above, a measurement of a* (102 kev) 
with fewer uncertainties may be obtain¢éd from the 
singles pulse spectrum of the gamma radiation from 
Sm'**, Only the low-energy portion of the pulse spec- 
trum is shown in Fig. 8. The value of a* (102 kev) is 
tabulated in Table III, but the transition is not classi- 
fied as to multipole order or character. Both the experi- 
mental value and the values of the extrapolated 
coefficients are too uncertain. 

Preliminary measurements of the directional angular 
correlation of the 70- and 102-kev cascade indicate that 
the distribution is isotropic to within +3 percent. 


C. Te! 


The 104-day Te™ isomeric state has been identified 
as 41/2 which decays by the emission of an 88-kev M4 
transition and a 159-kev transition in cascade. Katz, 
Hill, and Goldhaber have classified the 159-kev transi- 
tion as M1 on the basis of its internal-conversion coeffi- 
cient and K/L ratio.% The K-shell internal-conversion 
coefficient was obtained from electron intensity meas- 
urements by Katz ef al. and based on the assumption of 
complete internal conversion of the 88-kev transition. 
The large uncertainty in their result would not exclude 
an admixture of £2 in the 159-kev transition. 

A source of Te™ was prepared from a sample of Te 
enriched in Te! (81.7 percent)*® irradiated with neu- 
trons. For the purpose of obtaining the spectrum of the 
gamma radiation associated with the 159-kev transi- 
tion, it is necessary, of course, to measure the pulse 
spectrum in coincidence with only the Z and M internal- 
conversion electrons from the M4 transition. An anthra- 
cene scintillation spectrometer has sufficient energy 
resolution to resolve the K internal-conversion elec- 
trons from the Z and M internal-conversion electrons. 
The pulse spectrum of the gamma radiation from the 
159-kev transition in coincidence with ZL and M in- 
ternal-conversion electrons of the 88-kev transition is 
shown in Fig. 9. The peak at 320 pulse-height units is the 
maximum of the Compton recoil electron spectrum, and 
that at 580 pulse-height units is the backscatter peak 
due to large-angle Compton scattering of the 159-kev 
gamma ray from the surroundings. The K-shell internal- 
conversion coefficient obtained from an integration of 
this pulse spectrum of the K x-ray and the gamma ray is 
tabulated in Table III. The data indicate that the transi- 
tion is predominantly M1 but do not exclude an admix- 
ture of £2. A sensitive test for this admixture would be a 
measurement of the directional angular correlation of 
the gamma-ray cascade. For instance, an intensity 
ratio of E2 to M1 of 1 percent changes the anisotropy 
[—0.21 for the sequence 11/2(M4)3/2(M1)1/2] by 
+30 percent, depending on the sign of the amplitude 

*%R. D. Hill, Phys. Rev. 76, 333 (1949). 

* Katz, Hill, and Goldhaber, Phys. Rev. 78, 9 (1950). 

28 Obtained from the Isotopes Division of Oak Ridge National 
Laboratory. 
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ratio of the multipoles in the mixture. Since the M4 
transition is almost totally converted, the only angular 
correlation measurement possible is the conversion 
electron-gamma. For this the predicted anisotropy” is a 
few percent larger than the gamma-gamma anisotropy. 
An attempt was made to measure the directional angu- 
lar correlation between the K-shell internal-conversion 
electron of the 88-kev transition and the 159-kev 
gamma ray. With a source of Te'™ several mg/cm? 
thick, the angular distribution was isotropic to within 
+2 percent. The nearly complete attenuation of the 
angular correlation is attributed to the multiple scatter- 
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Fic. 9. Differential pulse-height spectrum of the gamma radia- 
tion from Te" in coincidence with the Z and M internal-conversion 
electrons of the 88-kev transition. Each point in the spectrum 
contains 512 coincidence counts except the points near the full- 
energy peaks of 27.5 kev and 159 kev which contain 4096 coin- 


cidence counts. 


ing of the conversion electrons in the source and source 
backing. 
D. Os! 


Os! (15-day) is known to decay by beta emission 
followed by gamma rays of 42 and 129 kev." The 
following values of the K-shell internal-conversion 
coefficient have been reported: 0.5 by Kondaiah,?’ 3.2 
by Johansson,” 1.36 by Swan and Hill,” and 2.0 by 


26 Rose, Biedenharn, and Arfken, Phys. Rev. 85, 5 (1952). 
27 E. Kondaiah, Arkiv. Fysik 3, 47 (1951). 

28S. A. E. Johansson, Arkiv. Fysik 3, 533 (1952). 

* J. B. Swan and R. D. Hill, Phys. Rev. 88, 831 (1952). 
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Fic. 10. Differential pulse-height spectrum of the 
gamma radiation from Os"'.!® and Os'*. 


Hill and Mihelich.”™ Kondaiah also observed coinci- 
dences between the beta rays and conversion electrons. 
Earlier measurements" with a coincidence scintillation 
spectrometer employing anthracene detectors indicated 
that the conversion electrons from the 128-kev transi- 
tion were not in coincidence with the beta rays. 

The measurements have been repeated with a Nal 
and anthracene coincidence scintillation spectrometer. 
No coincidences between the beta rays and the 128-kev 
gamma ray have been observed. A measurement of 
the K-shell internal-conversion coefficient was obtained 
from the singles pulse spectrum of the gamma radiation 
from Os". The source was a sample of osmium tetra- 
oxide irradiated with pile neutrons for two weeks. 
Curve 1 of Fig. 10 is the differential pulse-height spec- 
trum of the gamma radiation from Os"''**, Curve 2 is 
the differential pulse-height spectrum of the gamma 
radiation from Os'** (97-day) which is an ecapture 
activity. The Os'*® spectrum was normalized to the 
full-energy peaks of the 0.65- and 0.88-Mev y-rays of 
Os'*5 (not shown) of curve 1. The K-shell internal con- 
version coefficient for the 129-kev transition obtained 
from the data shown in Fig. 10 is tabulated in Table ITI. 
The transition has been classified M1+ 2 with the 
intensity ratio of E2 to M1 equal to 0.66. However, the 

* R. D. Hill and J. W. Mihelich, Phys. Rev. 89, 323 (1953). 


* F. K. McGowan, Oak Ridge National Laboratory Report 
ORNL-952, 1951 (unpublished), p. 49. 
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results presented here do not exclude the possible 
classification Z1+ M2. 


Vv. CONCLUSIONS 


Of the eight K-shell internal-conversion coefficients 
measured, only three of the transitions may be classi- 
fied ‘as predominantly pure multipole radiation. In the 
other cases the transitions must be classified as mixed 
multipole radiation. Unfortunately, the values of the 
conversion coefficients for some of these cases do not 
distinguish between mixtures involving parity-favored 
and parity-unfavored transitions. The directional 
angular correlation measurements,'* in’ combination 
with the conversion coefficients, will probably remove 
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F. K. McGOWAN 


the ambiguity in the classification of the 345-kev and 
480-kev gamma rays of Ta'*'. 
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The gyromagnetic ratios of K", Y®, Ag’, and Ag" have been measured by nuclear induction technique. 
With the known spin values the magnetic moments without diamagnetic corrections are: 
sas = —0.214534-0.00003 nm, 
poo = —0.1368252-0.000004 nm, 
sio7= —0.113014+- 0.000004 nm, 
pio = —0.129924+ 0.000004 nm. 


In metallic silver a paramagnetic shift of 0.53 percent is observed. 


HE nuclear magnetic moments of K", Y*’, Ag", 
and Ag’ have been measured with a nuclear 
induction type spectrometer of greatly increased sensi- 
tivity of a design similar to one described by Weaver.! 
With the exception of K“, whose gyromagnetic ratio 
was determined relative to K®, the resonance frequencies 
were measured at a fixed magnetic field of about 9000 
gauss in terms of the proton resonance frequency in a 
sample of 0.1-molar MnSO,, which was located immedi- 
ately adjacent to the sample containing the unknown 
substance. 

The results quoted below were obtained with the 
sufficiently well known values of the nuclear spins from 
hfs and the diamagnetically uncorrected value of the 
proton magnetic moment of Sommer, Thomas, and 
Hipple’ p= 2.79268+-0.00006 nm. No diamagnetic 
corrections have been applied. In every case the sign 
of the magnetic moment was determined by comparison 
with the signal of a known moment. 

Resonances of the two potassium isotopes 39 and 41 
were obtained in a 15-molar aqueous solution of 
KCO.H. Both isotopes are known to have spin §. For 


1H. E. Weaver, Phys. Rev. 89, 923 (1953). 
* Sommer, Thomas, and Hipple, Phys. Rev. 82, 697 (1951). 


K*® the magnetic moment measured relative to proton 


was found to be 


usm = +0.390873-+0.000013 nm, 


in agreement with the value of Collins*: ug = +0.39094 
+0.00007. The signal of K“ (abundance 6.9 percent) 
appeared with a signal-to-noise ratio of about 3:1. The 
ratio of the frequencies of the two isotopes is 


% 1/V39 =0.54886+ 0.00008, 


in agreement with the value 0.54891 +-0.00005, as found 
from atomic beam measurements by Ochs, Logan, and 
Kusch.‘ The nuclear spin is J= 4, and with the above 
value of a9 one obtains 


#41 =0.21453+0.00003 nm. 


Signals of the only stable isotope Y® were obtained 
in a pure 3.3 molar aqueous solution of Y(NOs)s with 
a signal-to-noise ratio of 20:1. The ratio of Yttrium to 
proton resonance frequency is 


v9/ vp =0.048994+0.000001. 


*T. L, Collins, Phys. Rev. 80, 103 (1950), 
* Ochs, Logan, and Kusch, Phys. Rev. 78, 184 (1950). 
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With /=}4, this yields 
uso = —0.136825+0.000004 nm, 


in agreement with the hfs value ugg= —0.14, as given 
by Crawford and Olson’ and Kuhn and Woodgate.® 

The resonances of Ag’ and Ag were observed in 
metallic silver and also in an aqueous solution of 7-molar 
AgNO; and 1-molar Mn(NO;)2. Du Pont colloidal 
silver paint with an approximate molarity of 25 was 
used for the observations of the resonances in metal 
where the signals appeared with a signal-to-noise ratio 
of 50:1 and 80:1, respectively. From the metallic 
sample we obtained the frequency ratios: 


v107m/ vp = 0.040684=-0.000001, 

¥109m/¥p = 0.046771+0.000001. 
The ionic solution yielded : 

v107i/ vp = 0.040468+0.000001, 

v109;/ ¥p = 0.046523+0.000001. 


It appears, therefore, that there is a considerable shift 
of the resonances in the metal caused by the paramag- 
netism of the free electrons as found by Knight’ and 
Gutowsky and McGarvey.’ By observation of the 
resonances at various field it was ascertained that the 
resonance frequency was proportional to the field, as 
is to be expected.’ The ratio of the resonance frequencies 


of the two isotopes is equal within the limits of error 
for both samples: 


(v100/¥107)m= 1.14961 +-0.00004, 
(v109/¥107)6= _ 14962+-0.00004, 


and hence the fractional deviation of the resonance fre- 
quency of the metallic sample from that of the ionic 
sample at the same field is likewise the same: 


S1o7= (vio7™m— vi074)/Vi071= (0.534+0.004) percent, 
Si0= (vi00m— v109:)/ ¥1091= (0.533+0.004) percent. 


5M. F. Crawford and N. Olson, Phys. Rev. 76, 1528 (1949). 

6H. Kuhn and G. K. Woodgate, Proc. Phys. Soc. (London) 
A63, 830 (1950). 

7W. D. Knight, Phys. Rev. 76, 1259 (1949). 

*H.S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 1472 
(1952). 

® Townes, Herring, and Knight, Phys. Rev. 77, 852 (1950). 
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This is of a reasonable order of magnitude, since 
Gutowsky and McGarvey find 0.449+0.004 percent for 
Ga™ and 0.650+0.005 percent for Rb® and 0,653 
+0.002 percent for Rb*’. The frequency ratio in the 
ionic solution is 0.41 percent lower than the ratio of 
the two hfs splittings as observed by Wessel and Lew.” 
This difference is apparently caused by the distribution 
of nuclear magnetism over the different nuclear volumes 
of the two isotopes." From this fact one should conclude 
that there should also be a difference between the rela- 
tive frequency shifts for the metallic samples of the two 
isotopes. The field caused by the paramagnetism of the 
conduction electrons is given by® 


AH =xpM{|r(r)|?)nH, 


where xp is the susceptibility of the free electrons per 
unit mass, M the nuclear mass, (|¥r(r)|*)4 the prob- 
ability density of the conduction electrons averaged 
over the nuclear volume, and H the external field. 
Assuming that the ratio of these average densities for 
the two isotopes is similar for the atomic s electron 
(responsible for the hfs shift) and the conduction eiec- 
trons, one should expect that Syo9/Sio7= 1.004. The dif- 
ference against the experimental value 0,998 +0.01, lies 
well within the limits of the present accuracy. 

From the resonance frequencies determined in the 
ionic sample, by use of the known spin value J =} for 
both isotopes, one obtains the magnetic moments: 


H1o7= — 0.113014+0.000004 nm, 
H109= — 0.129924+0.000004 nm, 


as compared to the hfs values of Brix, Kopfermann, 
Martin, and Walcher,” viz. : —0.111+0.,008 and —0.129 
+0.008, respectively. 

All of the four isotopes measured in this work are 
odd-proton nuclei with J= L—} having spins of } and 
$, for which the Schmidt limit values are: = —0.26 nm 
for /=4, and =+0.12 nm for J=}. It is to be noted 
that the actual values for spin J=4 are only about 
one-half of the Schmidt limit value, while the moment 
of K“ is about 70 percent larger than the limiting value. 

%” G. Wessel and H. Lew, Phys. Rev. 91, 476 (1953). 

¥ A. Bohr, Phys. Rev. 81, 331 (1951). 


ass” Kopfermann, Martin, and Walcher, Z. Physik 130, 88 
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The Magnetic Moments of Ag’*”’ and Ag’®® and the Hyperfine Structure Anomaly 


P. B. Soco ann C. D. Jerrries 
Department of Physics, University of California, Berkeley, California 
(Received September 28, 1953) 


The nuclear magnetic moments of Ag’ and Ag™ are measured by nuclear induction and found to be 
p(Ag®’) = — (0.113042+4-0.000013) nm and u(Ag™) = (0.129955+-0,000013) nm. The ratio of the moments is 
measured to be u(Ag"’)/u(Ag™) =0.86985+-0.00001 ; this ratio combined with the ratio of the hfs separa- 
tions as measured by Wessel and Lew yields for the hfs anomaly 4= — (0.412+-0.006) percent, which is 


compared to calculated values. 





SING a nuclear induction spectrometer, we have 

observed the nuclear magnetic resonances of Ag” 
and Ag™ in a 6-molar aqueous solution of AgNO; con- 
taining 2-molar MnNO, as a paramagnetic catalyst. 
For both Ag isotopes, the polarity of the signals indi- 
cates that the magnetic moments are negative. Using 
this sample we have compared in the same magnetic 
field the resonance frequency of Ag™ to that of Ag” 
and also te that of D in D,O containing 1-molar MnCl, 
with the results 


v(Ag!®) 
= 0.86985 + 0.00001 (1) 
v(Ag!”) 


v(Ag®) 
= (),30316 +0,00003. (2) 
v(D) 


From (1) and (2) we find for the magnetic moments, 
without diamagnetic correction, 


y(Agi®) = — (0.113042+0.000013) nm (3) 
u(Ag™) = — (0.129955-+0.000013) nm, (4) 


where we have used in this calculation the known spin 
value of 4 for both Ag isotopes and the values u(D)/ 
u(H)=0.307015 and w(H)=2.7925 nm. The ratio of 
the magnetic moments is given precisely by (1). The 
value of the moments as determined from optical hfs 
by Brix, Kopfermann, Martin, and Walcher,' namely 
—0.111 and —0.129, are in excellent agreement with 
our values. 

We have also observed the Ag” and Ag™ resonances 
in precipitated metallic powder (Merck Reagent) at 
frequencies (0.522+-0.003) percent higher than the 
corresponding resonance frequencies in the aqueous 
AgNO; sample. This “metallic shift,” first observed by 
Knight,? is due to the paramagnetism of the conduction 
electrons. Our value of the shift for Ag is in approximate 
agreement with expectations. 


' Brix, Kopfermann, Martin, and Walcher, Z, Physik 130, 88 


(1951). 
2W. D. Knight, Phys. Rev. 76, 1259 (1949). 


Using atomic beams, the hfs separations in the ground 
state of silver for Ag’? and Ag have been precisely 
determined by Wessel and Lew:? Av(Ag"’) = 1712.56 
+0.04 Mc/sec and Av(Ag™) = 1976.940.04 Mc/sec. 
These data, together with our result (1), provide a 
measurement of the so-called hfs anomaly A, where 


re Av(Agi’)/Av(Ag) —u(Ag"’)/u(Ag™) 
u(Ag’”)/u(Ag') 


= — (0.412+0.006) percent. (5) 


A similar anomaly has also been observed for the iso- 
topes of Rb and K and has been explained by Bitter* 
and others® as resulting from a difference in the dis- 
tribution of nuclear magnetism within the nuclear 
volume for the two isotopes. In their theory of the 
anomaly, Bohr and Weisskopf* relate A to the nuclear 
g factors: g, and g,. Using their Eq, (22), one calcu- 
lates for Ag'”” and Ag a value of A= —0.21 percent 
for g.=5.58 (that of the free proton) and g,=1, as 
required by the single-particle model. On the other 
hand, for the same g, but with g,=Z/A&0.43, as re- 
quired by the collective model, one obtains A= —0.08 
percent. By comparing these results with the experi- 
mental value (5), it is seen that the single-particle 
model is favored in this case, as is also evidenced by 
the fact that the magnetic moment values lie very near 
the Schmidt limit. Using Bohr’s refined theory’ based 
on an asymmetric core, we have calculated A using his 
Eq. (15) and taking his (R/Ro)*=0.6 and his ¢=2 
(the case for the extreme single-particle model), with 
the result A= —0.47 percent, which compares favorably 
with the measured value (5). Since the empirical values 
of the magnetic moments also lie between the two limits 
corresponding to Bohr’s coupling cases B, and B2, we 
have calculated the anomaly for coupling intermediate 
between these two cases, with the result A= —0.23 
percent, for (R/Ro)*=0.6 and gr=}. 


3G. Wessel and H. Lew, Phys. Rev. 91, 476 (1953). We are 
indebted to Dr. Wessel for an informative discussion of the results. 

*F. Bitter, Phys. Rev. 76, 150 (1949). 

5 Ochs, Logan, and Kusch, Phys. Rev. 78, 184 (1950) ; Eisinger, 
Bederson, and Feld, Phys. Rev. 86, 73 (1952). 

* A, Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 

7 A. Bohr, Phys. Rev. 81, 331 (1951). 
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The hfs anomaly for the Ag isotopes has also been 
calculated by Eisinger® and by Staub,’ with results 
comparable to those above. 

Slightly prior to our measurements on Ag” and 


8 J. T. Eisinger (private communication), 
* H. H. Staub (private communication). 
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Ag™, reported here, Staub” and his colleagues in 
Ziirich obtained similar results. 

The authors gratefully acknowledge discussions with 
W. D. Knight concerning the resonance in the metallic 
sample. 


Brun, Oeser, Staub, and Telschow, Phys. Rev. 93, 172 (1954), 
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A New Neutron-Deficient Isotope of Krypton* 


ALBERT A. CARETTO, Jr., AND Epwin O. Wuc 
Department of Chemisiry, University of Rochester, Rochester, New York 
(Received September 21, 1953) 


A new neutron-deficient isotope of krypton, Kr’, with a half-life of 9.70.5 hours has been produced 
by the spallation of yttrium. Its genetic relationship with its 17.2-hour Br’ daughter was established by 
isolation experiments. Kr’* decays by weak positron emission (probably >0.6 Mev). A search for electron 


capture by this nuclide gave negative results. 


HILE investigating the spallation reactions which 

occurred when yttrium was bombarded with 
150-, 175-, and 240-Mev protons in the Rochester 
cyclotron, a new krypton isotope, Kr’, with a (9.7 
+0.5)-hour half-life was observed. 

About 200 mg of spectroscopically pure yttrium 
oxide! placed in a rectangular envelope of 5-mil alumi- 
num foil about 2 mmX2 mm X3 cm and clamped to 
the cyclotron probe, was exposed to the internal beam 
for one hour. At the end of the bombardment the 
yttrium oxide was removed from the envelope and 
placed in a distilling flask containing carriers of niobium, 
zirconium, strontium, rubidium, bromine, selenium, 
arsenic, and germanium, together with sufficient nitric 
acid to dissolve the yttrium oxide. The distilling flask 
was attached to an all-glass gas collecting system which 
consisted of a helium inlet tube, a trap containing 
carbon tetrachloride at 0°, two potassium hydroxide 
coated glass wool filled traps at dry-ice temperature, 
and finally a charcoal filled U-tube trap at liquid nitro- 
gen temperature. With helium flowing slowly through 
the system the distilling flask was heated until all the 
yttrium oxide had dissolved. The bromide carrier was 
oxidized to bromine and trapped in the carbon tetra- 
chloride trap. The two traps at dry-ice temperature 
prevented water vapor and acid gases from reaching 
the charcoal trap. The krypton was adsorbed on the 
charcoal U tube at liquid-nitrogen temperature and 
sealed from the line. The U tube was cemented to a 
Lucite disk for counting. 

The decay of the krypton activities, as counted 
through the glass walls of the U tubes (0.5-1.0 mm 
thick), was followed with a scintillation counter having 


* Research carried out under contract with the U. S. Atomic 
Energy Commission. 

1 Part of the yttrium oxide was supplied through the courtesy 
of the Ames Laboratory, Iowa State College, Ames, Iowa. 


a Nal(Tl) phosphor and a beta-proportional counter. 
The gross decay curve (Fig. 1) on either counter showed 
the 1.1-hour Kr’’,? followed by the growth of 17.2-hour 
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Fic. 1. Open circles—observed activity. Solid circles—sub- 
traction of observed curve from extrapolated asymptote. Curve A, 
decay of 1.1-hour Kr’. Curve B, growth and decay of Br". 
Curve C, extrapolated asymptote to curve B. Curve D, difference 
curve obtained by subtracting curve B from curve C. Curve D 
shows a half-life of (9.70.5) hours for Kr"*. 

? Hollander, Perlman, and Seaborg, ‘“Table of isotopes,” Revs. 
Modern Phys. 25, 469 (1953). 
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Fic. 2. Yields of 17.2-hour Br” daughter at successive 15-hour 
separations from krypton parent. The curve shows the half-life 
of Kr7* to be (10.02-0.5) hours. 


Br” from Kr’®, This growth results from the fact that 
Br’® has a 3.57-Mev positron’ and several hard gammas 
whereas its krypton parent has soft positrons which 
are easily absorbed by the glass walls of the U-tube. 
The resolution of the portion of the growth curve not 
masked by the 1.1-hour Kr’? decay was done as follows: 
The observed activity at various times was subtracted 
from the extrapolated asymptote corresponding to the 
17.2-hour Br’. The resulting difference curve was 
exponential and gave a half-life of (9.70.5) hours 
for Kr’®, 

Parent-daughter isolation experiments were per- 
formed both to confirm the half-life of Kr’ and its 


*S. C. Fultz and M. L. Pool, Phys. Rev. 86, 347 (1952). 


CARETTO, JR., 


AND E. O. WIIG 

genetic relation with Br’®, The separation was based on 
the procedure followed by Dropesky and Wiig* which 
assumes the complete desorption of krypton from 
charcoal at elevated temperatures and the retention of 
the bromine daughters by use of silvered charcoal. For 
this purpose a line consisting of a series of six glass 
U-tube traps filled with silvered charcoal held in place 
by glass wool was attached to a Cenco Hyvac pump. 
Every 15 hours a krypton-bromine isolation was made 
by moving the liquid nitrogen from one trap to the 
next. Each U tube was followed for the decay of the 
bromine daughters by counting with the scintillation 
counter. Only the first U tube showed the 57-hour 
Br”, daughter of 1.1-hour Kr’’, in addition to 17.2- 
hour Br’*, The graph of the yields of Br’*, extrapolated 
to time of isolation, versus the time of the parent- 
daughter isolations (Fig. 2) gave (10.0+-0.5) hours for 
the half-life of Kr7*, in good agreement with our other 
data. On several occasions the bromine was extracted 
from the charcoal by adding bromide carrier and 
digesting with sodium cyanide. The bromine was 
precipitated as AgBr and mounted for use in a low 
resolution beta spectrometer. The spectrum of the 
bromine showed the 3.57-Mev positrons of Br’®, 

On one run the krypton was adsorbed on a silvered 
charcoal filled U tube as usual and then 10 hours later 
it was transferred to a small vacuum-tight sample 
holder lined with an aluminum cup having a 5-mil 
aluminum window. The krypton activity was counted 
in this manner with an x-ray proportional spectrometer. 
The x-ray counting chamber had a 30-mil beryllium 
window and was filled to a pressure of 2 atmospheres 
with argon-methane mixture. The x-ray spectrum 
showed a peak at about 12-kev which is about correct 
for bromine x-rays. The decay of the x-ray peak gave a 
value of 34.0 hours for the half-life corresponding to 
Kr”, with no evidence of any activity of shorter half- 
life. It is thus concluded that Kr7* decays predominantly 
by soft positron emission, with its maximum positron 
energy less than 0.6 Mev. If its maximum positron 
energy were above this value, it would have been 
directly detected in our experiments. 


*B. Dropesky and E. O. Wiig, Phys. Rev. 88, 683 (1952). 
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Neutron Inelastic Scattering* 
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(Received August 14, 1953) 


The neutron inelastic scattering of iron has been studied as a function of neutron energy from the threshold 
at 850 kev to 2.0 Mev. The yield of 850-kev gamma rays emitted by de-excitation of the first excited state 
has been measured by means of a Nal scintillation spectrometer. Similar work is in progress on Al, Pb, Bi, 


and other elements. , 





SING the Rockefeller Generator' and _ the 

Li’(p,n)Be’ and the T(p,n)He*® reactions as 
sources of monoenergetic neutrons, the neutron in- 
elastic scattering cross sections o; for Fe, Al, Pb, Bi, 
and other elements are being studied as a function of 
neutron energy by observing the line spectrum of 
gamma rays’ emitted from the excited target nucleus. 
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Fic, 1, Experimental geometry. The single-crystal NaI spec- 
trometer is shielded from the direct neutron beam by an 8-inch 
cone of Pb. A DuMont 6292 Photomultiplier was used. 
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Fic, 2. Relative peak yield per neutron of the 850-kev gamma 
ray of Fe*** as function of neutron energy E, as determined by 
pulse-height analysis, Effects of “poor” geometry have been 
neglected, Neutron energy spread 25 kev. The upper scale gives 
proton resonance frequency used in the deflection magnet. 


*This work was supported in part by a joint program of 
research of the U. S. Office of Naval Research and the U. S 
Atomic Energy Commission. 

1W. Preston and C. Goodman, Phys. Rev. 82, 316 (1951). 

2B. T. Feld, Phys. Rev. 75, 1115 (1949); Grace, Beghian, 
Preston, and Halban, Phys. Rev. 82, 969 (1951); R. B. Day, 
Phys. Rev. 89, 908 (1952); B. Rose and J. M. Freeman, Proc. 
Phys. Soc. (London) A66, 120 (1953). 


A single crystal NaI spectrometer is placed within a 
hollow truncated cone of scattering material at 0° with 
respect to the proton beam, see Fig. 1. The crystal is 
shielded from the direct neutron beam and gamma rays 
produced in the target assembly by an 8-inch cone of 
Pb. By analyzing the pulse-height distribution produced 
by the gamma rays absorbed in the crystal, the peak 
value of the line spectrum can be determined. The 
counting rate per incident neutron at the peak is 
proportional to o;, provided the neutron energy is 
below that of the second excited state (2.1 Mev). 
Figure 2 shows the results of such an investigation of 
the 850-kev® level in Fe®® (91.6 percent abundance). 
The ordinate is the relative peak-height distribution 
maximum above background of the 850-kev gamma ray 
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Fic. 3. Pulse-height spectrum of single-crystal NaI spectrom- 
eter. The first curve on the left was taken with Li neutrons of 
617-kev energy; the crystal was shielded with Pb. The gamma at 
135 kev is attributed to the electric excitation of the Ta backing 
of the target. The other two gamma rays are attributed to 
(n,n’y) reactions in NaI. The second curve, in two parts, is a 
typical spectrum of Fe(n,n’y)Fe taken below the first excited 
level in Fe at 850 kev (EZ,=820 kev; T(p,n)He*), and 
above the first level (E,=1.01 Mev). The third curve, of Co®, 
serves as an energy calibration and gives an indication of the 
spectrometer resolution. 


+L. G. Elliott and M. Deutsch, Phys, Rev. 64, 321 (1943), 
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per neutron incident upon the scatterer. The neutron 
beam was monitored by means of BF; long counters 
placed at 90° with respect to the proton beam. Prelimi- 
nary measurements with BF; counters gave a calibra- 
tion between the neutron flux at the scatterer and the 
flux incident upon the monitor counters. Experiments 
are in progress to determine the absolute value of o;. 
The Nal spectrometer produces three (possibly four) 
relatively intense gamma rays when subjected to 
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neutron bombardment, Fig. 3. These gamma rays are 
tentatively assigned to inelastic processes in the NaI 
crystal. The gamma energies are: 200 kev, ~410 kev 
(possibly two gamma rays superposed), and 630 kev. 
The gamma at 135 kev is attributed to the electric 
excitation of the Ta backing of the target.‘ A sample 
gamma spectrum for Fe is also shown in Fig. 3. 


*C. L. McClelland and C. Goodman, Phys. Rev. 91, 760 (1953). 
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A New 3.0-min Ce Fission Product and its 5.95-hr Pr Daughter* 


S. S. Markxowi1z,f W. BernsTEIN, AND S. Katcorr 
Brookhaven National Laboratory, Upton, New York 
(Received September 21, 1953) 


Rapid chemical separations of Ce from neutron-irradiated U Jed to identification of a 3.0-min Ce which 
decays to 5.95-hr Pr. The former emits 8 rays, whose maximum energy is approximately 2.0 Mev, and 
rays whose spectrum was not investigated. The Pr decays by emission of a single 8 ray whose maximum 
energy is 1.7 Mev; no y rays were found. This chain has tentatively been assigned to mass 145. 


I. INTRODUCTION 


N 1942-43 Ballou reported! a 1.8-hr Ce—4.5-hr Pr 

fission product chain. Recently Caretto and Katcoff 
showed? that there was no Ce fission product with a 
half-life between 13.9 min and 33 hr, and that previous 
reports of a 1.8-hr Ce probably resulted from insuffi- 
cient purification of the cerium. Furthermore, it was 
shown that no Pr activity with a half-life between 24.4 
min and 13.8 days can be isolated from pure fission 
product Ce which had decayed for 0.5 to 2.5 hours. 
Since the chemical method for Ce required a minimum 
of 28 minutes, it was concluded then that any undis- 
covered short-lived Ce fission products must decay with 
half-lives shorter than 6 minutes. 

A new and shorter radiochemical procedure developed 
by Glendenin® was used by us in a recent scintillation 
spectrometer investigation‘ of the radiations from 13.9- 
min Ce and 24.4-min Pr'*. It was noticed that a 6-hr 
half-life appeared in Pr separated from fission Ce which 
had been purified in 11 to 27 minutes after irradiation. 
In one run where the Ce was allowed to decay for 43 
minutes before its purification was completed, virtually 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: Frick Chemical Laboratory, Princeton Uni- 
versity, Princeton, New Jersey. 

1N. E. Ballou, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 
No. 173, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV. 

2A. A, Caretto, Jr. and S. Katcoff, Phys. Rev. 89, 1267 (1953). 

*L. E. Glendenin (private communication), A similar solvent 
extraction method was used in this laboratory by J. W. Gryder 
and R. W. Dodson to separate tetravalent from trivalent Ce: 
J. Am. Chem. Soc. 73, 2890 (1951). 

¢ Bernstein, Markowitz, and Katcoff (to be published). 


no 6-hr component was seen. From these observations 
it was postulated that a Ce fission product with about 
a 3-min half-life was decaying to a 6-hr Pr daughter. 
Subsequent experiments, described below, verified this 
supposition. 

In Ballou’s early work,' he made separations of Ce 
and Y from rare earth fission products, and then he 
showed by a partial separation (NaNO; fusion method!) 
of La from the remaining rare earths that a 4.5-hr com- 
ponent was probably not associated with La and that 
it probably was a Pr, Nd, or Pm activity. At the present 
time it appears that his 4.5-hr component resulted from 
the 6-hr Pr plus various impurities. He did not prove 
that the 6-hr activity was a daughter of Ce, and there- 
fore a Pr isotope, because his procedure for Ce was too 
long to permit isolation of 3-min Ce. 


Il. CHEMICAL PROCEDURE 


Samples of uranyl nitrate (10 to 100 mg) were 
irradiated in the Brookhaven pile at a flux of 4x10” 
neutrons/cm’ sec for one to three minutes. The chemical 
separation of Ce was begun almost immediately. It is 
based on solvent extraction of tetravalent Ce from 
10M HNO; with methyl isobutyl ketone. The trivalent 
rare earths as well as most of the other fission products 
remain in the aqueous phase, NaBrOs; was used as the 
oxidizing agent for the Ce. The organic layer containing 
the Ce** was washed with 10M HNO, and then the Ce 
was back-extracted into an aqueous phase after re- 
duction to Cet* with H,O». This cycle was then re- 
peated two or three more times. The Ce samples were 


5 N. E. Ballou and J. A. Marinsky, Paper No. 300 of reference 1. 
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mounted as ceric iodate, usually about 9 minutes after 
the end of irradiation. 

The Pr samples were extracted from Ce preparations 
which had been purified in 7 to 18 minutes and which 
were then allowed to decay for 6 to 75 minutes. La 
carrier was used for the Pr activity which was purified, 
usually by making 3 ceric iodate precipitations (to re- 
move Ce activity), 2 LaF; precipitations, and one 
lanthanum oxalate precipitation. The latter was either 
mounted directly, or it was ignited to the oxide for 
weighing and mounting. Table I shows the results of 
an experiment in which a purified Ce preparation was 
divided into 4 equal parts. Pr activity was separated 
from each, but with variable amounts of purification as 
shown in the table. In each case a final lanthanum 
oxalate precipitate was ignited to the oxide, weighed, 
mounted, and the decay of its activity followed. It is 
seen that the specific activity of the 6-hr period is the 
same for all samples within experimental error. This 
demonstrated that the 6-hr activity must be a rare 
earth, probably Pr. 


III. HALF-LIFE AND RADIATIONS OF Ce!** 


In order to prove that the 6-hr activity is the Pr 
daughter of a short-lived Ce parent, three experiments 
were performed. In each one a series of equal Ce samples 
was thoroughly purified of any daughter activities at 
successive intervals of 2 to 3 minutes. Then the samples 
were allowed to decay for at least 20 minutes, a meas- 
ured amount of La carrier was added to each, and Pr 
was extracted by the method described above. In each 
Pr sample the amount of the 6-hr activity (corrected 
for chemical yield) should be directly proportional to 
the activity of its parent in the Ce sample from which 
it was derived, at the beginning of the growth interval. 
The results of one experiment are shown in Fig. 1, 
circled points. The observed decrease in 6-hr Pr activity 
with each successive sample shows that it is the 
daughter of a 3.0-min Ce. The other two runs gave the 
same result but the experimental points were a bit 
more scattered. ; 

Direct measurement of the decay of the 3-min Ce was 
complicated by the presence of 13.9-min Ce™® and its 
24.4-min Pr daughter. The best results were obtained 
when the Ce was purified within 7 minutes after bom- 
bardment and its radiations measured, starting 2} 
minutes later, through 243 mg/cm? of Al; this absorber 
was sufficient to remove the beta radiation of 13.9- 


TABLE I, Effect of variable amounts of purification on 
the 6-hr period separated from fission Ce. 








Wt. of LazOs Activity 
Precipitations (mg) per mg 


2 ceric iodate, 1 LaF; 13.3 207 
3 ceric iodate, 2 LaF; 10.8 211 
3 ceric iodate, 3 LaF; 11.6 197 
4 ceric iodate, 4 LaF; 10.9 198 
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Fic. 1. Decay of Ce measured directly and by 
successive daughter extractions. 


min Ce'*, An end-window proportional counter was 
used as detector and the decay was followed for about 
42 minutes (Fig. 1, square points). The activity meas- 
ured during the last 22 minutes was due almost entirely 
to the 24.4-min Pr*, The contribution of the latter to 
the activity measured during the first 20 minutes was 
determined by preparing another Ce sample identical 
with the preceding except that its isolation was delayed 
30 minutes following bombardment to allow the 3-min 
Ce to decay away. Then all other conditions were 
duplicated and the activity of the sample was measured 
for 45 minutes. The shapes of the decay curves were 
identical for the last 22 minutes, where the curves were 
normalized. Subtraction of the second curve from the 
first for the first 20 minutes resulted in the triangles 
shown in Fig. 1. From this curve, from numerous other 
curves of this type obtained through various absorbers, 
and from the successive daughter extraction experi- 
ments, we conclude that the Ce™® half-life is 3.0+0.1 
minutes, where 0.1 min is the estimated maximum 
error. 

Decay of the Ce was measured through a series of 
15 Al absorbers up to 1450 mg/cm’. An absorption 
curve for the 3-min Ce radiation was constructed and 
analyzed by the Feather method. The maximum range 
of the beta rays was about 1000 mg/cm? corresponding 
to a maximum energy of approximately 2.0 Mev. 
Gamma radiation contributed about 2 percent to the 
total counting rate, in the brass-wall proportional 
counter, but its spectrum was not investigated. 
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Fic. 2. Decay of Pr. 


IV. HALF-LIFE AND RADIATIONS OF Pr'“ 

Two samples of Pr’ were prepared for a half-life 
determination. One was measured with an end-window 
G-M tube and yielded a value of 6.0 hours. The 13.8-day 
Pr'* contributed 0.14 percent to the initial counting 
rate. The second sample was more active than the first 
and the longer-lived component contributed only 0.05 
percent to the initial activity because the growth in- 
terval of Pr from Ce was reduced to only 6 minutes. 
(The parent of 13.8-day Pr is 33-hr Ce.) The decay 
of this sample was followed with an end-window pro- 
portional counter and the Pr” activity was observed 
to decay exponentially through 14 half-lives (Fig. 2) 
with a half-time of 5.93 hours. A weighted average gives 
a value of 5.95 hours with an estimated maximum error 
of 0.10 hr. Several other decay curves, which were not 
determined as carefully as these two, also yielded 
values very close to 6.0 hours. 

Aluminum absorption curves of the 5.95-hr Pr radia- 
tion indicated a range of 800 mg/cm” for the beta rays, 
both by visual extrapolation and by the Feather 
method of analysis. This range corresponds to a maxi- 
mum energy of 1.7 Mev. The counting rate beyond 
800 mg/cm? remained nearly constant at about 0.02 
percent of the rate measured without absorber. Pre- 
sumably this residual radiation was electromagnetic in 
character. 

Its exact nature was investigated with a scintillation 
spectrometer consisting of either a 3 cmX2 cm or a 
0,2 cm 2 cm NalI(TI) crystal, a Dumont K-1186 photo- 
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muitiplier tube, and a gray wedge pulse-height analyzer.* 
The sample, mounted on an Al card, was surrounded 
with Be absorber sufficient to stop the beta particles. 
Most of the radiation was shown to consist of brems- 
strahlung produced by the 1.7-Mev @ rays in the Al 
mounting and the Be absorbers. In addition, two weak 
low-energy lines were observed at 36+1 kev and 
70+3 kev. In order to verify that the 36-kev line was 
not produced by La fluorescence in the source’ from 
the beta radiation, 4 similar source was prepared in 
which the 5.95-hr Pr activity was replaced by twice 
this activity of P, a pure beta emitter with approxi- 
mately the same 8-ray energy. A similar bremsstrahlung 
spectrum was obtained and a very weak line was seen 
at 3341 kev characteristic of La x-rays. Therefore, the 
36-kev line probably represents Pr or Nd x-rays (35.6 
and 36.9 kev, respectively) arising from internal con- 
version of the 70-kev y ray. In order to determine 
whether these x-rays were associated with 5.95-hr Pr, 
their decay was followed for 10 hours with a thin 
Nal(TI) crystal and a single-channel analyzer. The 
70-kev 7 rays were too low in intensity for this measure- 
ment. The half-life observed for the 36-kev line was 
3.341.0 hr and, therefore, it is not associated with the 
5.95-hr Pr. Presumably the rame is true for the 70-kev 
y rays. The origin of these radiations will be investi- 
gated. 
V. DISCUSSION 


A tentative mass assignment of 145 was made for the 
3.0-min Ce—5.95-hr Pr chain on the basis of a com- 
parison of the observed energies of decay with those 
calculated from the semi-empirical mass formula where 
the constants used are those recommended by Coryell.® 
The observed value for 5.95-hr Pr is 1.7 Mev, and the 
calculated values are 1.8 Mev for mass 145, 3.6 Mev 
for mass 146, and 2.7 Mev for mass 147. The last mass 
number is ruled out because the 5.95-hr Pr does not 
decay to the well-known 11.3-day Nd’. For example, 
in Fig. 2 the long-lived component is lower by a factor 
of 100 than that required by an 11.3-day daughter of 
the 5.95-hr Pr. Mass assignments above 147 would in- 
crease the discrepancy between the observed and calcu- 
lated disintegration energies. For Ce the calculated 
value is 2.4 Mev, close to the observed 2.0 Mev maxi- 
mum §-ray energy which may represent a transition to 
the ground state or to a low excited state. 

One of the authors (S.S.M.) is indebted to Dr. R. W. 
Dodson and the Staff of the Chemistry Department for 
the opportunity to carry out this research at the 
Brookhaven National Laboratory during the past 
summer. 


* Bernstein, Chase, and Schardt, Rev. Sci. Instr. 24, 437 (1953). 
7La was used as carrier and it was mounted as lanthanum 


oxalate. 
8C. D. Coryell, Ann. Rev. Nuclear Sci. 2, 305 (1953). 
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Search for the p, Isomeric State in Tc’” and Identification of Energy Levels* 


Donaytp R. Witesf 
Department of Chemistry and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received September 8, 1953) 


Careful half-life measurements by various methods give 14.6+0.1 min for Mo™ and 14.340.1 min for 
Tc, Measurements of the 8 and y energies give substantially the same values as previous workers report. 
Spin and parity assignments have been made to all levels observed. A search was made for the possible 
existence of isomeric py Tc”, with no evidence for measurable half-life. The evidence is that this state 
lies above the 7/2+ state, and decays to it by an £3 transition with short half-life rather than by M4 


transition to the goz state. 


ORE than half of the known isotopes of 
technetium are observed to have isomeric states. 
In particular, the isotopes of masses 95, 97, and 99 
have ; isomeric states which decay to the go/2 ground 
state by magnetic 2*pole (M4) gamma transitions.' 
Recently, the question arose in this laboratory whether 
this isomerism extended to mass 101, and a thorough 
search was made to find the isomer if it is produced by 
B- decay of Mo™ or by the reaction Mo™(d,n). 

In preliminary work, the decay of Mo™ made by 
(d,p) and (n,y) on Mo™, and of ground-state Tc™ 
from decay of Mo™ were followed using end-window f 
counters and also using a gated Nal scintillation counter 
for the 300-kev gamma of Tc" and the 960-kev gamma 
of Mo. The half-life values obtained, felt to be free 
of errors introduced by isomer decay or by parent- 
daughter growth, are given in Table I. No indication 
was found in these experiments of a Tc™ isomer with 
half-life between about 3 minutes and 2 days. 

The 8 energies, determined by Feather analysis of 
aluminum absorption curves, and the y energies, deter- 
mined with a gated scintillation counter, are in good 
agreement with the values given by Rutledge, Cork, 
and Burson,’ and others.’ These values are given in 
Table I. No evidence was found for soft conversion 
electrons. 

Comparison of energy levels in this region for odd- 
proton, even-neutron nuclides! leads one to expect the 
p; level to be about 200 kev above the ground state, 
and the 7/2+ state to lie at about the same energy. 
Using the radiation probability formula of Weisskopf* 
and the table of conversion coefficients of Rose ef al.,° 
it is estimated that the half-life of a 200-kev M4 

* This work was supported in part by the U. S. Atomic Energy 
Commission. This report summarizes part of the Ph.D. thesis of 
the author, Massachusetts Institute of Technology, November, 
ai address: Department of Chemistry, University of 
Oslo, Oslo, Norway. 

1M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
OP Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 

’W. Maurer and W. Ramm, G. E. Boyd, and others quoted 
in Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

‘J. M, Blatt and V. F. ore: Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 627. 

79 (host) Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 


transition (p;—g/2) is about 20 days. On the other 
hand, if the p; level lies above the 7/2+-, more rapid 
transition would be expected to the 7/2+ level by 
electric 2° pole (£3) radiation. If the level separation 
in this direction is as great as 100 kev, the expected 
half-life would be 7 seconds. 

In an attempt to find the postulated isomer of Tc', 
a sample® of molybdenum enriched to 86 percent in 
Mo'™ was bombarded for 40 microampere hours in the 
15-Mev deuteron beam of the M.I.T. cyclotron. In a 
(d,n) reaction under these conditions, one would expect 
that the p; isomeric state and the go/2. ground state 
would be produced in nearly equal amounts. Tech- 
netium was separated as tetraphenylarsonium pertech- 
netate using perrhenate carrier, and decay of the sam- 
ples was followed for several weeks using an end-window 
G-M counter. The presence of long-lived Tc!'™ would 
be indicated by 1.3-Mev 6 rays of 14.3-min Tc™ in 
equilibrium. The decay curve showed weak components 
due to y rays and conversion electrons from 6.0-hr 
Tc*™, 20.0-hr Tc®, 4.2-day Tc”, and an unseparated 
longer-lived tail ascribable to 60-day Tc and 90-day 
Tc’. The intensities of these activities observed were 
consistent with those expected from the isotope abun- 
dance, as checked also in a bombardment of natural 
molybdenum. Even if all of the long-lived tail were 
interpreted as the 1.3-Mev @ rays from Tc!!™"™—Tc™, 
the half-life of Tc” would have to be greater than 
10° years to give such low activity. 

Since 10° years is much too long for an M4 transition 
of expected energy of about 200 kev, it must be con- 
cluded that the postulated py isomer is not long-lived. 
The probable explanation, then, is that the , state lies 
above the 7/2+-, and it loses energy by an Z3 transition 


TABLE I, Summary of the decay data of Mo™ and Tc, 








Tc 
This work 
14.3+0.1 min 
1.4 Mev 


Mom 
This work 


14,6+0.1 min 


Es 2.2 Mev 30% 
1,2 Mev 70% 

E, 960+40 kev 
200+ 20 kev 


Best value? Best value* 





960 kev 300+20 kev 307 kev 


192 kev 





* Kindly loaned to us by the Stable Isotopes Division of the 
U. S. Atomic Energy Commission, Oak Ridge, Tennessee, 
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Tc Ru” 
4.6m 
Bl.2Mev 70% 
log (ft) * 4.7 


30% 
log (ft) * 6.1 


r=") 
960 Kev 


— +> (PVe) 
=s he 
192 Kev 


Ove B1.4Mev 


log (ft) #4.9 





Fic. 1. Proposed decay scheme for Mo™ and Tc™. 


to the 7/2 state, which in turn decays by an M1 
transition to the ground state. 
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Rutledge, Cork, and Burson proposed a decay scheme 
for Mo™ and Tc which is consistent with all present 
evidence. No reasonable alternate could be found that 
is consistent with the data of Table I and the absence 
of evidence for the ~; isomer. The highest observed 
level in Tc appears to be the 5/2+ compound level. 
The only other reasonable possibility is a 3/2+ state, 
which would decay by a fast transition to the #, level. 
The results of coincidence measurements of Rutledge 
et al.? eliminate this possibility. The ds/2 level of the 
next higher shell would be consistent with all observed 
lifetimes, would not be expected at an excitation of 
less than about 3 Mev. This scheme is given as Fig. 1, 
with the addition of spin assignments made on the basis 
of ft values, y transition probabilities, and predictions 
of the nuclear shell model. 

A value of 1.3 was found for the ratio of (d,p) cross 
sections of Mo™ and Mo®, 

The author is grateful to Drs. Charles D. Coryell and 
Amos de-Shalit for stimulation, advice, and guidance. 
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Average Charge of Recoil Atoms from Several Nuclear Transitions* 
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(Received August 3, 1953; revised manuscript received September 23, 1953) 


The average charge of daughter atoms following nuclear transformation has been measured for several 
active species. The positive ion current of the decay products was observed in the gas of the parent at low 
pressure and compared with the disintegration rate of the active nuclide. The average charges found in the 


several transitions studied appear in the following table: 














Parent activity 


Av. positive charge 


Type of nuclear decay (electron units) 





Ts 

CMO, 

A 

Mixture of fission gases (Kr®@™, Kr®, 
Kr*?, Kr##, Xe!) 

CesHsBr®™ 

Kr 


0.9+0.1 


B- 
, 1.0+0.2 


8 
a 1.0+0.1 
B-, y, LT. (y, e7) 


i0+2 
7.7404 
3.0+0.2 


Isomeric transition (y, e~) 
Isomeric transition (y, e~) 
Electron capture 











A. INTRODUCTION 


OSITIVE charges have been observed on large 
fractions of the recoils from radiative capture,'* 
isomeric transition by internal conversion,’ 6-decay,'*'' 
and orbital electron capture.*’ Indeed, high positive 
charges are predicted for the products of isomeric transi- 


* A preliminary report on this study appeared in Phys. Rev. 88, 
1203 (1952). 

1S. Wexler and T, H. Davies, J. Chem. Phys, 20, 1688 (1952), 

2S. Yosim and T. H, Davies, J. Phys. Chem. 56, 599 (1952). 

*S. Wexler and T. H. Davies, J. Chem. Phys. 18, 376 (1950). 

*J. C, Jacobsen and O. Kofoed-Hansen, Phys. Rev. 73, 675 
(1948). 

5 Allen, Paneth, and Morrish, Phys. Rev. 75, 570 (1949). 

*G. W. Rodeback and J. S. Allen, Phys. Rev. 86, 446 (1952). 

7P. B. Smith and J. S. Allen, Phys. Rev. 81, 381 (1951). 


tion by internal conversion.** The increase in nuclear 
charge in negative beta emission should give rise to at 
least a singly-charged ion of positive sign. The extent 
to which change in nuclear charge should induce orbital 
electron ionization in beta decay has been discussed by 
several authors.”-“ 
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AVERAGE CHARGE OF RECOIL ATOMS 


Very recently, the average charge following transi- 
tion by internal conversion of Xe™'™ and that of Cl” 
from the similar process of electron capture by A*’ have 
been reported.'® The charge carried by the products of 
8- decay has been measured only for the single case of 
Kr*** Early papers deal with similar studies on recoils 
from a emission.'*!? More recently, very high charges 
have been found on fission fragments.'* This paper 
describes an experiment to determine the average 
charge carried by daughter atoms after beta decay of 
molecular tritium, C“O., A“, and of a mixture of 
Kr and Xe fission gases. Results on the products from 
isomeric transition of 4.4-hr Br®™, as tagged ethyl 
bromide, and of 113-min Kr*™ will also be presented. 
In addition, a measurement in our apparatus of the 
average charge produced by electron capture of A® will 
be described. The experiment measures the positive ion 
current of the charged daughter atoms in gases of the 
parent at very low pressure. The number of electron 
units of charge collected by a probe in unit time is 
compared with the disintegration rate of the parent to 
give the average charge per disintegration. 
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Fic. 1. Spherical ion collection chamber. 
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Fic, 2. Cylindrical ion collection chamber. 


B. PROCEDURES 
1. Ion Current Measurement 


In Figs. 1 and 2 are schematically drawn the copper 
sphere and cylinder, respectively, into which the active 
gases were introduced in order to measure the positive 
ion currents of the recoils. A battery-supplied potential 
at the chamber shell drove to the collector the positive 
ions formed in the gas volume. The grid surrounding the 
probe was held at a small negative voltage relative to 
the latter and sufficient to suppress secondary electrons 
formed at the surface of the collector. The open portion 
of the grid structure was either 65 or 88 percent of the 
total area. The gas space between grid and chamber wall, 
from within which the positive decay products are col- 
lected, was calculated from the dimensions to be 4105 
and 4460 cc in the sphere and cylinder, respectively. 
The “dead” space between grid and collector was five 
percent of the total cylindrical volume and a much 
lower fraction of the sphere. Ion currents to the probe 
were measured in an attached dynamic condenser 
electrometer and recorded as voltages across calibrated 
resistances. In many observations the rate-of-drift 
method was employed with a known electrometer 
capacitance. Ion currents measured by the two pro- 
cedures agreed within five percent. The electrometer 
was calibrated by means of known voltages from a 
potentiometer. 

In order that the electrometer readings be significant, 
it is clearly necessary that the ion currents collected be 
composed of all positive ions formed from nuclear de- 
cay, with no addition of other positive ions. Some 
evidence that this was the case came from preliminary 
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tests of the following type. For each active gas the 
proper electric field conditions were selected to drive 
all positive recoils formed between grid and shell to the 
collector and to suppress all secondaries at the surface 
of the probe. By alternately varying the grid and 
chamber voltages, it was found that saturation ion 
currents were usually obtained at shell potentials of 
1000-1500 v. Grid voltages of —90 v usually sufficed 
to suppress all secondaries. 

Ion currents measured in the primary experiments 
were corrected for that part intercepted by the grid 
structure. The portion of ion current reaching the 
collector was taken as equal to the fractional open area 
of the grid. Evidence that this procedure is correct 
comes from the similar results obtained from runs using 
grids of widely different transmissions (see below). 
Further, electric-field conditions analogous to those 
used here have been studied in electron optics. Within 
small error, the fraction of current intercepted by the 
grid in a cylindrical geometry is given by the fractional 
projected area of the grid." Corrections to the elec- 
trometer readings were also made for chance intercep- 
tion of fast electrons by the collector and for the small 
background currents observed with the chamber 
evacuated. 

Gas pressures of 5X 10~° to 5X10-* mm, depending 
on the active nuclide, were present in the chamber at 
the time of the current measurement. In this range the 
ion current was proportional to the pressure of the 
active gas, suggesting that under these conditions 
positive ions produced by secondary effects, such as 
ionizing collisions of 8~ particles, electrons, and recoils 
with the bulk gas, were not measurable. This observa- 
tion appears to be supported by the very small cross 
sections reported for ionizing collisions.” It is estimated 
that at the pressures used recoils and electrons have 
mean free paths between ionizing collisions with gas 
molecules from 10 to 1000 times longer than the elec- 
trode separations. 

The time necessary for decrease of the electrometer 
current to half its original value was compared, when 
feasible, to the half-life of the active species in the 
chamber. Good agreement was obtained for every gas 
studied. The current from 110-min A“ decay decreased 
to half-value in times of 100 to 115 minutes. For the 
mixture of fission gases, the electrometer period was 
2.5 to 2.8 hr as compared with the average of 3.0 hr 
calculated. With 4.4-hr C,H,Br®™, the times ranged 
from four to five hours in several determinations. On 
the other hand, the period was approximately 110 
minutes when 113-min Kr®” waspresent in thechamber. 
When one of the long-lived nuclides, 12.4-yr Ts, 
5570-yr C“O,, or 35-day A*’, was introduced, the elec- 


® H. Lange, Z. Hochfrequenz. 31, 105, 133, 191 (1928) ; see also, 
K. R. Spangenberg, Vacuum Tubes (McGraw-Hill Book Company, 
Inc., New York, 1948), pp. 214-8. 

% See H. S. W. Massey and E. H. S. Burhop, Jonic and Electronic 
Impact Phenomena (Clarendon Press, Oxford, 1952), Chaps. 2, 4, 
and 8, 
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trometer reading remained unchanged after several 
hours of observation. In contrast to the currents meas- 
ured when the active species were in the chamber, only 
the small background currents found with the shell 
evacuated were observed when like but inert gases were 
introduced. Two further tests showed no detectable 
contribution to the primary ion current by charged 
decay products from beta active daughters of the 
fission gases, or by the 18-min daughter of Br®™. In 
one, a rise of the electrometer current with time in the 
first hour after introducing the pure active gas into the 
chamber was looked for without success. This effect 
would have been due to growing in of the daughter 
activity if the latter were contributing to the current 
from the primary disintegration. In a second test, the 
electrometer reading was followed immediately on 
removal of the sample of active gas from the chamber. 
The current decreased in a few minutes to the back- 
ground found with the chamber evacuated. If the ac- 
tivities of the nonvoiatile decay products affected the 
positive ion current significantly, the electrometer, after 
an initial drop, should have decreased to half-value in 
times corresponding to the half-lives of the active 
daughters. 

All the tritium and several of the fission-gas and 
C.H;Br®" measurements were made in the spherical 
assembly. The cylinder was used in the other studies 
reported on. 


2. Disintegration Rate Measurement 


The activity of the gas present in the chamber at the 
time of the current measurement was determined in a 
second experiment. A known aliquot of the active 
species, equal in pressure to that in the chamber, was 
submitted to a disintegration rate assay, the procedure 
depending on the radionuclide. Decay rates of tritium 
and CO, samples were determined in a calibrated 
ionization chamber of the type described by Borkow- 
ski." The activity of the fission-gas mixture was ob- 
tained from the decay rate of the 18-min Rb*® daughter 
of 2.8-hr Kr** in the following manner: An aliquot of the 
active mixture was allowed to decay in an evacuated 
copper cylinder for one hour, after which the gas was 
pumped out and the Rb*® entirely removed from the 
cylinder walls with dilute HNO; containing a small 
amount of rubidium carrier. After chemical purification, 
Rb2PtCle was precipitated and the 18-min activity 
measured under an end-window counter of known 
geometry. Correction was made for absorption and 
scattering of the betas and for chemical yield. From 
this decay rate, the activity of the Kr® parent and then 
that of the entire mixture of fission nuclides was calcu- 
lated, taking into account the time of neutron irradia- 
tion of the uranium used in the preparation, growth 
and decay relations, and the relative fission yields of the 
various rare gas species. Of the many fission-gas nu- 


2% C, J. Borkowski, U. S. Atomic Energy Commission Report 
MDDC-1099 (unpublished). 
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clides, only the five in Table I were considered to com- 
prise the mixture used, since calculations revealed these 
to contribute measurably to the positive ion current 
under the conditions of this experiment. 

The A* was counted, after dilution with inactive 
argon carrier, in a small external gas cell patterned 
after one described by Rosen and Davis.” Geometrical 
conditions described by these authors were followed in 
detail. Corrections were made for scattering and ab- 
sorption of the 1.2-Mev betas from A“. 

A*” and Kr*™ activities were measured, after dilu- 
tion, in proportional counters, using a 90-percent argon 
—10-percent methane counting mixture.* "Counters of 
varying cathode length and diameter gave indistinguish- 
able specific counting rates for several active samples. 

The disintegration rate of the 4.4-hr C;HsBr®™" was 
obtained from the activity of its 18-min daughter in a 
manner similar to that described for the Kr**—Rb*®* 
pair. The chemical procedure is described elsewhere.’ 

Except for T, and C™O:, the decrease in counting 
rate of the aliquot sample with time was compared 
with the known half-life of the nuclide in question and 
found to agree within a few percent. 


TaBLe I. Decay characteristics of fission gases contributing 
to positive ion current.* 








Energy of 
radiation (Mev) 


Particles y-Trays 


0.0327 ; 0.0093 
Kr 4.5 0.15; 0.305 
Kr® 1.25 8 3.63; 1. 0.41; 1.89; 2.3 
Kr 2.77 0 2. 52 0.028 
uXe% 92 By 0.25 


Fission 


Radio- yiel 
(%) 


4 
nuclide (hr) 
asKkr™ 1,89 


Radiation 











® This table was assembled from data compiled in Hollander, Perlman 
and Seaborg, Rev. Mod. Phys. 25, 469 (1953). 


3. Preparation of Active Gases 


Activation and chemical procedures were employed 
which yielded gases in the high specific activities re- 


#F. D. Rosen and W. Dat To y We ‘ Atomic Energy Commis- 
sion Report AECD-3184 (unpublish 

%3 These counters are described “4 : Katcoff, Phys. Rev. 87, 
886 (1952) and R. Ballentine and W. Bernstein, Rev. Sci. Instr. 
21, 158 (1950). The counters exhibited two-step plateaus with 
internal A® samples. The first step was approximately 13 percent 
below the plateau at higher operating voltages. Reduction of the 
amplifier gain by factors of 5 or 10 lowered the counting rates by 
-~15 percent when the counter voltage was held in the middle of 
the higher plateau. Further, pulse heights at the higher voltage 
were about 10 times those corresponding to the lower step. Conse- 
quently, it was decided that in addition to the 2.6-kev Auger 
electron following K capture in A*’, electrons of ~200 ev were also 
counted at the higher voltage plateau. Despite escape of K 
fluorescence radiation from the counter, disintegrations involving 
K capture and subsequent radiation would be detected by 200-ev 

M-shell Auger electrons. Similarly, the 280 ev available from Li- 
capture would be dissipated in the counter as an M electron and 
thus be detected. With counting conditions similar to those em- 
ployed here, Kirkwood, Pontecorvo, and Hanna, Phys. Rev. 74, 
497 (1948), observed electrons of 200 ev in the A” decay. Disinte- 
gration rate measurements on the Kr®" samples | ae no ap- 
parent difficulty. Auger electrons from either the 32.7- or 9.3- io 
transitions would be detected in the proportional counters used. 
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TABLE II. Average charge of recoils after 8~ decay of tritium. 





Average 

— 

¢c per 
diainte- 
gration 


(electron 
units) 


Dis/sec of 
tritium in 
ion collection 
chamber 


1.3X 10° 
3.8X 107 
2.4X 10? 
5.5X 10" 
3.6X 10" 


Positive charges 
collected 


second* 
ideuren units) 


1.110" 
3.8X 10? 
2.2X 107 
5.0X 107 
3.2 10? 


Positive 
ion current 
(amp) 


1.6X 10-8 
5.4X 10-8 
3.1X10-" 
7.1X10-8 
4.5X10-" 








® The values listed have been corrected for interception of positive ions 
by the grid and chance interception of fast electrons by the collector. 


quired to obtain measurable positive ion currents. The 
CO, was prepared from 15.1-percent enriched BaC™O,; 
by the method described by Greiner et al.* A sample of 
tritium gas, available in this laboratory,” was used in 
the T, beta-decay studies. The mixture of active 
krypton and xenon was separated from neutron-ir- 
radiated uranium: Urany] nitrate, placed in the Argonne 
heavy water reactor for three hours, was dissolved in 
previously outgassed water in an evacuated system. 
The mixture was heated to facilitate dissolving of the 
salt and to drive off the fission gases. The solution was 
then frozen-out, and the gas was passed through dry 
ice and liquid-nitrogen-cooled traps and collected in a 
large flask. Pure argoa gas was placed in the pile to 
obtain A“. 

The 35-day nuclide A* was separated from neutron- 
irradiated calcium metal by vacuum fusion. Ethyl 
bromide tagged with 4.4-hr Br®" was prepared by 
photochemical addition of ethylene gas to neutron- 
activated hydrogen bromide. To prepare Kr®, pile- 
irradiated selenium metal was dissolved in nitric acid, 
and Br~ carrier was then added to the diluted solution. 
Se* was permitted to decay into Br® for one-half 
hour, after which the Br® activity and carrier were ex- 
tracted as Br2 into CCl, by permanganate oxidation, 
and then returned to dilute NH,OH. The solution was 
evaporated to dryness, and the flask containing the 
NH,Br residue was attached to a vacuum system. After 
2.5 hours’ standing to allow formation of Kr®™, the 
active noble gas was removed by vacuum sublimation 
of the NH,Br. 


TABLE ITI. Average positive charge after beta decay of C“O:. 








Average 
positive 
charge per 
disinte- 

gration 
Glecteon 
units) 


Positive charges Dis/sec of 
Positive collected C¥ in 
ion current second* ion collection 
(amp) (electron units) chamber 


9.5<X 107" 6.7X 104 


1.6X10-“ 1.1 105 
1.6X10-" 1.1 10° 





8.48 X 104 0.8 
9.42X 104 1.2 
1.13 105 1.0 








* See footnote, Table II. 


* Greiner, Hamill, Inghram, and Libby, Phys. Rev. 75, 1825 
(1949). 
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TABLE IV. Charge borne by potassium atoms from 
beta decay of A“. 








Average 
positive 
charge per 
disinte- 
gration 
(electron 
units) 


3.1 108 0.9 
1.6 10° 1,1 
2.1 108 , 
3.1 105 

2.6X 108 

2.6X 105 

9.6X 104 


Dis/sec of 
A“ in 
ion collection 
chamber 


Positive charges 
collected 
per second* 
(electron units) 


2.7 105 
1.8 10° 
2.4X 108 
2.8 108 
2.6 10° 
2.6 10° 
1.1 10° 


Positive 
ion current 
(amp) 


3.6K 10-" 
2.4X10-" 
3.2K 10" 
3.8 10-" 
3.5K 10" 
3.4X10-™ 
1.5x10~“ 











* See footnote, Table II. 


C. RESULTS AND DISCUSSION 
1. Beta-Decay Studies 


Tables II through V contain the results on the aver- 
age positive charge of the recoils from B~ decay of T», 
C¥O,, A“, and of the mixture of fission gases, respec- 
tively. The charge carried by the products of the tri- 
tium decay is within experimental error of one positive 
electron unit, the minimum expected in a negative beta 
transition. Unfortunately, no theoretical discussion of 
the probability of electron ejection has been forth- 
coming for 8 emission in molecular tritium. Migdal’s 
relations” are applicable to atomic tritium; an average 
charge of +1.03 is calculated for the He* daughter. 
Because of the low currents measured in the C“O, 
studies (Table ITI), the data are scattered, but the indi- 
cation ig lack of measurable shell ionization in this beta 
resaarte hoes For comparison purposes, a charge of 
+1.1 has been calculated for the N™ recoil from B- 
decay of a C™ atom, using equations developed by 
Levinger." 

The seven determinations of the charge of K“ atoms 
after beta emission by A* (Table IV) indicate +1.0+-0.1 
as the average. Using relations presented by Schwartz® 
with the assumption that the nuclear charge of the 
potassium daughter (Z= 19) is “high,” we estimate the 
average charge to be +1.1 electron units. 

The more extensive study of the mixture of fission 


TaBLe V. Charge of recoil atoms after decay of fission gases. 


gases (Table V) indicates the average charge carried 
by the Rb and Cs recoils to be somewhat higher than 
one positive unit. Within the precision of this measure- 
ment, similar results were obtained with the sphere and 
cylinder and with repeller grids of widely differing open 
area. It would appear that the experimental result is 
not decisively determined by the geometry of the ap- 
paratus. Further evidence to support this view is pre- 
sented under the results of the Br®” studies (see below). 
That the charge is slightly higher than one positive 
may be due to partial internal conversion of low- 
energy ‘y-rays accompanying the betas from several 
nuclides in the mixture (Table I). Since conversion can 
initiate loss of several orbital electrons, a small fraction 
of the daughter atoms may have high positive charges, 
and the average may then be greater than that from 
the beta process alone. Crude estimates, based on 
known conversion coefficients and assumptions regard- 
ing the number of electrons lost in the process, suggest 
that about 0.5 electron unit of charge per disintegration 
is attributable to internal conversion of soft gammas. 
Correcting for internal conversion in this way, the 
average charge due only to the beta transitions varies 
between 0.3 and 1.2e with an average of 0.8 positive 
units. Within experimental error, the corrected data 
fail to show loss of orbital electrons in the beta process 
and are in agreement with the findings on Nr**.4 The 
complicating feature of conversion is not present in the 
other beta transitions reported on. 

The results of these decay studies indicate that 
ionization of orbital electrons does not occur to a sig- 
nificant extent in the negative beta process. However, 
the experiment at present lacks sufficient precision to 
detect the small effects predicted. 


2. Isomeric Transitions of 4.4-hr Br®°™ 
and 113-min Kr**" 


The decay of 4.4-hr Br®™ to its 18-min isomer pro- 
ceeds by two successive transitions: a 47-kev step, 
completely converted, is followed by one of 37 kev, the 
latter 57 percent converted.** Deep-lying shell vacancies 











Average 
positive 


charge per 
disintegration 
(electron 
units) 


Activity of 
fission gas 
mixture 
(dis/sec) 


5.0X 104 
1.8 10° 
7.1 10* 
9.4X 104 
2.4X 10° 
8.0X 10* 
6.1 104 
9.7 104 
4.9X 10+ 
8.8X 104 


Positive charges 2 a 
collected per Dis/sec of Kr* in 
ion collection 


chamber 


Rb* 
activity 
(dis/sec) 

2070 

3320 

2232 

2868 

4980 

1681 

1208 

3100 

1130 

1807 


Fractional 
open area 
of grid 


0.65 
0.65 
0.65 
0.65 
0.88 
0.88 
0.88 
0.89 
0.89 


Positive ion 
current (amp) 
8.7 10-5 
2.9 1074 
6.0X 107" 
1.1 10-4 
5.5 10-4 
1.7X10-“ 
1.0 10-4 
1.7107“ 
7.4X 107% 
1.5x<10-“ 


Geometry of ion second* 

collection chamber (electron units) 
8.5 104 
2.8X 10° 
5.8X 10* 





— 
~ 


2.86 X 104 
8.16 104 
3.01 x 10* 
3.97 X 104 
1.10 10° 
3.38 X 104 
2.57 X 10° 
4.24 10° 
2.10 10* 
3.76X 104 


Sphere 
Sphere 
Sphere 
Sphere 
Cylinder 
Cylinder 
Cylinder 
Sphere 
Sphere 
Sphere 


tt bet bah fet het ht ee 
Wwe mre UAAK DOH 














* See footnote, Table iI. 
2 P, Rothwell and D. West, Proc. Phys. Soc. (London) A63, 539 (1950). 
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TaBLe VI. Average charge of product atoms from 
isomeric transition of Br®™, 


Taste VIII. Charge carried by chlorine recoils from 
electron capture of A”. 








Average 
positive 
charge per 
disinte- 
gration 
(electron 
units) 


Positive 
charges 
collected 
per second* 
(electron 
units) 


Sphere 7.0 X10" 6.7 105 
Sphere 5 5.2 105 
Sphere x 10° 
Sphere x 105 
Sphere x 10° 
Sphere x 10° 
Sphere x 10° 
Sphere? x 10° 
Sphere” x 108 
Cylinder 
Cylinder 
Cylinder ‘ 
Cylinder 7 5.62 10° 


* See footnote, Table II. 
> Cu cylinders, rather than Pyrex flasks, were used in the disintegration 
rate determinations. 


Geometry 
of ion 
collection 
chamber 


Dis/sec of 
Br®* in ion 
collection 
chamber 


Positive 
ion current 
(amp) 
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4.45% 108 








which result are filled by subsequent Auger and radia- 
tive electron transitions. The cumulative result of 
these electron cascades is a bromine ion of high positive 
charge. Cooper,’ considering all possible Auger transi- 
tions except those of the Coster-Kronig type, has cal- 
culated an average of +4.7e for a Br atom which has 
suffered internal conversion in the K orbit. This result 
has been extended by taking into account the K and L 
conversions of the two stepwise transitions of Br®™; 
an average charge of 6.3 units is calculated. The ex- 
perimental findings appear in Table VI. The average 
charges listed in the final column are seen to be about 
10 positive units, individual results varying from 8 to 
13e. The data from the sphere with 65-percent open 
grid area and cylinder with 88-percent open area are 
again similar. In several experiments, glass bulbs of 
various volumes were used as the decay vessels instead 
of copper cylinders. Results from the two procedures 
appear to be indistinguishable. The finding is about 
twice that predicted, but in view of the uncertainties 
in the calculation and the experimental necessity of 
incorporating the Br®™ in an organic molecule, the 
difference may not be surprising. 

The isomeric decay of Kr®™ resembles the Br®™ 


TABLE VII. Electric charge produced in isomeric decay of Kr. 





Average 
positive 
charge per 
disinte- 
gration 
(electron 
units) 


2.96 X 10° 74 
1.58 10° } 
9.9 «10+ 

2.08 X 105 


Dis/sec of 
Kr®* in 
ion collection 
chamber 


Positive charges 
collected 
r second* 
(electron units) 


2.18 X 10° 
1.26 10° 
74 10° 
1.68 X 10° 


Positive 
ion current 
(amp) 


2.95 10-4 
1.69 10-8 
99 x10" 
2.27 10- 

1.37 10-" 1.01 10° 1.33 10° 
7.6 X10“ 5.6 10° 7.5 108 


* See footnote, Table II. 














Average 
positive 
charge per 
Dis/sec of disinte- 
37 in 
ion collection 
chamber 


Positive charges 
collected 
per second* 
(electron units) 


7.3 10° 
2 2.09 10° 
1 1.42 10° 
8. 6.1 «10° 
6 49 «10° 1.74 10° 
4.0 10° 1.31 10° 


Positive 
ion current 
(amp) 


9.7 10-8 
.77X 10-8 


gration 
(electron 
units) 


2.67 X 10° 2.7 
6.49X 10° 3.2 
4.47 X 10° 3.2 
2.18 10° 8 
8 
l 





transition closely , for the 32.7- and 9.3-kev steps of the 
former are in cascade and are highly converted.**.”” 
Results of this study appear in Table VII. The average 
positive charge on the Kr® atom following this isomeric 
change is observed to be 7.7+0.4e. 


3. Orbital Electron Capture by 35-day A*’ 


Atomic reorientation following electron capture is 
similar to that accompanying the internal conversion 
process. From calculations of Primakoff and Porter, 
orbital ionization caused by sudden change in nuclear 
charge in electron capture is apparently extremely 
small for the A*’ transition. However, Auger transitions 
can increase the initial zero charge of the daughter 
to rather high values. The average charge carried by the 
chlorine atoms from electron capture in 35-day A*®’ 
is seen from the data of Table VIII to be 3.00.2 posi- 
tive electron units. The result agrees well with 3.41 
+0.14e reported by Miskel and Perlman for this trans- 
formation.'® A theoretical estimate of the charge after 
orbital capture of A*’ may be made from Auger transi- 
tion probabilities presented by Pincherle.” A value of 
+-2.36 electron units is calculated. Account was taken 
of L capture” in A® and of the K fluorescence yield of 
chlorine.** However, Pincherle neglects Auger transi- 
tions of the Coster-Kronig type, and, unfortunately, 
information on the particular transitions of interest here 
has not appeared elsewhere in the literature. If it is 
assumed that each L1 hole is filled by an Lm or Lut 
electron with the ejection of an M electron, the calcu- 
lated average increases to 2.7e. 
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Angular Distributions and Excitation Curves for the B'°(d,p)B™ and the B’°(d,n) 
and B"(d,n) Reactions below 2-Mev Bombarding Energy* 
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Protons from the B(d,p)B" reaction and neutrons from the B(d,n) and B"(d,n) reactions were counted 
for deuteron bombarding energies below 2 Mev. Angular distributions were measured at several bombarding 
energies. The angular distributions suggest that the stripping process plays an important part in the reaction. 
As might then be expected, no narrow resonances were observed in the excitation functions. 





I. THE B'"(d,n) AND B"(d,n) REACTIONS 


CCORDING to the stripping theory of Butler,! 
(d,p) and (dn) reactions proceed by direct 
capture of one of the nucleons of the deuteron and 
escape of the other nucleon in a process which leads 
directly from the ground state of the target nucleus to a 
state of the final nucleus. This results in predomi- 
nantly forward angular distributions of the uncaptured 
nucleon such as could be obtained only by very high 
angular-momentum transfers in the process of com- 
pound nucleus formation. In a preliminary report of 
the present work,’ it was pointed out that the neutrons 
in the (dn) reaction using the B isotopes as targets 
showed forward angular distributions which could result 
only from unreasonably large angular-momentum 
transfers if a compound nucleus were formed and that 
a Butler type of stripping process seemed a more 
reasonable explanation. Similar findings have been 
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Fic, 1, Neutrons per deuteron per unit solid angle in arbitrary 
units versus deuteron bombarding energy for a thin target of B” 
in the forward direction. Upper curve represents long-counter 
data. Lower curve represents data taken with He recoil counter 
biased to respond to neutrons with 6.5-Mev Q value only. 
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reported for the Be*(d,n) reaction at low bombarding 
energies.’ 

In these experiments neutrons of all energies were 
counted with approximately equal weight by the 
counting equipment used. Several energy groups were 
involved in both reactions. In the B"(d,n) reaction, 
two groups are known‘:® to be emitted in the energy 
range of this experiment : the ground-state group with Q 
equal to 6.47 Mev, and a group to the 1.85-Mev first 
excited state of C" with Q equal to 4.62 Mev. In the 
B"(d,n) reaction, besides the ground-state group with 
Q equal to 13.7 Mev, groups to the known excited 
states of C” are found with Q values of 9.3, 6.2, and 
4.1 Mev and a continuum from the B"(d,n3a) reaction. 
The B'"(d,n) reaction is thus more likely to yield 
meaningful information with this type of experiment. 
If it can be established that stripping is the principal 
process involved in these reactions, future angular- 
distribution experiments involving individual neutron 
groups should yield considerable information about the 
parity and angular-momentum differences between 
excited states of C'' and C® and the ground states of 
B” and B", respectively. 

Careful search was made for resonances, indicating 
formation of states of the compound nucleus, in the 
range of bombarding energies from 0.2 to 2.0 Mev. 
None were found, unless plateau-like features of the 
excitation curve could be taken to indicate resonance 
structure many hundred kilovolts broad. The excitation 
curve was taken in the forward direction both for the 
whole neutron spectrum, through the use of counters 
with approximately equal detection efficiency for all 
neutron groups, and for the group with highest Q, 
through the use of a biased gas proportional counter. 


Experimental Conditions 


The deuterons were accelerated by the Rice Institute 
2-Mev Van de Graaff generator with energy resolution 
better than 0.5 percent. Targets of B,O; and metallic 
B were used. The curves in this paper were taken with 
targets 30 to 40 kev thick for 1-Mev deuterons, although 
the excitation function was explored in limited regions 

3 F. Ajzenberg, Phys. Rev. 88, 298 (1952); Pruitt, Hanna, and 
Swartz, Phys. Rev. 87, 534 (1952). 


4T. W. Bonner and W. M. Brubaker, Phys. Rev. 50, 308 (1936). 
5 W. M., Gibson, Proc. Phys. Soc. (London) 62, 586 (1949). 
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with thinner targets. The targets were made by evapo- 
ration in vacuum from tungsten strip filaments onto a 
thin polished silver backing. Ordinary B was used for 
the work on B"; separated B” (95 percent B"”, 5 
percent B"'), which was obtained from the U. S. Atomic 
Energy Commission, for the work on B”. 

The angular distributions and the excitation curves 
marked “All Neutrons” were taken with the long 
counter of Hanson and McKibben.*® This has approxi- 
mately equal sensitivity for all the neutrons except for 
the two groups of highest Q from B", where the sensi- 
tivity is about two-thirds that for the lower energy 
groups. 

To obtain excitation curves for the groups of highest 
Q from both B"” and B", a helium gas recoil counter 
filled with 19 atmos of He and one atmos of argon was 
used. The active volume of the counter was a cylinder 
two in. in diameter and two in. long. 14-Mev neutrons 
from B" gave recoil alpha particles with 1.3-cm range 
in the forward direction. This range was one-fourth of 
the counter diameter, so that the geometrical efficiency 
was high. Moreover, it is calculated to have been 
constant over the range of deuteron-bombarding ener- 
gies to within an error less than the statistical error in 
the counting. The bias settings of the He counter were 
inferred from the integral pulse-height distribution of 
the recoils and the endpoint of the recoil-pulse distri- 
bution from the monoenergetic neutrons of the reaction 
C#(d,n)N®. 

The counting electronics consisted of cathode-follower 
preamplifiers at the counters feeding into commercial 
linear amplifiers, discriminators, and scalers obtained 
from the Atomic Instrument Company. 


Excitation Curves 


The excitation curves are shown in Figs. 1 and 2. 
Abscissas are mean energy in the target. Ordinates are 
proportional to neutrons per deuteron in arbitrary 
units for the forward direction. In the case of the long- 
counter curve, forward direction means a cone of half- 
angle about 35° with the velocity vector of the incident 
deuteron as axis. In the case of the He counter, the 
half-angle of the cone was about 50°. To get an estimate 
of cross section, the long counter was calibrated in terms 
of a Po-Be neutron source of known flux (+10 percent). 
From this calibration, the average differential cross 
section in the forward cone for total neutron production 
is estimated to be 2X10~*’ cm? per unit solid angle per 
ordinate unit for B® (Fig. 1) and 5X 10-*? cm? per unit 
solid angle per ordinate unit for B" (Fig. 2). 

B,O; targets were used up to the O'*(d,n)F"’ threshold 
at 1.84 Mev and metallic B targets above. 

Background was negligible in the He counter. The 
background in the long counter was due chiefly to 
deuterons striking carbon deposits in the vacuum 
system of the magnetic analyzer. Because of difference 


* A. O. Hanson and J. L. McKibben, Phys, Rev. 72, 673 (1947). 





B<d,n) | 
el” 


| 


: 

















5 











RELATIVE INTENSITY 

















o2 o¢ 06 08 
DEUTERON ENERGY MEV 


Fic. 2. Neutrons per deuteron per unit solid angle in arbitrary 
units versus deuteron bombarding energy for a thin target of 
natural boron in the forward direction, Upper curve represents 
long-counter data, Lower curve represents data taken with 
He recoil counter biased to respond to neutrons with Q values 
13.7 and 9.3 Mev only. 


in solid angle for target and background neutrons, the 
long-counter background below 1.5-Mev bombarding 
energy was always less than 2 percent. Above 1.8 Mev, 
background was sometimes as high as 10 percent. It 
was measured and corrected for by counting neutrons 
when the target was replaced by a clean silver blank. 
Effect of carbon deposits on the target was avoided 
by frequent changes to fresh targets. 

Points on the He recoil counter excitation curve 
represent at least 3200 total neutron counts per point; 
points on the total neutron curve at least 32 000 per 
point above 0.7 Mev. Except for the portion below 
0.5 Mev, the statistics were obtained in no less than 
three separate runs over any portion of the curve. 


Angular Distributions 


The angular distributions referred to the velocity 
vector of the incident deuteron are shown in Fig. 3 
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Fic, 3. Angular distributions of neutrons from a thin B"” target 
for deuteron bombarding energies of 0.71, 1.06, and 1.43 Mev. 
Ordinates are counting rates of the long counter in arbitrary 
units. Abscissas are angles with the incident deuteron direction 
converted to a c.m. system corresponding to an average neutron 
energy. Estimated angular resolution +12°. 
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Fic. 4. Angular distributions of neutrons from a thin target of 
natural B for deuteron bombarding energies of 0.71, 1.00, and 
1.59 Mev. Ordinates are counting rates of the long counter in 
arbitrary units. Abscissas are laboratory angles with the incident 
deuteron direction. Estimated angular resolution +12°, 
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(B") and Fig. 4 (B"). The B" data are referred to the 
c.m, system, converting for a neutron energy midway 
between the energies of the 6.5- and 4.6-Mev groups. 
The B" data remain in laboratory coordinates for 
obvious reasons. 

The long counter was used in taking the data. 
Background was measured before and after each point 
by rotating the target and counting neutrons when the 
deuteron beam impinged on the silver back of the 
target. Since approximately equal times and equal 
integrated beams were used in getting background and 
target points, the effect of carbon deposits on the target 
was canceled by approximately equal build-up on the 
back. Background was less than 10 percent at the 
lower energy and about 30 percent at the highest 
energies. 

The angular resolution is estimated to have been 
+12°. 


3 








SECTION 





Sage a, 


























DIFFERENTIAL CROSS 


a om 





30° 60° 90° 120° 150° 180° 


CM. ANGLE 
Fic. 5. Angular distributions calculated from the Butler 
stripping theory without barrier correction for angular-momentum 
transfers of 0, 1, and 2 units, assuming 6.5 Mev for Q, 1.43 Mev 
for the incident deuteron energy, and 10 for the mass of the 
target nucleus, Ordinates are adjusted so that maxima for different 
angular-momentum transfers have the same height. 
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The data were obtained from at least two runs at 
each energy. At least 1500 neutron counts were taken 
at each point. 

Figure 5 is a plot of the angular distributions expected 
from the Butler theory at 1.4-Mev bombarding energy 
and for / values of the captured proton of 0, 1, and 2. 
The calculations were made for the neutron group of 
highest Q, since available evidence’ on relative intensi- 
ties at low energy leads one to expect it to dominate 
the distribution. The form of Butler’s result given in 
Eq. (24) of Bhatia, Kun, Huang, Huby, and Newns’ 
was used in the computation. The theory takes no 
account of barrier effects. The Butler average value of 
5X10-" cm for ro was used, although a smaller value 
would have given a deeper minimum at zero angle for 
1 equal to 1, in somewhat better agreement with 
experimental results. 

Since effect of potential barrier and formation of a 
compound nucleus are certainly present, the experi- 
mental angular distributions would not be expected to 
agree with the calculated curves, especially at large 
angles. However, comparison of the angular positions 
of the maxima strongly suggests the capture of protons 
with /=1 by the B"” nucleus in a stripping process. 
The angular distributions seem hardly explicable by the 
usual compound-nucleus theory because of the low 
penetrability of deuterons with high orbital angular 
momentum at this energy. It might be argued that the 
neutron group to the ground state in C" is the pre- 
dominant neutron group and is responsible for the 
distribution since it is stronger at 0.9 Mev at 90°. 
Absorption of a proton with /=1 is reasonable from 
angular momentum and parity for this transition, being 
consistent with $, odd, for C". It is, however, not 
necessary that the distribution is from the ground-state 
neutron group. The group with Q values 4.6 might be 
a partial contributor or might even swamp the ground- 
state group, since relative intensities determined at 
0.9 Mev and 90° need not apply at other energies and 
angles. Nor is it possible to exclude other possible 
groups of lower Q. It would be highly desirable to 
measure the distributions with the use of a neutron 
detector with energy discrimination. 

The distributions for B" have peaks in the forward 
direction, strongly suggesting proton capture with /=0. 
The theory! indicates that capture with /=0 is expected 
to have a higher cross section than with /=1 or 2. 
Thus, presumably, an /=0 angular distribution would 
result for the sum of all the neutrons if one or more of 
the groups of intermediate Q had this distribution. 
Here again experimental analyses with energy discrimi- 
nation are necessary. 


Il. THE B'°(d,p)B" REACTION® 


These experiments detected the single group of 
protons that leave B" in its ground state. Although the 


7 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 
8G. C, Phillips, Phys. Rev. 79, 240 (1950). 
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Fic. 6. Excitation curves for B(d,p)B" (Q=9.27 Mev) and B"(d,y). The differential cross section for the 
production of protons at 0° to the deuteron direction is plotted versus the mean deuteron bombarding energy 
(circles). The yield, in arbitrary units, of gamma radiation is also piotted versus deuteron energy. The upper 
inset shows a typical range curve observed for the protons. 


spin of the ground state of B" is probably 3, odd, the 
experiments should confirm this fact if a stripping 
process is operative. Furthermore, if the occurrence of 
stripping for the ground-state group were established, 
then one might expect groups to the excited states of 
B" to exhibit stripping also; and thus further work 
would allow an indication of their angular momenta. 


Experimental Conditions 


The reaction B'(d,p)B", Q=9.27 Mev, was studied 
using a disintegration chamber previously described in 
the literature.* The beam of deuterons was collimated 
onto a }-inch diameter spot on a foil target placed at 
the center of the chamber. The targets were prepared 
from elemental B"” as described in Part I, except that 
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Fic, 7. Excitation curves for B(d,p)B" (Q=9.27 Mev) for protons emitted at 90° and 135° to the deuteron direction. 
The differential cross section is plotted versus mean deuteron bombarding energy. 


*G. C. Phillips, Phys. Rev. 80, 164 (1950). 
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Fic, 8. Angular distributions for the reaction B'(d,p)B" 
(Q=9.27 Mev) at deuteron bombarding energies of 1.06 and 
1.43 Mev. The differential cross section is plotted versus the 
laboratory angle of observation. 





thin silver foils were used as backings. The thickness 
of the foils was just sufficient to stop a deuteron of 
about 2-Mev energy. The long-range protons from the 
reaction could emerge from the chamber through ports 
covered with thin foils located at each 15° angle from 0° 
to 150° with respect to the direction of the deuteron beam. 

The protons were detected with a proportional 
counter that had a thin aluminum window. Aluminum 
absorbers could be inserted between the chamber win- 
dows and the detector and a counting rate versus range 
curve obtained. A typical range curve is shown in the 
upper inset in Fig. 6. This type curve allowed the 
positive identification of the ground state proton group. 
The flat plateau of proton counts versws range also 
allowed a precise measure of the numbers of the protons 
into the known solid angle. This solid angle was 
3.08 10~ steradian. 

Excitation curves for the long-range protons were 
obtained at three laboratory angles: 0°, 90°, and 135°. 
These data are shown in Figs. 6 and 7. In addition, 
angular distributions obtained at deuteron energies of 
1.06 and 1.43 Mev are shown in Fig. 8. In all cases the 
uncertainty in proton yield resulting from counting 
statistics was 3 percent or less, 

An excitation curve was also obtained for gamma 
radiation. A Geiger counter placed on top of the 
disintegration chamber was used for this experiment, 
and the data were taken simultaneously with the 0° 
long-range proton excitation curve. The gamma-ray 
data are shown in Fig. 6. 

The thickness of the thin target was obtained by 
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comparing the integrated thin target yield to that of a 
thick target at 1.88-Mev deuteron energy. The thick- 
ness so obtained, at that energy, was 60 kev. This 
target thickness then allowed a calculation of proton 
cross sections. Because of the indirect nature of these 
measurements, the cross sections given in Figs. 6, 7, 
and 8 may be in error as much as +30 percent. 

No correction for the difference in laboratory angle 
and center-of-mass angle was made in Figs. 6, 7, and 8. 
The large Q value of the reaction restricts the difference 
of these two angles to be less than 3° for all bombarding 
energies and angles used. Similarly the laboratory solid 
angle of the detector was not corrected for center-of- 
mass motion, since the correction to the yield would be 
less than 5 percent for the experimental conditions that 
obtained. 

Excitation Curves 

The proton-excitation curves shown in Figs. 6 and 7 
are for deuteron energies at the center of the target 
and are essentially free of any background. The proton 
group studied was of a much greater range than any 
other charged particles emitted from the target, and 
the detector had a negligible sensitivity to electrons, 
gamma radiation, and neutrons. Several separate meas- 
urements of these excitation curves were made using 
different targets and, although the data presented are 
the product of only one experiment, all of the data were 
in close agreement. 

No narrow resonances were observed. However, there 
appear to be two energy regions at which single broad 
levels, or a superposition of many levels, in C®* may 
exist. These regions occur at about 1 Mev and 1.5 Mev 
(see Figs. 6 and 7). However, resonant effects are small 
relative to the general rising nature of the excitation 
function, allowing the possibility that there may be 
very little compound-nucleus formation. 

No attempt has been made to correct for the Coulomb 
barrier for either incoming deuteron or outgoing proton 
waves. The very energetic protons should have essen- 
tially the same barrier-penetration factor for all of the 
bombarding energies used, although the low-energy 
deuterons would undoubtedly be strongly affected by 
the Coulomb barrier. Any such correction, however, 
would tend to decrease the relative prominence of the 
two broad, weak resonances. 


Angular Distributions 


The angular distribution curves shown in Fig. 8 for 
1.43-Mev bombarding energy show a pronounced peak 
for forward angles that would require unreasonably 
high deuteron angular momenta for such a low bom- 
barding energy. This suggests that parallel to the 
B"(d,n)C" case a stripping process is a possible expla- 
nation. The shape of the curve of Fig. 8 for 1.43-Mev 
deuterons is similar to the curve of Fig. 5 for the 
capture of a p-wave neutron. This would be consistent 
with the ground state of B" being $ with odd parity. 

Acknowledgment is due to Professor T. W. Bonner 
for many valuable suggestions. 
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The nuclear magnetic moment of S* has been measured by the Zeeman effect in the microwave spectrum 
of OCS yielding a value of 1.00+0.04 nm. A value of the electric quadrupole coupling constant in OCS is 


found to be 21.90+0.04 Mc/sec. 





HE Zeeman effect has been studied for the micro- 

wave rotational transition J=1—+2 of the mole- 

cule OCS*, yielding a value of 1.00+-0.04 nm for the 
magnetic moment of the S** nucleus. 

The S* was prepared by Cl**(n, p)S* reaction in a 
pile. The target material was the highest purity KCl 
available which was further purified by sublimation in a 
vacuum. The separation of S** was accomplished by 4 
process described by Wilk' in which the KCI is pre- 
cipitated from the S* solution by saturating the solu- 
tion with gaseous HCI and filtering. Several repetitions 
of this process essentially removed all the KCI. The S*® 
was then treated according to a process described by 
Wentink, Koski, and Cohen? in which it was pre- 
cipitated as barium sulfate, reduced to barium sulfide, 
and then oxidized to free sulphur in which form it was 
separated and reacted with CO to form OCS.—The 
ratio of S* to S®, present as impurity in reagents, was 
approximately 2X 10~*. 

The wave guide used was a three-foot section of 
X-band guide placed in the gap of an electromagnet 
with the field parallel to the “Z” field of the radiation. 
The guide contained an electrode for 100-kc/sec trape- 
zoidal or square-wave Stark modulation. The micro- 
wave source was a 2KS50 oscillator locked to a harmonic 
of a variable frequency (3.25 to 3.5 Mc/sec) standard.” 
The standard was driven at a uniformly low speed by a 
synchronous motor. The microwave detection crystal 
was followed by a narrow-band amplifier, a phase- 
sensitive detector with a three-second time constant, 
the output being recorded on a recording potentiometer. 

The observations and interpretation of the spectrum 
followed those of Eshbach, Hillger, and Strandberg.’ 
Because of the low signal-to-noise ratio, the ¢ com- 
ponents (AM =-1) were not usable. The principle in- 
formation was gained from the J= 1-2, F=1/2-1/2 
rotational absorption transition, which possesses an 

* Research done at Brookhaven National Laboratory under 
contract with the U. S. Atomic Energy Commission. 

t This work has been supported in part by the U. S. Air Materiel 
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anomalously large magnetic splitting factor. Conse- 
quently, even though the field-free line was not resolved 
from the strong F=5/2-+7/2, and F=3/2-5/2 lines, 
both Zeeman components (M=+1/2) of the F=1/2— 
1/2 transition were resolvable at certain values of the 
magnetic field. 

The nuclear magnetic moment of S** was determined 
by comparing the observed splitting with the value 
calculated from an exact diagonalization of the matrix 
of the perturbation Hamiltonian, a procedure similar 
to that used for S*.’ Unfortunately, since it was possible 
to work only with x components, a direct determination 
of the sign of the magnetic moment could not be made, 
It is reasonable, however, to assume a positive nuclear 
magnetic moment for S*, since the single-particle 
nuclear shell model predicts a d3z nuclear ground state, 
a prediction strengthened by the determined spin of 
3/2. All known odd-neutron nuclei which have a spin of 
l—1/2 possess a positive magnetic moment. Hence, 
it would be surprising if the magnetic moment were 
negative. With this assumption, we require only the 
molecular g factor of OCS*, This can be determined 
from the known g factor’ of OCS® by multiplying 
gz(OCS") by 1(OCS*)/7(OCS*), the ratio of the mo- 
ments of inertia, a procedure which yields g;(OCS*) = 
—0.024+0.002. 

A summary of the experimental results is given in 
Table I where they are compared to the splittings calcu- 
lated for the best value of gr. The principal source of 
error lies in slight shifts resulting from superposition of 
Stark components. The F=1/2-+1/2, M=+1/2 com- 
ponent was probably free of this trouble, but on the 


TABLE I. Comparison between Zeeman component tes 
observed and calculated assuming g; = +0.668. 








Observed 
Mc/sec 


1.98 
2.08 
—2.51 
—2.86 
—3.38 
0.95 
—1.95 


Calculated 
Mc/sec 


1.99 
2.06 
—2.50 
—2.94 
—3.29 
0.91 
—2.01 


FF M 


1/2-1/2 +1/2 
+1/2 
—1/2 
—1/2 
—1/2 
+3/2 
—3/2 


H (gauss) 


3700 
3900 
3200 
3700 
4150 
3700 
3700 








3/2-43/2 
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Fic. 1. Quadrupole components of J = 1-2 transition in OCS*, 


low-frequency side the M = — 1/2 component interfered 
with the F=3/2-+3/2, M=3/2 component which, in 
turn, had a Stark component that interfered with its 
companion M = —3/2 component. Consequently, while 
the error in frequency differences of peaks was about 
+0.04 Mc/sec, the error in determining the true com- 
ponent splittings was somewhat larger. The calculated 
values given in Table I are based on a value of g; chosen 
to give a fit for the P= 1/2-+1/2, M=+1/2 transition. 
This value is g;= +-0.668, corresponding to a magnetic 
moment for the S** nucleus of 1.00+0.04 nm. If, con- 
trary to expectations, the magnetic moment were 
negative, a fit would be obtained for gr= —0.716, that 
is, w= — 1.07+0.04 nm. 

It is interesting to compare the value determined 
here for u(S**) with that predicted by Schawlow and 
Townes‘ who, assuming that odd-proton nuclei and 
odd-neutron nuclei having the same number of odd 
nucleons should occupy similar ground states, predicted 
from the known magnetic moments of K® and K“ that 
S* should have a magnetic moment of 1.00 nm. 


4A. Schawlow and C. H. Townes, Phys. Rev. 82, 268 (1951). 


A value of the nuclear electric quadrupole coupling 
constant was determined which is of a higher order of 
accuracy than that previously reported.? Table II gives 
the frequency differences from the main line (F=3/2— 


TABLE II. Frequency differences between central component 
and satellites calculated assuming egQ/h=21.90 compared with 
the observed components. 








Deviation 


Component Calculated Observed 





5.944 
5.475 
1.564 
0.469 
—3,911 
—9.386 


1/2-+3/2 
5/2-+5/2 
5/2-+3/2 
1/2-1/2 
3/2-43/2 
3/2-41/2 


5.943 








5/2, 5/2-+7/2) and those calculated with the assump- 
tion that the value for (egQ/h), the S** nuclear coupling 
constant in OCS, is 21.90+0.04 Mc/sec. A recorder 
trace of all components observed in the J = 1—2 transi- 
tion is given in Fig. 1. 
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The total neutron cross section of Sm has been measured over the energy range 0.005 to 0.18 ev using a 
crystal spectrometer. Agreement with a Breit-Wigner one-level resonance formula is very good except that 
higher cross sections below 0.04 ev suggest an additional lower energy resonance. 





AMARIUM has been found to have a neutron 
resonance at 0.096 ev, near the maximum of flux 
from reactors. Both previous measurements of cross 
section near resonance, by Sturm! and by Borst, Ulrich, 
Osborne, and Hasbrouck,’ used crystal spectrometers 
as velocity selectors and covered energies greater than 
0.04 ev. At lower energies second and third order dif- 
fraction from the crystal invalidated measurements by 
introducing an unknown fraction of higher energy neu- 
trons into the otherwise monochromatic beam.’ In the 
present measurements, a crystal spectrometer has also 
been used to make cross-section measurements of some- 
what increased accuracy in the range 0.04 to 0.180 ev 
and to extend the energy range of measurements from 
0.04 down to 0.005 ev (1.4 to 4A). Higher-order crystal 
reflections in this latter range were eliminated by the 
use of crystalline filters. 
For uniform distribution of the thin Sm absorber, 
four samples were used: 


No. 1, Sm(NOs); dissolved in D,O; 

No. 2, Sm(NOs)3, 39.2 mg/cm? dissolved in H,O 
+HNO;; 

No. 3, Sm,0; powder, 33.3 mg/cm’; 

No. 4, Sm,O; powder, 15.61 mg/cm? dispersed uni- 
formly in 210.0 mg/cm? MgO. 


For Samples 1 and 2, the Sm,O; powder (spectroscopic 
purity, Johnson, Matthey and Company) was dissolved 
in nitric acid to form Sm(NOs); and the solutions placed 
in quartz photometer cells 5.00 mm and 2.00 mm thick 
respectively. For Sample 1, the H,O was first evaporated 
and replaced by D,O. Samples 3 and 4 were packed as 
uniformly as possible in accurately machined aluminum 
containers 0.5 and 5.00 mm thick respectively. In all 
cases transmission was measured by comparison with 
a duplicate dummy cell identical except for absence of 
the Sm,Q;. In the measurements the relative cross 
section vs energy curve was determined from data 
primarily on Sample 1, but confirmed by repeating the 


*On leave from Brookhaven National Laboratory, Upton, 
New York. 

1W. S. Sturm, Phys. Rev. 71, 757 (1947). 

* Borst, Ulrich, Osborne, and Hasbrouck, Phys. Rev. 70, 557 
(1946). 

§ The same limitation seems to apply to the unpublished data 
shown in U. S. Atomic Energy Commission Report AECU-2040, 
Supplement 1 (Office of Technical Services, Department of Com- 
merce, Washington, D. C., 1953), attributed to L. Borst and 
V. L. Sailor. 


measurements with Sample 3 to insure that possible 
H,O contamination of the D,O did not distort low- 
energy data. The resonance energy and half-width were 
thus determined on Samples 1 and 3. To determine the 
absolute cross sections, Samples 2 and 4, for which Sm 
weights were more accurate, were used for measure- 
ments near the resonance energy. A neutron beam of 
0.15 or 0.3 degree half-width from the JENER reactor 
was diffracted in transmission from the (200) planes 
of a 1.2-cm thick Pb crystal. For neutron wavelengths 
0.7 to 1.44 no filter was required since second order 
contamination of the beam was measured to be from 
1 to 1.5 percent. For longer wavelengths a 15-cm block 
of large-grained lead was placed in the beam. Although 
the nuclear scattering cross section is constant, dif- 
fraction effects depending both on lattice structure and 
grain size cause the effective cross section to decrease, 
somewhat irregularly, as wavelength increases from 1 
to 5A. Thus shorter wavelength, higher-order com- 
ponents of the beam are partly filtered out. Small 
corrections, derived from crystal spectrometer measure- 
ments of the spectrum transmitted through the lead, 
were applied and ranged from 1.0 to 4 percent in the 
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Fic. 1. Thermal neutron cross section of samarium as measured 
with Pb crystal spectrometer. Dotted curve is of Breit-Wigner 
one-level resonance form, fit to points for E>0.04 ev. Points 
above 0.2 ev are those of Sailor (reference 3). 
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Fic, 2. Resonance curve for Sm. Data are same as Fig. 1 but 
plotted to indicate extent of agreement with Breit-Wigner curve 
shown. 


Sm cross section. For still longer wavelengths, 4A or 
greater (0.005 ev), complete filtering could be accom- 
plished by an additional 10 cm of Be, with a Bragg 
cutoff at 3.94A. 

In Fig. 1 the measured cross sections are shown as a 
function of energy with higher-energy points as given 
by Sailor.’ It is seen that over most of the energy range 
the points are fit well by a curve of the Breit-Wigner 
one level form: 


do (=) 
c= a era ee ° 
1+4(E—E,)?/I?\ E 


The curve shown is chosen for best fit to points from 
0.04 to 0.18 ev, but data at lower energies lie about 10 
percent above it. Although these points could be fit by 
assuming, instead of resonance width 0.066, a value of 
0.070 ev, in better agreement with previous workers, 
the latter value lies well outside the limits of error 
derived from internal consistency of data. This is 
illustrated more clearly in Fig. 2, in which the same 
data are plotted as o(£)! vs E for evaluation of the 
resonance constants Ey and I’. In Table I the values of 
these constants, asdetermined by analytical curve fitting, 
are compared with the results of references 1, 2, and 3. 
For each constant, independent measurements Eo and 
I’ on Samples 1 and 3, and ao on Samples 2 and 4, 
agreed within the experimental error. The constants 
listed under U. S. Atomic Energy Commission Report 
AECU-2040 are as estimated by us from the points 
shown there. Although this value for I’ is in agreement 
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with ours, agreement for Eo and ap is better between 
our values and the earlier results of Sturm and Borst 
et al. Brockhouse* found that the higher value of oo 
= 16 800 was required to fit his resonance scattering 
data but used Sturm’s value of ' =0.074. 

As an explanation of the deviation of low-energy 
points from a Breit-Wigner curve, higher order crystal 
reflections seem to be ruled out by several considera- 
tions. Measurement of this higher-order component 
showed that its effect was nowhere greater than 3 
percent and at some energies lowered rather than raised 
the apparent cross section. Correction for this effect 
was made and the corrections further confirmed by 
measurements on the approximately 1/» indium cross 
section with the same neutron beams. The possibility 
of water contamination of the D,O seems eliminated 
by the fact that measurements on the D,O solution 
(Sample 1) and Sm,0; powder (Sample 3) agree in 
their deviation of low-energy points from the Breit- 
Wigner curve. Impurities in the sample also seem im- 
probable since an impurity of one percent Gd in the 
spectroscopically pure sample would be required to 
explain the observed effect. 

The most probable explanation of the low-energy 
deviation seems to be a lower-energy resonance in 
another isotope of Sm. The 0.096-ev resonance was 


TABLE I. Resonance constants for Sm. 


AECU- 
2040 


Borst 
et al. 


0.096 (0.098) 
0.070 (0.065) 
15000 16800 


Present 
measurements 


0.096 
0.074 
15 500 


Ep (ev) 0.0962+4-0.0001 
I (ev) 0.0655+0.0005 
oo (barns) 15 300+300 








assigned to Sm'” by Lapp, Van Horn, and Dempster,' 
but there are six other isotopes of appreciable abund- 
ance. A resonance either near 0 or anywhere in the 
negative region roughly 0 to —0.5 ev could approxi- 
mately account for the observations. Since Seren, 
Friedlander, and Turkel® report a 138-barn thermal 
cross section for Sm'* from activation measurements, 
a resonance near zero energy in that isotope seems 
plausible. Further conclusions would probably require 
measurements on separated isotopes to eliminate the 
Sm’ resonance. 

The authors are indebted to Mr. J. Garwick of the 
Forsvarets Forskningsinstitutt for analytical curve 
fitting to derive the resonance constants. 


4B. N. Brockhouse, Can. J. Phys. 31, 432 (1953). 
5 Lapp, Van Horn, and Dempster, Phys. Rev. 71, 745 (1947). 
* Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947). 
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The metastable states In" and Au"’™ have been produced by bombarding indium and gold foils with 
neutrons (energy spread +20 to 40 kev). The excitation curve for gold has a threshold at 0.534:0.02 Mev 
and shows distinct discontinuities in slope at 1.14+0.03 Mev and 1.44+0,03 Mev corresponding to energy 
levels that decay to the metastable state at 0.54 Mev. The excitation curve for indium has a threshold 
below 600 Mev and indicates levels at 0.960+-0.04 Mev and 1.37+0.04 Mev. Cross-section values cannot 
be deduced because of inadequate calibration of the scintillation detector. 





INTRODUCTION 


EUTRON excitation of metastable states affords 
a convenient method of investigating inelastic 
scattering in certain nuclei. Cohen' measured o(n,n’) 
for In"® for neutrons above 2 Mev. Taschek? obtained 
four points between 0.6 and 1.5 Mev. Neither of these 
investigations showed excited states other than that 
corresponding to the threshold for inelastic scattering. 
The present work was carried out’ during 1949-50, but 
publication has been deferred pending completion of 
the more informative research on Cd" recently re- 
ported by Francis ef al.4 Shortly after the scintillation 
detector (anthracene) used with indium and gold had 
been dismantled, it was found that the calibration was 
inadequate to allow reliable evaluation of the inelastic 
cross section as a function of neutron energy. Since 
conclusions concerning the spin and parity of the 
excited states depend on knowledge of the absolute 
magnitude of the cross section,®* such information 
cannot be deduced from the present results. However, 
our data are useful in two respects: (1) in determining 
which levels are excited by neutrons of a given energy 
and (2) in establishing the relative cross section as a 
function of the neutron energy up to 2.0 Mev for Au 
and 1.8 Mev for In. When normalized against the 
recent more extensive measurements made at Los 
Alamos,’ it is possible to use our data as a check on the 
theoretical work of Margolis® and as a basis for parity 
assignments which can be compared with those made 
by McGinnis* based on 8 activities of adjacent nuclei. 


EXPERIMENTAL PROCEDURE 


The neutrons used were from the Li’(p,n) reaction 
using protons from the Rockefeller generator at MIT. 
The lower-energy second group of neutrons from this 


t This work was supported by the U.S. Bureau of Ships and the 
U. S. Office of Navai Research. 

1S. G. Cohen, Nature 161, 475 (1948). 

2R. F. Taschek, Los Alamos Scientific Laboratory Report 
LADC 135 (unpublished). 

3A. A. Ebel, Massachusetts Institute of Technology, Ph.D. 
thesis, September 1950 (unpublished). 

4 Francis, McCue, and Goodman, Phys. Rev. 89, 1232 (1953). 

5 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

* B. Margolis, this issue [Phys. Rev. 93, 204 (1954) ]. 

7 Martin, Diven, and Taschek, Phys. Rev. 93, 199 (1954). 

®C. L. McGinnis, Phys. Rev. 81, 734 (1951). 


reaction causes no ambiguity in the results. The exci- 
tation curve for Au'*’™ shows a slight rise, within the 
statistical uncertainty, at about 430 kev above the 
threshold. This minor effect, if real, may be due to the 
onset of inelastic scattering of the second group of 
neutrons, but the present results are not conclusive. 
Rotating targets of evaporated lithium (15 to 20 kev 
from geometric peak measurements) were used. The 
beam was monitored with a long counter (at 0° and 
1 meter). The induced isomeric activities were measured 
with an anthracene crystal (0.5X2xX4 cm) cemented 
with Canada balsam to an RCA5819. A 1 air-cm Al 
foil, used as a light reflector, covered the crystal. The 
Au and In foils (3-cm diameter) were placed in a slide 
which passed into the light-tight Pb shield surrounding 
the counter. When positioned, the foils were about 3 
mm from the face of the crystal. Differential pulse- 
height analysis was used. The Au foil was placed in a 
recess at one end of a Bakelite slide (} inch thick, 1 and 
4 inch wide, and 3 feet in length). After a 15-sec 
bombardment the proton beam is shut off by means of 
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Fic. 1. Neutron excitation of Au’, The Los Alamos results 
have been plotted after normalization of the two sets of data at 
0.88 Mev. In general the agreement is quite good. Our data 
indicate levels at 1.14 and 1.44 and possibly at 1.7 Mev which 
are not evident in the Los Alamos data. 
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Fic. 2, Neutron excitation of In", The uncertainty in the 
energy assignments for our data is about 40 kev. The early data 
of Cohen (reference 1) and the recent data from Los Alamos 
(reference 7) have been used to obtain the cross-section scale. 
Our data have been normalized with those from Los Alamos at 
0.88 Mev. The agreement between the data is fairly good but 
not quite as good as in the case of Au”™, 


a remotely controlled flap valve and the slide is pulled 
through the slot in the Pb shield surrounding the 
counter until the foil reaches a predetermined position 
in front of the crystal of the counter. The rapidly 
decaying activity (7,=7 sec) was measured for 15 sec. 
Multiple activations (5 or more) were made at each 
proton energy. A second scintillation counter monitored 
the background during activation measurements. The 
background was 10 percent or less of the induced 
activity (150 to 400 counts in 15 sec) for most of the 
measurements. 

Indium foils, 3-cm diameter and 8 mils thick, were 
irradiated for 4 hours using a 20-kev Li target. Such a 
long exposure, necessitated by the 4.5-hr half-life of the 
isomer In''®™, introduces a number of experimental 
uncertainties. The neutron flux varies to some degree 
during the irradiation, and a simple integration is not 
sufficient. Six foils were rolled into tiny cylinders 
mounted on wires and irradiated simultaneously at 0, 
—15, +30, +45, +60, and —75 degrees with respect 
to the proton-beam incident on the rotating Li target 
(evaporated on inner side of tantalum end plate). To 
obtain sufficient activity, it was necessary to place the 
foils with the inner edge only 1 cm from the target spot. 
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After irradiation the foils were counted in rotation 6 
to 8 times each over a period of 8 hours, starting with 
the lowest activity to separate the 54-min In" activity. 
Differential discrimination of the scintillation pulses 
was used to increase the ratio of In"®"/In"* counts. 


RESULTS 


The neutron excitation curve for Au’, shown in 
Fig. 1, has a threshold at 0.53+0.02 Mev and shows 
distinct discontinuities in slope at 1.14++-0.03 Mev and 
1.44+0.03 Mev corresponding to energy levels that 
decay to the metastable state at 0.54 Mev. It is tenta- 
tively concluded that the metastable state can be 
excited directly by /=3 neutrons. The spin of this level 
is probably 11/2 with parity opposite to that of the 
ground state of Au’ (3/2, +). 

Interpretation of the experimental results in terms of 
cross section requires knowledge of (1) the neutron flux 
on the foil and (2) the efficiency of the counter for the 
gold x-rays and unconverted gamma rays. The flux 
can be estimated fairly accurately. Each count on the 
long counter corresponded <o 1800 neutrons per ste- 
radian at 0 degrees in the flat region of the lithium 
yield curve.’ The 3-cm foil (4.3X10" Au'*’ nuclei) 
intercepted 0.128 steradian. We have used the recent 
measurements of Martin ef al.’ to normalize our results, 
see Fig. 1. Based on their data, our counter had an 
efficiency of about 10 percent. 

The neutron excitation curve for In" is shown in 
Fig. 2. Despite the scattering of points, there appears 
to be fairly definite evidence of levels at 0.60, 0.96 and 
1.37 Mev with possibly a level at 1.75 Mev. The data 
of Cohen! using neutrons from the d-C and d-D reactions 
also are included in Fig. 2, as are the measurements of 
Martin ef al.’ used for normalization. 
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Cross sections for the reactions In"*(n,n’)In™™" and Au"’(n,n’)Au”’™ have been measured from the 
reaction thresholds to 5.5 Mev. The lowest mean energy for which the In"*" excitation was observed was 
440 kev with an energy spread of +100 kev; the cross section rises to a peak value of 0.36 barn at 2.5 Mey. 
The lowest mean energy for which the Au’ excitation was observed was 420 kev with an energy spread 
of +40 kev; the cross section rises to a peak value of 1.3 barns at 2.5 Mev. Both cross sections show irregu- 
larities which are evidence of energy levels in the target nuclei. 





INTRODUCTION 


XCITATION of metastable states of nuclei by 
inelastic scattering of neutrons should be a useful 
means for investigating the nature of the inelastic 
scattering process in a rather large group of nuclides, 
particularly near the energetic threshold where other 
methods are poor.'? At present the method is perhaps 
the only one capable of giving information on differences 
in inelastic scattering of isotopes. Because of their 
isotopic abundance and the ease of detecting the 
gamma radiations arising from the decay of their meta- 
stable states, the nuclides In"® and Au’ are well 
suited for such an investigation. 

The abundance of In""® is 95.8 percent, that of In" is 
4.2 percent, and In" is unstable. Several levels in In" 
below 1.5 Mev have been proposed from investigations 
of the beta decay of Cd""®.* No levels are known of 
energies lower than the 4.5-hour metastable state at 
335 kev. The isomer has two modes of decay: a 94- 
percent branch to the ground state of In''® by emission 
of a single 335-kev gamma ray, and a 6-percent branch 
to the ground state of Sn"® by emission of a 0.83-Mev 
beta. 

Gold has only one isotope, Au’, and the half-life of 
its metastable state is 7.5 seconds. The threshold for 
excitation of Au'*™ by inelastic scattering of neutrons 
gives an unequivocal maximum value for the excitation 
energy of the metastable state which may be of assist- 
ance in determining the exact decay scheme for the 
lower levels of Au'®’. 

Relative excitation curves for both In™®™ and Au'*”™ 
have been obtained by Ebel and Goodman® using 
neutron energies up to almost 2 Mev; their curves show 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t H. C. Martin, thesis, University of Texas, 1953 (unpublished). 

1 Feld, Feshbach, Goldberger, Goldstein, and Weisskopf, Final 
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2 Francis, McCue, and Goodman, Phys. Rev. 89, 1232 (1953). 
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discontinuities which correspond to energy levels in 
In"® at 0.96 and 1.37 Mev and in Au'®’ at 1.14 Mev. 
They find excitation thresholds for In" and Au'®*™ 
at 0.60 Mev and 0.53 Mev, respectively. Cross sections 
for the production of In'*™ by inelastic scattering of 
neutrons have been measured at several points between 
2 and 4 Mev by Cohen,® who reports values of about 
0.36 barn over this energy range. 

The present experiments were undertaken for the 
purpose of measuring the absolute cross sections for 
both reactions, In'5(n,n’)In"*" and Au'®?(#,n’)Au®™, 
from the reaction thresholds to 5.5 Mev. In addition to 
yielding information about energy levels in the target 
nuclei, absolute measurements may be compared with 
theoretical predictions of the cross section for excitation 
of the metastable state.’ 

In the case of the single isotope Au'®’ it may also be 
possible to compare experimentally the total inelastic 
collision cross section, as obtained by other methods, 
with that part of the inelastic scattering cross section 
which here leads to the 7.5-second state Au’. 


EXPERIMENTAL PROCEDURES 
Measurement of Relative Excitation Curves 


Monoergic neutrons were made by accelerating either 
protons or deuterons with the Los Alamos 2.5-Mev 
electrostatic accelerator to produce the reactions 
T (p,n)He’ or D(d,n)He’.* For both reactions, neutrons 
were produced by the monatomic beam passing through 
a 3-cm-long gas target’ filled to a pressure of approxi- 
mately 25-cm Hg. Proton or deuteron beams of about 
three microamperes were used, and with the resulting 
neutron intensities it was necessary to irradiate the 
samples at about 10 cm from the source. This limited 
the neutron energy resolution with which the data 
could be taken. 

Indium samples were prepared by folding strips of 


*S. G. Cohen, Nature 161, 475 (1948). 
7B. Margolis, Phys. Rev. 93, 204 (1954) (this issue). 
* Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 
635 (1949), 
® Ds) Hemmendinger, Argo, and Taschek, Phys. Rev. 79, 
1 


929 (1950). 


199 





MARTIN, 





COUNTS PER 5 VOLT CHANNEL 
8 
Tiny 





—— ae 80 100 
PULSE HEIGHT IN VOLTS 


Fic, 1, Scintillation spectrum of gamma radiation from In". 


foil into rectangular blocks about 110.1 cm. These 
blocks were held in small clips on a light aluminum 
ring which positioned them at equal distances and 
accuratel) known angles from the center of the gas 
target. Four irradiations with T(p,n)He* neutrons were 
made at different proton energies to obtain the section 
of the relative excitation curve from 440 kev to 1.6 Mev. 

A 1}-in. diameterX2-in. long NaI(TI) cylinder 
mounted in a mineral-oil filled container on a 5819 
photomultiplier was used for counting the gamma rays 
from the activated samples. The samples were placed 
directly on the surface of the container with 0.002 in. 
of aluminum separating the samples and the crystal. 
Pulses from the photomultiplier were fed to a linear 
pulse preamplifier and amplifier, out of which they 
went to the input of an 18-channel pulse-height ana- 
lyzer."° The gain of the amplifier was adjusted by 
observing the photopeak due to the 323-kev gamma ray 
from a Cr* source, and the activities of the samples 
were measured by taking the number of counts in the 
photopeak due to the 335-kev In"®" gamma ray (Fig. 1). 
The observed activities were corrected for the angular 
distribution of the T(p,»)He*® neutrons,® and a self- 
consistent curve was obtained by normalizing the four 
sets of data to each other at the highest neutron energy 
in each set, which was near 1.6 Mev. Samples irradiated 
by the lower energy neutrons had an appreciable num- 
ber of 430-kev gamma rays from In"* produced by 
neutron capture. It was necessary to wait several hours 
for the 54-minute In"® activity to decay since the 
335-kev and 430-kev gamma rays were not completely 
resolved by the scintillator. In" has a 1.73-hour meta- 
stable state which decays to the ground state by a 
390-kev transition, but no appreciable amounts of this 
activity were detected. 

Nineteen samples placed at 7.5° intervals around the 
source were irradiated with D(d,n)He® neutrons to 


” C, W. Johnstone, Nucleonics 11, 36 (1953). 
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obtain the high-energy section of the relative excitation 
curve; a deuteron energy of 2.13 Mev was used. The 
observed activities of the samples were corrected for 
the angular distribution of the D(d,n)He* neutrons,"-” 
and this portion of the excitation curve was normalized 
to the T (p,m) He’ section by extrapolating the T(p,)He’ 
section 200 kev. To check the validity of the structure 
observed in the high-energy section of the indium curve, 
a second short irradiation of the samples was made 
using a deuteron energy of 1.83 Mev. The resulting 
relative excitation curve agreed with the curve obtained 
using the higher deuteron energy within +10 percent, 
which is about equal to the relative errors in the 
neutron angular distributions. 

A special technique was devised for excitation and 
counting of the 7.5-second Au activity. To avoid 
large background activities which were induced in the 
materials of the gas target assembly, the scintillator 
described above was placed on its side on the floor, 
eight feet directly below the neutron source, and an 
arrangement was used which allowed the irradiated 
sample to slide down a rod into position near the 
scintillator. By means of 4 system of relays and timers 
interlocked with the accelerator’s beam shutter and the 
pulse-height analyzer, the gold sample was irradiated 
40 seconds, was allowed 2.3 seconds to slide down the 
rod, and was counted for 10 seconds. Variation in the 
beam current was held to within about 4 percent during 
each irradiation. After each run the sample could be 
reactivated without delay since the half-life involved 
was so short. 

The relative Au’ excitation from 420 kev to 1.7 
Mev was measured by irradiating the sample at 0° with 
T(p,)He’ neutrons. At each energy the relative neutron 
intensity was monitored by a flat-response long counter" 
placed at 0° and about 4 meters from the source. At 
least four irradiations were made at each energy. 
Figure 2 shows the pulse-height spectrum of the excited 
gold sample ; the two photopeaks correspond to gamma- 
ray energies of about 280 and 70 kev. Although the 
metastable state decays by a 130-kev transition, the 
internal conversion coefficient for this transition is so 
large (~24) that no photopeak corresponding to a 
130-kev gamma ray was observed." Therefore, the 
Au’ excitation was measured by the number of 
counts in the photopeak of the 279-kev prompt gamma 
ray which follows the 130-kev transition. 

The relative excitation curve obtained with D (d,n)He* 
neutrons was measured by irradiating the sample at 
7.5° intervals around the source while maintaining a 
constant accelerating voltage; the deuteron energy was 


 E. T. Hunter and H. T. Richards, Phys. Rev. 76, 1445 (1949). 

# Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 74, 
1599 (1948). 

18 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

4 We are indebied to Dr. M. Goldhaber for clarifying the 
connection between the results of these experiments and the 
decay scheme of Au’. 
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again 2.13 Mev. A beam-current integrator'® was used 
to monitor the beam current for each irradiation. The 
excitation of the sample was again corrected for the 
angular distribution of the D(d,n)He* neutrons. 

When deuterons were accelerated, neutrons were 
produced by the deuterons striking various materials in 
the target tube and vacuum system of the accelerator. 
This neutron background prohibited the use of the long 
counter as a monitor, but apparently was negligible so 
far as the samples placed near the gas target were 
concerned. The continuity of the slopes of the T(p,n)He* 
and D(d,n)He’ sections of the excitation curves is 
evidence that no troublesome background was present. 
It was also observed that when deuterons were acceler- 
ated on the gas target when it was filled with tritium, 
the excitation of the gold sample was less than 10 
percent of that caused by D(d,n)He* neutrons. Since 
the neutrons at 0° from the D(é,n)He‘ reaction have 
energies near 18 Mev, this observation is evidence for 
the validity of the negative slope of the gold excitation 
cross section above 3 Mev, and also indicates that the 
neutron background arising from deuterons striking 
materials other than the target gas was not trouble- 
some. 


Measurement of Absolute Cross Sections 


In order to measure the absolute cross sections, the 
efficiency of the scintillator for counting the 335-kev 
In" gamma ray and the 279-kev Au'”’ gamma ray 
had to be determined. This was accomplished by calcu- 
lating the efficiency of the crystal for photopeak count- 
ing of these gamma rays and also 411-kev gamma rays. 
The calculated 411-kev photopeak efficiency was then 
compared to an experimentally measured value to 
check the validity of the calculated values. 





COUNTS PER 5 VOLT CHANNEL 








1 4. 4. | 
20 . 40 60 60 
PULSE HEIGHT IN VOLTS 





° 


Fic. 2. Scintillation spectrum of gamma radiation from Au”, 
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Fic. 3. Pulse-height distribution from the 47- 
geometry beta counter. 


2.69-day Au’® decays solely to the 411-kev excited 
state of Hg"®* by emitting a beta of 0.97-Mev maximum 
energy ;'* the 411-kev gamma ray was chosen for cali- 
brating the scintillator because a thin intense source 
could be prepared by thermal neutron bombardment 
of gold, the disintegration rate of the source could be 
measured by beta counting, and the total internal 
conversion coefficient of the 411-kev transition is only 
0.043. 

In calculating the efficiencies, it was assumed that 
the source was a point at one end and on the axis of 
the cylindrical crystal. Published values of calculated 
Nal absorption coefficients!’ were used, and no attempt 
was made to calculate the effect of secondary absorp- 
tion. Calculated efficiencies for 279, 335, and 411-kev 
radiations were 0.251, 0.196, and 0.137, respectively. 

A Au’ source was prepared by irradiating a 
200 ugram/cm? gold leaf in the thermal neutron flux of 
the Los Alamos Water Boiler. A 1X1-cm sample was 
cut out of this leaf, and the disintegration rate of the 
sample was measured by absolute counting of the 
0.97-Mev betas. The beta counter consisted of two 
4 mm thickX4-cm diameter stilbene crystals in Lucite 
mounts on 5819 photomultipliers. These crystals were 
butted together with the sample sandwiched between 
them, giving a 49 geometry. Figure 3 shows the pulse- 
height spectrum from this counter; from the extrapo- 
lation of this spectrum to zero pulse height, it appears 
that all but about 5 percent of the pulses from the 
scintillator were above noise level. Using this counter 
it was possible to check within the experimental error 
of about 7 percent the 14-Mev neutron cross sections 
reported by Forbes for copper and aluminum.’* After 
being counted in the beta counter, the gold sample was 
placed on the Nal cylinder with 0.062 in. of aluminum 
absorber to eliminate the 0.97-Mev betas; the counting 
rate for the 411-kev photopeak was observed, and a 
measured efficiency of 0.150 was obtained. 

161. Saxon and R. Heller, Phys. Rev. 75, 909 (1949). 


‘TW. H. Gordon, Ann. Rev. Nuclear Sci. 1, 221 (1952). 
‘6 Stuart G. Forbes, Phys. Rev. 88, 1309 (1952). 
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Fic. 4, Cross section for the production of In“ by inelastic 
scattering of neutrons. Points indicating a small peak in the cross 
section near 4 Mev (solid curve) also appeared on an excitation 
curve obtained by making a second short irradiation of the 
indium samples using a different deuteron bombarding energy. 


The measured efficiency for 411-kev gamma rays 
was about 9 percent larger than the calculated effi- 
ency, which is reasonable since some scattered quanta 
from Compton collisions must be reabsorbed to give 
photopeak pulses. In view of this comparison, the 
efficiencies for 279 and 335-kev gamma rays were 
increased 9 percent over the calculated values by 
assuming that the ratios of the actual to calculated 
efficiency for the three gamma rays were equal ; respec- 
tive photopeak efficiencies of 0.275 and 0.215 were used 
for the 279 and 335-kev gamma rays. 

For 279-kev radiation, the total absorption coeffi- 
cient of gold is 14 per cm; a sample 1X 10.05 cm was 
used in measuring the cross section, and the sample 
was counted with its surface almost in contact with the 
surface of the scintillator. With this geometry, self- 
absorption was quite large; it was calculated that 52 
percent of the gamma rays that would have been 
counted by the scintillator were self-absorbed.” In 
indium, the total absorption coefficient for 335-kev 
gamma rays is about 1.1 per cm; a sample 1X1X0.1 
cm was used, and the self absorption was calculated 
to be 22 percent. 

Reported values of the total internal conversion 
coefficients for the transitions involved were used to 
calculate the number of excited nuclei corresponding 
to the observed number of nuclear gamma rays from 
the activated samples. For the 335-kev In"™ transition, 
a= (),98,%.2! and for the 279-kev Au” transition, a= 0.3.‘ 
In the case of indium, it was also necessary to make a 
correction for the 6-percent beta-decay branch of In". 
These betas were absorbed in the 0.062 in. of aluminum 
placed on the scintillator for the absolute cross section 
measurements. 


* A. H. Compton and S. K. Allison, X- e in Theory and 


Experiment (D, Van Nostrand Company, Inc., New York, 1935), 


Appendix IX, p. 513. 
L. Lawson and J. M. Cork, Phys. Rev. 57, 982 (1940). 
ger, Moffat, and Graves, Phys. Rev. 86, 632 (1952). 


A neutron energy of 1.28 Mev was selected for 
measuring the cross section for indium because the 
excitation curve has a flat section at that point. The 
gold excitation curve has no flat section for T(p,m)He* 
neutron energies, and the energy of 1.42 Mev chosen 
for measuring the gold cross section was governed by 
the maximum proton energy conveniently attainable 
at the time of the measurement. The flat response long 
counter was used in determining the absolute neutron 
intensity by comparing the flux from the T(p,n)He* 
reaction to the flux from a standard RaBe source, 
calibrated to +5 percent, placed at the gas target. 


RESULTS 


Figure 4 shows the cross sections obtained for In™™, 
Very approximate average values of the total energy 
spread at various neutron energies are given in Table I. 
The lowest mean neutron energies for which excitation 
of the metastable state was observed were 0.44, 0.57, 
0.60 Mev with approximate cross sections of 6, 11, and 
17 millibarns respectively. The neutron-energy spread 
for these points was about 0.2 Mev. This is in agreement 
with the decay scheme for In"® proposed from the beta 
decay of Cd"®, 

The energy dependence of the cross sections below 
1.8 Mev is in good agreement with the relative curve 
obtained by Ebel and Goodman,’ and the absolute cross 
section between 2 and 4 Mev agrees very well with the 
values measured by Cohen.® At 1.3 Mev, the probable 
error in the absolute cross section is estimated to be 
+10 percent; relative errors in the cross section from 
1 to 1.6 Mev are estimated to be +5 percent. From 
1.8 to 5.5 Mev, relative values of the cross section 
depend on accuracy of the knowledge of the very 
asymmetric angular distribution of the D(d,n)He* neu- 
trons; relative errors for this section of the excitation 
curve are about +10 percent. 

Flat sections appear in the excitation curve at about 
1 Mev and 1.35 Mev; x-ray excitation functions” 
for In"*™ also show discontinuities at about these 
energies. Levels in In"® at 0.96 and 1.3 Mev 
which do not decay by way of the metastable state 


TaBe I. Approximate total energy spreads at various mean 
neutron energies for the In" excitation curve. The energy 
spreads are largely caused by poor angular resolution. 








Mean neutron energy 


Total encgy spread 
in Mev in Mey 





0.18 
0.13 
0.05 
0.18 
0.45 
0.40 
0.12 








* B. Waldman and M. L. Wiedenbeck, Phys. Rev. 63, 60 (1943). 
%W. C, Miller and B. Waldman, Phys. Rev. 75, 425 (1949). 
* Waldman, Miller, and Gideon, Phys. Rev. 76, 181 (1949). 
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have also been proposed on the basis of the beta decay 
of Cd"*; the flat sections in the excitation curve at 
these energies are apparently caused by the competitive 
excitation of these levels. In the present experiment 
the shape of the curve near these levels is probably 
entirely determined by the neutron energy resolution. 

Figure 5 shows the excitation curve for Au’, For 
each datum below 1.7 Mev the total neutron energy 
spread is about 70 kev. Above 1.8 Mev the energy 
spreads are the same as for the indium data. 

The lowest mean energy for which the Au" excita- 
tion was observed was 420 kev; for this datum the 
maximum energy of the neutrons was not more than 
460 kev. This result is energetically incompatible with 
the Au'®’ decay scheme quoted in reference 3, in which 
a 130-kev, a 279-kev, and a 77-kev gamma-ray cascade 
in series from the metastable level at 486 kev." Because 
of the threshold obtained in the present experiment, 
in the decay scheme for Au'’™ recently proposed by 
Mihelich and de-Shalit* it is assumed that the 77-kev 
gamma ray is not in the cascade with the 130-kev and 
279-kev gamma rays; the metastable state is then at 
409 kev. The low-energy photopeak in the Au’ pulse- 
height distribution (Fig. 2) can be accounted for by 
conversion K x-rays from gold if the 77-kev nuclear 
gamma is omitted from the cascade.“ The energy of 
the metastable state could probably be determined to 
within 10 kev by measuring the neutron excitation 
threshold using Li’(p,2)Be’ neutrons. 

In measuring the absolute cross section, the large 
correction for self-absorption in the gold sample may 
cause a large error. At 1.4 Mev the measured value of 
the cross section was 0.6 barn; the probable error is 
estimated at +25 percent. Relative errors in the curve 
below 1.7 Mev are about +5 percent, and above 1.8 
Mev, about +10 percent. 

Below 1.7 Mev the gold curve is in general agreement 
with the relative curve obtained by Ebel and Goodman, 
although there are no marked increases in slope at 1.14 
and 1.44 Mev such as they report. The curve of Fig. 5 
shows general increases in slope at about 1.2 and 2 Mev 
and a peak at 2.6 Mev, and these energies correspond 
roughly with the activation levels for x-ray excitation 
of Aw” found at 1.22, 2.15 and 2.56 Mev.” 

The sections of the indium and gold cross section 
curves obtained with D(d,n)He’ neutrons are remark- 
ably similar in shape. Both curves show peaks near 2.5 
Mev and fall off rapidly above 4 Mev. Since the energy 
of 4 Mev corresponds closely to an angular position at 
which the neutron intensity changes rapidly with angle, 
it might be suspected that these features were caused 
by errors in the angular distribution of the D(d,n)He* 
neutrons, but this seems unlikely in view of the very 
good agreement of the angular distributions obtained 
by Hunter and Richards" with those obtained by 


Blair et al.” 


% M. L. Wiedenbeck, Phys. Rev. 68, 1 (1945). 
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‘1G. 5. Cross section for the production of Au” by 
inelastic scattering of neutrons, 


The following explanation for the large difference in 
the indium and gold cross sections at energies near 2.5 
Mev has been pointed out by Dr. B. Margolis. At high 
energies many states of the target nucleus can be 
excited, and, statisticaliy, the number of these states 
cascading to the ground state through the metastable 
state as opposed to the number bypassing the meta- 
stable state should be roughly in the ratio (2/,,+1): 
(27,+1), where 7,, and 7, represent the spins of the 
metastable state and ground state. The quantity 


(22 m+ 1) 
(27 m+ 1)+ (27 9+1) 


then represents the fraction of inelastic-scattering 
events which should give rise to excitation of the meta- 
stable state. For gold and indium, this fraction is } and 
}, respectively. If the cross sections at peak values are 
multiplied by 4/3 for gold and 6 for indium, values of 
1.7 and 2.2 barns respectively are obtained which should 
represent the total inelastic scattering cross sections 
and hence should be similar in value. 

The value of 2.2 barns for the total inelastic-scattering 
cross section of indium is reasonable in view of the total 
cross section, which is about 5 barns near 3 Mev. For 
gold, a total inelastic-scattering cross section of about 
2.5 or 3 barns might be expected near 3 Mev. Since 
gold also has three levels between the metastable level 
and the ground state by way of which high excited 
states may decay, the value of 1.7 barns should be 
somewhat lower than the total inelastic scattering 
cross section. Cross sections for the excitation of 
isomeric states by bombardment with high-energy 
photons have a similar dependence on the spins of the 
ground state and isomeric state.” 

A comparison of the cross section for excitation of the 
metastable state with the inelastic collision cross section 
as a function of neutron energy would be of interest. 
For gold this could be accomplished by the method of 





% J. Goldemberg and L. Katz, Phys. Rev. 90, 308 (1953). 
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Water Boiler for the irradiation of the gold leaf, and 
we wish to thank Dr. Goldhaber for his information 
concerning the decay scheme of Au. It has been a 
pleasure to exchange communications with Dr. 
Margolis, Dr. Ebel, and Dr. Goodman in regard to 


these experiments. 


measuring the transmission of a spherical shell with a 
threshold detector.?’:* 
We are indebted to the personnel of the Los Alamos 


#7 H. H, Barshall, Revs. Modern Phys. 24, 120 (1952). 
% Phillips, Davis, and Graves, Phys. Rev. 88, 600 (1952). 
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Inelastic Scattering of Neutrons near Threshold* 


B. MARGOLIs 
Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 
(Received July 20, 1953) 


Using the compound nucleus model, and assuming a statistical distribution of levels of the compound 
state, the inelastic neutron scattering cross sections for excitation of metastable states of Cd" and In"* 
are calculated. The energy range just above threshold is considered. The sensitivity of the cross sections 
to the spin and parity of the metastable state is demonstrated in the case of Cd". Comparison is made 
with experiment, and the calculations are seen to be useful in learning about spins and parities of excited 


states of nuclei. 


INTRODUCTION 


AUSER and Feshbach' have pointed out that 

just above threshold energy the cross section for 
production of an excited state of a target nucleus by 
inelastic neutron scattering is particularly sensitive to 
the spins of the ground and excited states and to a 
lesser extent to the parities of these states. It is clear 
then that measurements of cross sections for the 
inelastic scattering of neutrons are of interest in nuclear 
spectroscopy. In particular, if the target nucleus has an 
excited state with a fairly long lifetime, it is possible to 
measure the cross section for excitation of this state by 
measuring its radioactivity. This is precisely the case 
when the cross sections are most sensitive to spin and 
parity difference, The larger the spin difference between 
the ground and excited states the more sensitive is the 





wh? w 
a (i| i’) =— T(E) 
2(2i+ 1) t=0 


The expression (1) takes into account competition 
due to elastic scattering and inelastic scattering of the 
neutrons by other levels. The competition from the 
(n,y) process is omitted since, in the energy range under 
consideration, the radiation width is at most only a few 
percent of the total neutron width. This competition 
can be included easily when necessary.‘ 

In formula (1) the energies and spins of the levels of 
the target nucleus that can be excited by a neutron of 
energy E are denoted by E” and i”, respectively. J 
represents the possible spins of the compound nucleus; 
1, I’, and /’ are the orbital angular momentum quantum 


* Research carried out at Massachusetts Institute of Tech- 


nol Cambridge, Massachusetts. 
|W, Hauser and 'H. Feshbach, Phys. Rev. 87, 366 (1952). 
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cross section to these spins and parities. Experiments 
of this type have been carried out by Francis, Good- 
man, and McCue?’ and by Martin, Diven, and Taschek.* 
In this paper cross sections will be computed for 
excitation of metastable levels of Cd" and In" having 
energies 0.396 Mev, and 0.335 Mev, respectively. 


THEORY 


Using the compound-nucleus model and assuming a 
statistical distribution of levels for the compound states, 
Hauser and Feshbach' derive the following expression 
for direct excitation of an excited state of spin i’ and 
energy above ground £’ by inelastic scattering of 
neutrons of energy E and wavelength 2rA from a 
target of spin 7: 


Vv env’ Ty (E-E’) 
> ek, ve eer Ty (E- E”) 





(1) 





numbers of an incoming neutron, of an outgoing 
neutron leaving the residual nucleus in the metastable 
state E’, and of any outgoing neutron, respectively. The 
sum over the / must be taken so as to include only 
those terms that conserve the parity as well as the 
angular momentum of the system. j;,2” =i”+} and 


(2) 


? Francis, McCue, and Goodman, Phys. Rev. 89, 1232 (1953). 

§ Martin, Diven, and Taschek, preceding paper [Phys. Rev. 
93, 199 (1954) ]. 

4B. Margolis, Phys. Rev. 88, 327 (1952). 


2 if both jn and je 
1 if j; or je, not both 
0 if neither 7; nor 72 
satisfy | J—1| <j;< J+. 





INELASTIC SCATTERING 


OF NEUTRONS 


TABLE I. Energies, spins, and parities of low-lying levels of Cd™ and In", 








Cadmium 111 


Indium 115 
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The 7;(Z) are wave-mechanical transmission coeffi- 
cients for penetration of the nuclear surface by neutrons 
of energy E and orbital angular momentum quantum 
number /. ‘They also depend on the nuclear radius R. 
Feshbach and Weisskopf* show that 


T(E) = 4aX 0,/[X*+ (2xX +2°0/')0 J, (3) 


where x= R/AK, X°=Xe+2? with Xg~10"X (R in cm), 
v= | xh (x)|-*, and »,'=|d/dxlxh,™(x)]|?, hy (x) 
being the spherical Hankel function of order / of the 
first kind. The notation in (3) is that of Blatt and 
Weisskopf,* not that of the original authors. 

Formula (1) depends on the assumption that the 
neutron widths can be written in the form’ 


P(E) %=T,(£)D.7/2n, (4) 


where D,” is the spacing of energy levels of spin J of 
the compound nucleus at the proper excitation energy. 
Fairly large fluctuations from (4) must be expected for 
individual levels. Since the cross sections are the results 
of competitions among several emissions by the com- 
pound nucleus, it is expected these fluctuations are 
canceled out to a large extent. 


CALCULATIONS 


The nuclear radius R is determined by comparing 
measured values of total neutron cross sections with the 
theoretical results of Feshbach and Weisskopf.’ Meas- 
urements for Cd" and In"® have been made by 
Fields et al.* and Barschall ef a/.,° respectively. In both 
cases, one gets R~~7.8X10~-" cm in the energy range 
under consideration. These are the effective values of 
the nuclear radius that must be used to be consistent 
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° 
Fic, 1, Decay scheme for low-lying energy levels of Cd™. 


5 H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 

* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952). 

7 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

§ Fields, Russell, Sachs, and Wattenberg, Phys. Rev. 71, 508 
(1947), 

® Bockelman, Peterson, Adair, and Barschall, Phys. Rev. 76, 
277 (1949). 


with the total neutron cross-section theory to which 
the inelastic-scattering theory herein corresponds. 

The decay schemes and spins, parities and energies of 
the low-lying states of Cd""' and In" are given in Figs. 
1 and 2, and Table I. They have been obtained from 
McGinnis,” and Goldhaber and Hill,” respectively. 
The spins, parities, and energies of these states are 
denoted by i,, , and E,, respectively ; n=0 represents 
the ground state, »=1, the first excited state and so on. 


CADMIUM 111 


The decay scheme of Fig. 1 shows that the Z, level 
does not decay to the E;=0.396-Mev metastable level 
in its cascade decay to the ground state. Hence for 
energies of the bombarding neutrons up to EZ, at least 
the cross section for excitation of the E; level is given 
by a formula like (1) with E’=E, and i’=i;. The 
computed values of this cross section, 0, are tabulated 
in Table IT and plotted in Fig. 3 for a range of energies 
using (i) the values of spin and parity for the EZ; level 
determined by McGinnis" by studying the decay 
scheme of the 111 isobars and verified by Sunyar,” 
namely 11/2, odd; (ii) the values 13/2, even, which 
gives properties for the decay scheme closest to those 
for the choice 11/2, odd. 

As an example, the term of (1) for /=0 in case (i) is, 
putting E—E,=€,, 


ao) = wh? (ap+3a,)/4, 
where 
ao= T5(€3)/L To(€0) +7 2(€2)+75(€s) +7 4(e) |, 
a= [275 (¢s)+ T7(€s) /LTo(€0) +7 2(€0)+ 27 2(e1) 


+ T,4(e1)+ To(€2)+2T 2(¢2) +27 s(¢s) 
+T7(€s)+T2(€4) +27 4(e) J. 
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Fic, 2. Decay scheme for low-lying energy levels of In". 
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Tasxe II. Theoretical cross section for excitation of 0.396-Mev metastable level of Cd by inelastic neutron scattering taking the 
spin and parity of this level to be (i) 11/2, odd and (ii) 13/2 even. 











E(Mev) 0.396 0.4 0.419 


0.45 


0.50 0.55 0.60 0.65 0.70 0.75 





0.0843 
0.00808 


0.445 


ts 
11/2 
0.0207 


13/2 


a(millibarns) 


0.618 
0.0543 


3.52 
0.505 


5.23 
0.763 


7.36 
1.10 


9.93 
1,53 


1.27 
0.162 


2.21 
0,309 











For three-figure accuracy, the calculations required 
terms up to /=5 in case (i) and /=6 in case (ii). The 
large number of / values contributing to the cross section 
so near threshold is a result of the large spin difference 
between the ground state and the metastable state of 
the target nucleus. In the case iz= 11/2, @ is seen to be 
8.1 times as large as in the case iz= 13/2 at E=0.5 Mev 
and 6.6 times as large at E=0.75 Mev. In fact, it is 
seen from Table II that the ratio of the cross sections 
for the two choices of spin and parity gets closer and 
closer to 1 as one goes to higher neutron energies E. 
Measurements of o made to determine the spins and 
parities of metastable nuclear states should be made as 
close as possible to the threshold energy of the scattering 
process then. 

Francis, McCue, and Goodman? find experimentally 
o—10 millibarns at E=0.72 Mev. This value agrees 
with the assignment 11/2, odd for the spin and parity 
of the E; level as can be seen from Table II or Fig. 3. 
The experimental values for o much below this energy 


are not too certain so no comparison is made with 
theory. 


INDIUM 115 


In this case because of a fuller knowledge of the 
energy levels involved than for Cd", o is calculated for 
incident neutron energies up to 1.3 Mev and the results 





10 











—E Mev 


Fic, 3. Theoretical cross section for excitation of 0.396-Mev 
metastable level of Cd" by inelastic neutron scattering taking 
the spin and parity of this level to be (i) 11/2 odd and (ii) 13/2 
even. 


are compared with the measurements of Martin, Diven, 
and Taschek.* These measurements are subject to 
experimental uncertainties of the order of 15 percent. 
One should expect then a test of the shape and magni- 
tude of the calculated cross sections within the limits 
of the experimental accuracy. 

The decay scheme of Fig. 2 shows that only the E; 
level decays to the ground state by cascading through 
the £,=0.335 Mev metastable level. The total cross 
section, a, for excitation of the E; level by inelastic 
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Fic. 4. Theoretical and experimental cross-section values for 
excitation of 0.335-Mev metastable level of In™® by inelastic 
neutron scattering. 
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neutron scattering at least up to energies of the sixth 
excited state of In''® is computed as follows then. One 
evaluates (1) in the cases E’=E,, and E’=E;. One 
then adds to the former cross section f times the latter 
where / is the fraction representing the relative number 
of times the E; level decays to the ground state through 
the EZ, level. (For lack of better knowledge, it was 
assumed that f~1. The value of f has no effect on ¢ 
for energies E< E; and only a small effect for energies 
above £; in the region that has been considered. A 
smaller value of f lowers o slightly.) The experimental 
values of ¢ of Martin, Diven, and Taschek? are plotted 
in Fig. 4 together with the theoretical values, which 
are also given in Table III. 

One sees in Fig. 4 that do/dE is discontinuous at 
neutron energies E= E,, the energy of an excited state 
of the target nucleus. If the excited state EZ, decays to 
the ground state by passing through the metastable 
state, the slope increases, otherwise the slope decreases 
at these points of discontinuous slope. The most notable 
apparent deviation of theory from experiment is in the 
energy region above E=1.15 Mev. This may indicate 
an unreported level of In" near this energy. This level 





INELASTIC SCATTERING OF NEUTRONS 


TaBLe III. Theoretical cross section for excitation of 0,335-Mev metastable level of In" by inelastic neutron scattering. 








E(Mev) 0.335 0.4 0.45 0.5 0.54 0.6 


0.75 0.860 0.875 0.9 0.960 1.0 1.1 1.3 





o(millibarns) 0 10.3 16.5 22.1 17.7 19,7 


27.1 32.7 36.4 40.7 50.7 556 67.5 90.2 








would cascade to the ground state through the meta- 
stable state because of the suddenly increasing slope, 
do/dE. 


CONCLUSIONS 


The agreement of experiment with theory is good. 
This is notable since (i) there are no parameters in the 
theory aside from those obtained in fitting the total 
cross-section theoretical expressions to experiment, viz. 
X_ and R, and (ii) immediate compound nucleus 
formation is assumed in all the neutron-scattering 
processes. Recent calculations by Feshbach, Porter, 
and Weisskopf have shown that for total neutron 
cross sections much better agreement with experiment 
is obtained, if one does not assume immediate com- 


4 Feshbach, Porter, and Weisskopf, Fhys. Rev. 90, 166 (1953). 


pound nucleus formation. For best agreement with 
experiment they find that, in an energy range including 
the one considered above, the neutron travels a distance 
of about 2X10-" cm in nuclear matter before being 
incorporated in a collective compound motion. 

It can be seen from the particular cases considered 
above that it is possible to investigate energy levels 
and their properties by analyzing the inelastic-scat- 
tering experiments with this theory. 
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Atmospheric Temperature Effect for y Mesons Observed at a Depth of 846 m.w.e.* 
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The experiment reported was a measurement of the effect of variations in atmospheric temperatures on 
the intensity of «4 mesons observed underground at a depth of 846 m.w.e. The average energy of these par- 
ticles is known to be ~2X10" ev. A total of ~1.2X10* coincidences, between two large trays of Geiger 
counters located in a salt mine, was collected over a two-year period. The correlation between variations in 
counting rate and simultaneous variations in effective atmospheric temperature was analyzed. The effective 
temperature was determined from radiosonde measurements of atmospheric temperatures at pressure levels 
up to 20 millibars performed by a U.S. Air Force weather observation unit near the salt mine. The resulting 
temperature coefficient is 0.224-0.06 percent per degree and the correlation coefficient is 0.75. The results 
are compared with those obtained from similar measurements at 1574 m.w.e. and with the theoretical values 
of the temperature coefficient derived from various schemes describing the production of 4 mesons with 


high energies. 


1, INTRODUCTION 


ROM consideration of the competitive processes of 
nuclear absorption and decay of unstable parent 
particles which give rise to the » mesons observed in 
cosmic rays, it is expected that variations in atmos- 
pheri. temperature should be accompanied by corre- 
sponding changes in the intensity of » mesons. In the 
absence of a competitive process, the probability that 
an unstable parent, produced with a given energy, will 
decay into a wu meson is determined by its mean lifetime 
for this decay and does not depend on its surroundings. 
The probability of absorption, on the other hand, de- 
pends strongly on the density of the atmosphere that 
it traverses. An increase in local atmospheric tempera- 
ture indicates a decrease in density which favors the 
probability of decay into a u meson before the parent 
particle is absorbed. Therefore, an increase in u-meson 
intensity would be expected to accompany the increase 
in temperature. Several experimenters’ have investi- 
gated this phenomenon and their results have been 
summarized in the review article by the Cornell group.‘ 
Since the magnitude of the temperature effect de- 
pends on the mean lifetime for the decay process, 
measurements of this effect on u mesons of known energy 
can in principle provide information concerning the 
identity of their parents. It is well known that 4 mesons 
with energies up to ~10* ev arise predominantly 
through the decay of r mesons. At much greater en- 
ergies, however, the contribution made by other parents 
to the intensity of «1 mesons is uncertain. The experi- 
ment reported in this paper is a measurement of the 
temperature effect on u mesons observed at a depth 


* This work has been partially supported at different stages 
by the U.S. Air Force Cambridge Research Center and the joint 
program of the U. S. Office of Naval Research and the U. S. 
Atomic Energy Commission. 
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1M, Forré, Phys. Rev. 72, 868 (1947), 

2A. Duperier, Nature 167, 312 (1951). 

+E. S. Cotten and H, O, Curtis, Phys, Rev. 84, 840 (1951). 

‘Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
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of 8.4610‘ g cm? [846 meters water equivalent 
(m.w.e.) ], where the average energy of these particles 
is known to be ~2X10" ev.’ The experimental pro- 
cedure will be described, and then the results will be 
discussed in terms of possible conclusions which can be 
drawn concerning the parentage and mode of produc- 
tion of high-energy u mesons. 


2. DESCRIPTION OF EXPERIMENT 


The cumulative total of coincidences between two 
trays of Geiger counters located at a depth of 846 m.w.e. 
in a salt mine in Detroit, Michigan was recorded each 
hour. Each tray had ten counters, each of which was 
two inches in diameter and ninety inches long. The 
counters in each tray were separated by one-half inch 
from each other and the trays were separated by one 
inch of lead. The purpose of the Pb was to eliminate 
coincidences due to local radioactivity. 

The low counting rate at the depth of the experiment 
(~107 hr~') indicated that considerable time would 
be required to obtain relatively small statistical errors 
in measuring the temperature effect. This required that 
precautions be taken to insure the elimination of sys- 
tematic variations in counting rate which were not due 
to a temperature effect. The possible variations which 
required consideration were changes in local radio- 
activity which would be reflected in the rate of acci- 
dental coincidences, drift in the behavior of the ap- 
paratus, and temporal variation in cosmic-ray intensity. 
The latter possibility seems unlikely since the energies 
of the observed particles are so high that known causes 
of intensity variations such as changes in the earth’s 
magnetic field, barometric pressure, and solar activity, 
would be negligible. Analysis of diurnal variations in 
the observed intensity of cosmic-rays underground has 
shown no appreciable effect.® 

Weekly measurements were made of counter effi- 
ciencies, resolving time of the coincidence circuit, and 

5C. A. Randall, thesis, University of Michigan, 1950 (un- 


published). 
*N. Sherman, Phys. Rev. 89, 25 (1953); P. 
Y. Eisenberg, Phys. Rev. 85, 764 (1952). 
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background counting rates. The latter two measure- 
ments proved to be constant throughout the time of the 
experiment, assuring that the contribution from acci- 
dental coincidences (~1 percent of the total counting 
rate) showed no variation. However, several counters 
failed in the course of the experiment. These failures 
were immediately apparent at the times when tests 
were made and the counters were replaced. The data 
collected during the previous week were of course dis- 
carded. Since it is possible that the geometry of the 
counter array may have been slightly altered while re- 
placing a counter, and crude estimation indicated that 
the resulting error in the temperature effect (owing to 
the change in the average counting rate after the alter- 
ation in geometry) could not be neglected in calculating 
the temperature effect, the data collected during the 
long intervals between counter changes were treated 
as if measured by different sets of apparatus. These 
data, collected between September 1, 1951 and June 
27, 1953 are listed in Table I. 

Atmospheric temperature information was supplied 
by an Air Force weather squadron from radiosonde 
observations made at Selfridge Field, Michigan (about 
50 miles from the Detroit mine). The observations were 
made four times daily and temperatures at pressure 
levels up to 20 millibars were recorded. The treatment 
of the temperatures is described in the following section 
and the relevant data are listed in Table I. 

In order to be confident that the temperatures meas- 
ured at Selfridge Field were indeed representative of 
atmospheric conditions above the counter telescope, 
their correlation with simultaneous measurements made 
by the Weather Bureau at Toledo, Ohio, over a several 
month period, was analyzed. The correlation coefficient 
was 0.92. Since Detroit is approximately equidistant 
between Selfridge Field and Toledo, the temperature 
data were considered adequate in determining the 
temperature effect above the experiment. 


3. DISCUSSION OF RESULTS 


The temperature effect has been discussed in great 
detail in reference 4 which is a comprehensive review 
of cosmic-ray measurements performed at a depth of 
1574 m.w.e. The same notation and definitions will be 
used here. The temperature effect for an isothermal 
atmosphere could be characterized by the temperature 
coefficient a defined by a= (1/I)(01/dT), where I and 
T represent the intensity of 4 mesons and atmospheric 
temperature, respectively. Since the atmosphere is not 
isothermal, a weighted average of temperatures meas- 
ured at various altitudes is used instead of T and called 
the effective temperature 7.4. (The weighting factor 
weights higher atmospheric levels more heavily than 
lower ones, reflecting both the decreasing relative 
probability of decay of parent particles as they pene- 
trate regions of increasing density and the reduced 
number of these particles which survive both absorption 
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Taste I. Counting rate vs effective temperature 
of the atmosphere. 








Period Tett (°C) n (counts) ¢ (hours) 


Interval 1 (1951) 
Sept. 1-Sept. 28 
Sept. 29-Nov. 2 


Nov. 3-Nov. 30 
Dec. 1-Dec. 14 





62 812 
89 213 
70 310 
35 568 


— 48.8 
—51.3 
— 52.8 
— 51.5 


Interval 2 (1951-1952) 
Dec. 15-Jan. 4 
Jan. 5—Feb. 1 

Feb. 16—Mar. 14 


49 217 
71 511 
71 763 


—49.9 


Interval 3 (1952) 


May i8-May 31 
June 1-July 3 
July 4-Aug. 7 


Interval 4 (1952-1953) 


Aug. 23-Sept. 2 
Sept. 18-Oct. 15 
Oct, 16-Nov. 5 
Nov. 6-Nov. 26 
Nov. 27—Dec. 19 
Dec. 31-Feb, 3 
Mar. 31-April 21 
April 22—-May 19 
June 2-June 27 


35 603 
71741 
67 490 


50 376 
69 258 
52 645 
53 458 
56 851 
86 072 
54914 
69 033 
60 735 


— 50.6 
—49.8 
— 53.0 
— 53.7 
—53.8 
— 54.0 
— 50.7 
— 52.7 
—49.6 





and decay at lower altitudes. See reference 4.) The 
effective temperatures are computed from the formula 


Ttr= (T2ot+T ot Tot T 126+ T 250+} T s00)/5.5, 


where the subscripts of the terms in the sum indicate 
the pressure levels (in millibars) at which the tempera- 
tures were measured. Since many of the radiosonde 
ascents do not reach the important upper levels and 
large (apparently random) fluctuations in temperature 
occur at these levels, the use of 7. calculated from 
individual flights is not regarded as reliable in the 
correlation analysis. These difficulties are overcome‘ by 
taking the mean of the measurements made at each 
level during periods of about a month to represent the 
terms in the sum used to calculate 7.4. The experi- 
mental data were, therefore, conveniently divided into 
approximately such periods, the mean temperatures 
evaluated from individual ascents, and the 7. for 
these periods calculated. The 7.4 and corresponding 
numbers of counts collected during these periods are 
the data that appear in Table I. 

For each of the four intervals between counter 
changes (j=1 to j=4) one can obtain an average 
effective temperature Tj= > tyTy/Sody, where Ty is 
the 7s: for the ith period in the jth interval and ty is 
the corresponding time. Similarly, an average counting 
rate can be obtained, R= Si diyny/Xidy, where ny is 
the number of counts recorded in the time fy. In the 
individual periods, ¢;;, the number of counts, my, differs 
from the expected number Rytiy by Any, and the tem- 
peratures differ from 7; by AT. As in reference 4 we 
assume that the temperatures Tj are accurate (any 
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Fic, 1, Calculated temperature effect as a function of depth 
under various hypotheses as to the nature of the parents of the 
# mesons and experimental! values at 846 m.w.e. and 1574 m.w.e. 


error in this assumption is only likely to reduce the 
calculated temperature effect) and that there are no 
causes of variation of the rate Ry other than tempera- 
ture changes and random statistical errors. The latter 
assumption can be checked after computation of the 
temperature effect by determining whether the residual 
fluctuations are as small as expected from statistical 
errors alone. 

Under these assumptions, the most probable value 
of the temperature coefficient a and its standard error 


are given by 
Di iAnyATi; 1 
a= 
Diy (47)? COD py(ATs)*} 
The corresponding equation for the correlation co- 


efficient r between counting rates and effective tem- 
perature is 





Lid AnyAT i 
e oe (Amy)?/ Ray CDR t(OT 


The sum of the squares S(ao) of the reduced devia- 
tions Am,;*=Any—ackty relative to the statistical 
errors (#,t,;)' can be compared with the expected value 
of this sum, (.S(ao)), in order to determine if the assump- 
tions made above are correct. If the assumptions are 





correct, then (S(ao)) is given by 
(S (ao)) = m—m;—1+[2(m—m;—1) ]}}, 


where m is the total number of terms in the double sum 
and m; is the number of terms in the sum over j (m,;=4 
and m=19). S(ao) is related to the sum of squares 
using uncorrected deviations An,; by 


(An,;*)? (Anj;)? 
—= (1-9) 5 ——. 
Ritis it Rhy 


Using the data in Table I in the preceding formulas, 
one obtains ap=0.22+0.06 percent per degree, r=0.75, 
S(ao)=11.3, and (S(ao))=14+5.3. The agreement 
(within expected statistical fluctuations) between the 
reduced deviations S(ao) and the value expected from 
purely statistical errors (.S(ao)) support the assumptions 
on which the equation for ao was based. Since the value 
of a is more*than three times its standard error, the 
results indicate a real positive temperature effect. 

The Cornell group‘ has calculated @ as a function 
of depth assuming various modes of production of u 
mesons (including correction for u.—e decay which is 
negligible at 846 m.w.e.). The results were presented 
graphically for the three possibilities in which the 
parent particles are: + mesons exclusively, x mesons 
exclusively, or equal numbers of ’s and x’s; these 
curves are reproduced in Fig. 1 together with the values 
of a measured in the present experiment and at 1574 
m.w.e. by the Cornell group. 

If the calculations, which involve reasonable assump- 
tions and approximations, are considered to be accurate, 
then the simplest interpretation of the present result 
indicates that 846 m.w.e. (i.e., for energies > 2X 10" ev) 
# mesons are decay products of mesons and x mesons 
in approximately equal numbers. However, other in- 
terpretations also seem reasonable. Since a differs by 
only two standard errors (which is not a highly im- 
probable fluctuation) from the value derived on the 
assumption that # mesons are the only parents, the 
experimental value may be considered compatible with 
this mode of production. The latter interpretation is 
enhanced by the experimental results at 1574 m.w.e. 
which appear most easily reconcilable with the r—y 
decay scheme. In any case, comparison with the ac- 
cepted calculated values leads to the conclusion that 
the temperature effect reflects the influence of a decay 
process in the origin of the particles observed far under- 
ground and that the properties of the parent particles 
(ratio of mass to mean lifetime and absorption cross 
section) are similar to the known properties of r and 
k mesons. 

If, on the other hand, the experimental results at 
both depths are considered to be accurate, then either 
the theoretical calculations are in adequate or the mode 
of production of 4 mesons changes rapidly in the energy 


S(a)=2 > 
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range corresponding to the average energies at which 
mesons are produced that are observed at the two 
depths (4 10" to 10" ev). 

Further information on unstable cosmic-ray particles 
could improve accuracy of the parameters used in the 
theoretical calculations, and measurement of the tem- 
perature effect at other depths might exclude some 
interpretations of the experimental data that now seem 
acceptable. 


PHYSICAL REVIEW 


VOLUME 93, 


ACKNOWLEDGMENTS 


The author is greatly indebted to Professor W. E. 
Hazen who suggested this experiment and offered fre- 
quent critical assistance during the course of its per- 
formance. The experiment would not have been possible 
without the generous cooperation of the 12th Weather 
Squadron Detachment at Selfridge Air Force Base, 
Michigan and the perscnnel and management of the 
Detroit Mine of the International Salt Company. 


NUMBER 1 JANUARY 1, 1954 


Proton Intensities at Sea Level and 9000 Feet* 
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The vertical intensities of protons which occur singly in the cosmic radiation have been measured at 9000 
feet and at sea level. The particles observed were those whose momenta, recorded by cloud chambers above 
and below a magnetic field, were between 0 59 ard 0.93 Bev/c after having traversed various thicknesses from 
0 to 345 g/cm* of lead adsorber placed over the apparatus. The identification of the particles was achieved 
by a mass determination based on the measured momentum and the range observed in a third cloud chamber 
containing copper plates. With no absorber over the apparatus, the differential momentum intensity at 9000 
feet was found to be 8.9+0.9X 10~ (Bev/c)*! sec™ sterad™ cm™. In conjunction with the data obtained at 
sea level with the same apparatus, an effective absorption length of 136_,*" g/cm* of air was found for pro- 
tons of the mean momentum 0.76 Bev/c. From this absorption length and the evidence that production be- 
tween the two levels of observation plays a predominant role, a value of 134 g/cm* for the absorption length 


of the primary particles was deduced. 


INTRODUCTION 


ORE or less direct measurements of single proton 
intensities in the momentum range of 0.3 to 8 
Bev/c have been carried out in recent years by different 
observers at altitudes from sea level to approximately 
30000 feet. Particles have been variously identified 
by the utilization of determinations of curvature of 
path in a magnetic field plus ionization, scattering, or 
absorption in dense materials;'~* by some combination 
of ionization, scattering, or absorption determina- 
tions; and by the simultaneous observation of 
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delayed coincidences and anticoincidences from an 
absorber in a counter telescope. Less direct informa- 
tion on intensities of protons in this as well as higher 
energy regions may be obtained from analyses of the 
rate of occurrence of nuclear interactions observed in 
photographic emulsions or in the plates of a cloud 
chamber. 

The present experiment makes use of the momentum- 
absorption method to determine the proton intensity 
in the range from 0.59 to 0.93 Bev/c at sea level 
(Berkeley) and at 9000 feet (Camp Sabrina, Cali- 
fornia). The momentum range was extended to 1.3 
Bev/c at the 9000-foot level by the use of absorber 
over the apparatus. The data with the absorber is of 
limited validity, however, because of the necessity for 
applying some necessarily approximate corrections for 
nuclear interactions and because of statistical un- 
certainties. 


EXPERIMENTAL ARRANGEMENT AND METHOD 


The schematic diagram of Fig. 1 shows the arrange- 
ment of the main parts of the apparatus. The original 
equipment designed by Brode'® for operation in a B-29 
aS a mass measuring apparatus has been modified 
somewhat for the present work. It consists of three 


4M, Conversi, Phys. Rev. 79, 749 (1950). 
1 R. B. Brode, Revs. Modern Phys. 21, 37 (1949). 
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Fic, 1. Schematic diagram of the apparatus. 


cloud chambers triggered by a threefold coincidence of 
counters A, B, and C. The upper and middle chambers 
record the angular deviation of particles passing through 
the region of the magnetic field which has for the vertical 
path line integral'* a value of 1.94 10° gauss cm. The 
lower chamber records the particle’s track through or 
terminating in one of 25 copper plates comprising 86.6 
g/cm? of copper. 

Additional paralleled counters labeled N, which, 
when fired in coincidence with the triggering telescope, 
produced a neon flash recorded on one of the cloud 
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TABLE I, Solid angle-area for particles stopping in 
plates 1, 13, and 25. 








Solid angle-area (sterad cm*) 
Plate 1 Plate 13 Plate 25 


0.108 0.169 0.164 
0.242 0,248 0.230 
0.257 0.253 0.236 


Component 





a. meson 
b. proton 
c, no field 








chamber photographs, were used to monitor uncharged 
particles which gave rise to secondary particles capable 
of producing a triggering coincidence. 

From the angular deflection and the range of stopping 
particles the mass can be determined by making use of 
range-energy data, ¢.g., that calculated by Aron and 
co-workers.'’ The intensities of the identified particles in 
specific momentum regions may therefore be evaluated. 

Absolute intensity determinations require knowledge 
of the total receptive time of the chambers and the 
solid angle-area which is momentum- and range-de- 
pendent in the present apparatus. The receptive time 
was calculated from the total time of operation and the 
time for resetting. The solid angle-area was evaluated 
graphically on the basis of the known curvature for 
particles of given mass and range and is shown, for 
mesons and protons stopping in the indicated plates, 
in Table I. For purposes of comparison, the third line 
indicates the solid angle-area of particles if not subject 
to angular deflection in a magnetic field. It is to be 
noted that stopping mesons have a considerably reduced 
solid angle-area because of their large angular deflection 
in the magnetic field whereas the proton solid angle- 
area is but slightly reduced from that corresponding to 
no deflection. 


RESULTS AND DISCUSSION 


The results of the operation pertaining to 0, 10, and 
20 cm of lead absorber over the apparatus at 9000 feet 
and at sea level are summarized in Table II. The par- 
ticles which stopped in the upper 13 plates of the range 
chamber and in the lower 12 plates are indicated 
by «and I, respectively. In addition, the columns labeled 
«’ and I’ indicate those heavy particles which were ob- 
served to stop, respectively, in the upper and lower sec- 
tions but which, if protons, could not have done so be- 


TABLE II. Summary of operation. 








Receptive 
Hard 


Absorber 
particles u 


Altitude (em Pb) 


Stopped mesons 


Stopped protons 
! l 





1904 25 
604 6 
491 5 
ae 37 


9000 ft 
9000 ft 
9000 ft 
Sea level 


28 
10 

4 
46 








‘*This is the pertinent field quantity in the evaluation of the momentum p from the angular deflection 6, Thus, p(Bev/c) 


= 3.34/0. 


Aron, Hoffman, and Williams, University of California Radiation Laboratory Report UCRL-121 (1949) (unpublished). 





PROTON 


INTENSITIES 








Altitude Component 


Range or momentum interval 


Rate 





Sea level 
Sea level 


meson—differential 
rauge Spectrum 
proton—differential 
momentum spectrum 
hard—integral 

range spectrum 
meson—differential 
range spectrum 
proton—differential 
momentum spectrum 


0.59-0,77 Bev/c 

0.77—0.93 Bev/c 
9000 ft 161 g/cm? Pb 
9000 ft 


9000 ft 





cause of ionization loss alone.'* Consideration of these 
particles allows a direct correction for what are prob- 
ably low-energy nuclear interactions in the range 
chamber. The column labeled N refers to additional 
stopping heavy particles for which there were no associ- 
ated N counts. From this data one can calculate the 
intensities with no external absorber corrected for the 
interactions mentioned above. These are summarized 
in Table ITT.” 

Correction for the effects of nuclear absorption of the 
incident proton beam in the external absorber were 
made on the basis of an absorption length. estimated 
from several sources. Experiments on artificially ac- 
celerated neutrons in poor geometry,” as well as cosmic 
ray experiments,” give an interaction length of roughly 
200 g/cm* for lead corresponding to 125 g/cm? for 
copper. In a calculation of the mean free path corre- 
sponding to the results shown in Table II, in which 
the «’ protons of initial energy between 245 and 370 
Mev and therefore of an ionization range corresponding 
to the / protons actually stop in the upper section, one 
obtains 120_s9+® g/cm* of copper in agreement with 
the above result. Since reproduction below the mo- 
mentum chamber can play no role in this result, and 
since the interactions are low-energy ones (approxi- 
mately 50 Mev) in which no charged particles emerge 
from the copper plates, this agreement is not unreason- 
able. Reproduction in the external absorber may give 
rise to an absorption length perhaps as much as 50 
percent higher than the above interaction length. This 
is in agreement with experiments” on the absorption 
in lead of star-producing radiation at 3500 m in which 
after a small transition region the absorption thickness 
is found to be 300 g/cm’. With the use, then, of this 
value, the results for proton intensities with external 
absorber given in Table IV were calculated. These re- 
sults as well as those of Table III show a variation in 


18 All u’ particles but one would have stopped in the / section 
according to their measured momenta. 

The quoted probable errors are from statistics only, The 
meson intensities are given in terms of g/cm? of air equivalent to 
allow direct comparison with the results of other workers, 

* J. DeJuren and B. J. Moyer, Phys. Rev. 81, 919 (1951). 

1B. Rossi, High Energy Particles (Prentice-Hall, Inc., New 
York, 1952), pp. 500-13. 

® Bernardini, Cortini, and Manfredini, Phys. Rev. 79, 952 
(1950). 


22.6-51.4 g/cm* of air equivalent 
51.4-89.7 g/cm? of air equivalent 


22.6-51.4 g/cm? of air equivalent 
51.4-89.7 g/cm? of air equivalent 
0.59-0.77 Bev/c 
0.77-0.93 Bev/c 


3.75+0.41 X 10~* g™ sec™ sterad™ 
2.90+0.29 X 10~* g™ sec™ sterad™ 
9.1+1.9X10~-* cm™*(Bev/c)™ sec sterad™ 
12.1+2.310-§ cm~*(Bev/c)™ sec™ sterad™ 
1.27+0,02X 10-* cm™ sec™ sterad™ 


9.6+1.3X10~* g™ sec sterad™ 
6.7+0.9X 10~¢ g™ sec sterad™ 
9.641.210 cm™*(Bev/c)™ sec™ sterad™ 
7.9+1.210™ cm™*(Bev/c)™ sec™ sterad™ 





differential intensity with momentum of the protons at 
9000 feet which is similar to that obtained by Mylroi 
and Wilson® at sea level and, by Whittemore and Shutt® 
at 3.4 km for momenta below 1.5 Bev/c. It is consider- 
ably flatter than for momenta above 1.5 Bev/c, for 
which the intensity as observed by the above workers 
was found to vary as p~* with a=2.5. 

The ratio of the intensities of protons of momentum 
between 0.59 and 0.93 Bev/c at 9000 feet to those at 
sea level is calculated from Table III to be 85+1.4. 
Assuming exponential absorption over the 290 g/cm? 
of air between the two altitudes, the absorption length 
is found to be 136_s*” g/cm? of air. Although this ab- 
sorption length is a complex result of the effects of 
nuclear interaction and reproduction as well as ioniza- 
tion loss, it is reasonably independent of the apparatus 
used and thus can serve as a convenient quantity for 
comparison with other work. Thus Mylroi and Wilson, 
making use of the results of Anderson ef al.' and Alikhan- 
ian ef al.,? find for the absorption length between 30 000 
feet and sea level a value of 140+10 g/cm? for protons 
of momentum greater than 1 Bev/c. The data of Whitte- 
more and Shutt at 3.4 km for protons of the momentum 
0.8 Bev/c, together with those of Mylroi and Wilson 
at sea level at the same momentum, yield an absorption 
length corresponding to the intensity ratio of 15.8, of 130 
g/cm?. Conversi'* found that the relative intensities at 
1 Bev/c between 22 500 feet and 2100 feet also corre- 
sponded to an absorption length of 130 g/cm’. 

From this general agreement for the absorption 
length and from the form of the spectrum“obtained at 
higher momenta, one can deduce an attenuation length 
which would characterize the effective attenuation 
if no ionization loss occurred. With the ionization 
loss being taken into account, the proton momentum 
interval at 9000 feet corresponding to an observed 
momentum interval of 0.59 to 0.93 Bev/c at sea level 


TABLE IV. Proton intensities at 9000 feet under external absorber. 


Thickness of Pb 
absorber interval 
(g/cm?) (Bev/c) 

113.5 0.94-1.16 5.741.710" 
227.0 1.16-1.34 44+2.110~ 


Momentum 
Intensity ((Bev/c)™ 
sec™ sterad™! cm™?] 
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is from 1.58 to 1.74 Bev/c. If one compares the intensity 
of the protons in this momentum interval at 9000 feet, 
deduced from the p~** variation fitted to the intensity 
values obtained in the present experiment, with the 
observed intensity in the momentum interval at sea 
level, one obtains an attenuation length of approxi- 
mately 900 g/cm?. This value is many times larger than 
the nuclear interaction length because of production of 
protons and because of the absence of ionization loss 
for the neutrons involved. 

It is evident from the above calculation that the 
protons at the higher altitude have disappeared by 
nuclear interaction before reaching sea level and that 
therefore the source of the low-energy protons observed 
in this experiment are primaries which make protons 
near the level of observation. The detailed calculations 
on the proton component of the nuclear cascade in- 
cluding ionization loss by Messel* involve integral 
proton intensities so that the data of the present experi- 
ment are not directly comparable. However, a simplified 
calculation following Rossi” may be used to relate the 
observed altitude variation of the protons to the ab- 


~ H. Messel, Phys, Rev. 83, 26 (1951), 
™ Reference 21, pp. 486-488. 


ARTHUR Z. 


ROSEN 


sorption mean free path for the primaries, A. If one 
assumes that the production spectrum is of the form” 
Ap” exp(—x/X), with n=3, at the depth x and the 
momentum #, and that the produced particles are 
absorbed as exp[—(Zi:—x)/Aa], where L; is the level 
of observation, then the observed intensity at the 
momentum ;, j(p:, Z1), can be calculated. One finds 
that 


” Ly) e1/p A ( 1 1 ) 
IPy ro ald) Pte ’ 


pi” $ui*"* 


where a(p;) is the momentum loss due to ionization at 
the momentum ;; that is, a(p1)= —dp/dx, and pm: is 
the momentum at the top of the atmosphere of a proton 
of momentum ; at 1,. The ratio of the observed in- 
tensities at L;=740 g/cm? and L,= 1030 g/cm? at the 
momentum p2= p:= 0.76 Bev/c yields a value of 134_,+” 
g/cm? for the absorption length, A, of the primary 
particles. 

The author wishes to express his appreciation to 
Professor R. B. Brode and Professor W. B. Fretter for 
helpful discussions and advice. 


*5 See, for instance, reference 8, p. 417. 
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The angular distributions of penetrating secondary particles 
from showers originating in lead and in carbon have been studied. 
Because the distributions for the two materials are very similar, 
it seemed meaningful to analyze them in terms of nucleon- 
nucleon collisions. From the kinetics of such collisions, it is pos- 
sible to estimate the energy of the primary producing the inter- 
action. If the angular distribution in the center-of-mass system 
is uniform, then 

F (6) 
1—F(@) 


where F (6) is the fraction of the shower particles emitted within an 
angle @ in the laboratory system and 7, is the y of the center-of- 
mass motion. By making plots of log F/(1-- F)] os log tand, the y- 
of the interaction is found. Also, it is established that the angular 
distribution of particles produced in 10-40 Bev interactions is 
uniform in the center-of-mass system. 


=v tan” 


The average number of mesons produced in showers of about 
30-Bev primary energy is 3 to 4. From estimates of secondary 
momenta it appears that, on the average, the mesons are produced 
with about 500-Mev energy in the center-of-mass system. Thus 
the collision of a 30-Bev nucleon with a target nucleon would 
seem to be, on the average, not 100 percent inelastic. 

A rough determination has been made of the mean free path for 
penetrating shower production versus energy for the secondary 
#-mesons. The cross section for further meson production is found 
to be about 0.1 geometric in lead at 1 Bev rising to geometric for 
energies greater than 4 Bev. The secondaries produced in meson- 
nucleon collisions seem to be distributed uniformly in the center- 
of-mass system. 

Arguments are presented to show that less than 15 percent of 
the secondaries of penetrating showers are heavy mesons. 





I. INTRODUCTION 


HE present paper is a study of the angular distri- 
bution and interactions of secondary particles 
produced in penetrating showers. From these data it is 
possible to deduce some of the details of pion produc- 
tion in nucleon-nucleon and pion-nucleon collisions in 
the energy range of 10-40 Bev. It is tacitly assumed that 
the majority of the particles produced in the observed 
showers are pions although some instances of the decay 
of other unstable particles have been found. For some 
of the analysis the particle identity is not important. 
The data were obtained using a multiple plate cloud 
chamber and associated apparatus as shown in Fig. 1. 
The apparatus and triggering mechanism have been 
previously described in Part I.! The paper consists of 
a further study of the data presented in Part I. 


Il. THE ANGULAR DISTRIBUTION OF SHOWER 
PARTICLES 


A measurement of the angular distribution of pene- 
trating particles from showers in carbon and lead has 
been made. Penetrating particles are defined as particles 
which appear to be lightly ionizing and traverse at 
least 17 g/cm? of lead without electronic multiplication. 
The angle measured was the total angle between the 
direction of the primary particle and the secondary 
particle. The method of measuring the angle from the 
two steroscopic views is given in Appendix II. Particles 
which leave the shower origin at large angles with 
respect to the vertical are not so easily observed as 

* Supported in part by a grant from the Research Corporation. 


Humble Fellow, The Rice Institute. 
Walker, Duller, and Sorrels, Phys. Rev. 86, 865 (1952). 


those in the nearly vertical direction. A correction has 
been made for this effect. The results of the measure- 
ments are given in Fig. 2, in which the two histograms 
are normalized to represent equal numbers of showers 
from carbon and lead. The two distributions are very 
similar. The median angle of the lead showers is slightly 
larger than the median angle of the carbon showers. 
The most noteworthy difference is in the number of 
backward moving shower particles. The fraction of 
regressive particles for lead showers was 0.06; for carbon 
showers 0.0025. This difference has also been noted by 
the Bristol group.” In spite of this we conclude most of 
the shower particles emerge from the struck nucleus 
without appreciable scattering. It is, therefore, thought 
that the angular distributions from carbon should give 
some information on the angular distribution of the 
particles produced in a nucleon-nucleon encounter, 
which can in turn be used to estimate the primary 
energies of the observed showers. The analysis given 
below holds strictly only for a single nucleon-nucleon 
collision. 


Ill. ENERGY ESTIMATES FROM THE ANGULAR 
DISTRIBUTIONS 


The angle of emission @ of a particle in the laboratory 
system is related to the angle @ in the center-of-mass 
system by the following formula: 


sind 
yvd.cosptB./B, | 


2 Camerini, Davies, Fowler, Lock, Muirhead, Perkins, and 
Yekutieli, Phil. Mag. 42, 1241 (1951). 
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Fic. 1, Diagram of the cloud chamber and its associated apparatus. 


where 8,= velocity of the center-of-mass system in 
units of c, 8,= velocity of the secondary particle in the 
center-of-mass system, and y,= 1/(1—8,*)*. Making the 
approximation that 8,/8,=1, this expression may be 
written, 

tand=tan($/2)/v.. (2) 
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Fic. 2, A comparison of the angular distribution of shower 
particles arising from showers in carbon and lead. 
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If the secondary particles are emitted isotropically in 
the center-of-mass system, the fraction F of the par- 
ticles that are emitted within the angle ¢ in the center- 
of-mass is given by F=sin*(¢/2). The previous expres- 
sion may then be squared and written in the form: 


sin*(p/2) F(6) 


tan’? =-—_— =—_—_—___ 


V2 cos*($/2) ot v1 —F ()] 


To test the validity of this relationship it is necessary 
to have a group of showers whose energies are known 
by other means.’ The closest approximation to such a 
situation is furnished by the Bristol? analysis made on 
the basis of multiple-scattering measurements of the 
primaries. 


BRISTOL DATA 
N= 4-7 E= 12 Bev 
eS 6 Bev 
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Fic. 3. F plot of the angular distribution published by Camerini 
et al. for showers of 4-7 particles. 


In Fig. 3 a plot has been made of the Bristol angular 
distribution data.? Log[F/(1—F)] has been plotted 
against log tan@. This F plot is taken from the curves 
for showers of 4-7 particles. It is a straight line up to 
fairly large angles. The average energy of the primaries 
of these showers as determined from the F plot is 8 Bev. 
The average energy according to multiple-scattering 
measurements is of the order of 10-12 Bev. This dis- 
crepancy is discussed below. The Bristol group? has 
found the distribution in the center-of-mass system 
to be uniform for these energies; yet it is evident from 


* Using the angular distribution of shower particles (reference 4) 
from interactions produced by 2.2-Bev protons from the Brook- 
haven Cosmotron, an estimate of the energy on the basis of an 
F plot gives 1.6 Bev. 

‘ Private communication from Leavitt, Swartz, Shapiro, Smith, 
and Widgoff. 
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the plot that large deviations from a straight line occur 
at the larger angles. These deviations are probably due 
to two effects, both of which would produce a distribu- 
tion wider than that given by the formula. 

1. Scattering and interactions of the secondary 
particles probably take place within the struck nucleus. 
However, according to the data reported below and also 
the recent results obtained at Brookhaven,‘ the pion 
scattering cross section decreases above energies of a 
few hundred Mev. 

2. The velocity of the secondary particles in the 
center-of-mass system is possibly greater than the 
velocity of the center-of-mass system. For higher- 
energy primaries both these velocities should converge 
toward the velocity of light. 
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Fic. 4. F plot for showers originating in carbon whose median 
angles lay between 11° and 15°. E =34 Bev. 


Thus, in these respects, the approximations made in 
the analysis should be more nearly valid at higher ener- 
gies, providing the secondary distribution in the center- 
of-mass system remains symmetric at the higher 
energies. 

At very high energies (~10" ev) it is possible to get an 
idea of the angular distribution in a single shower be- 
cause of the large multiplicity. The multiplicities of the 
showers recorded in this experiment were on the average 
only 4 or 5. Thus, grouping of showers must be made in 
order to get meaningful statistics. In this case showers 


5S. J. Lindenbaum and L. C. L. Yuan reported these results in 
a post-deadline paper at the May, 1953, meeting of the American 
Physical Society. 
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Fic. 5. F plot for showers originating in carbon whose median 
angles lay between 11° and 20°. H=26 Bev. (Group IT). 


were grouped according to their apparent median angle. 
F plots are shown in Figs. 4, 5, 6, and 7. The slopes of the 
lines are usually very close to two as they should be. 
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Fic. 6, F plot for showers originating in carbon whose median 


angles lay between 21° and 30 Bev. The solid dots are 
uncorrected. (Group ITI). 
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Fic. 7. F plot for showers originating in lead whose median 
angles were less than 25°. The solid dots are the uncorrected data 
points, (Group I). 
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The average apparent energies were determined from 
the F =} point on the F plot for each of the groups. The 
average energy of the showers occurring in lead appears 
to be 18 Bev and in carbon 27 Bev. The normalized 
rate® of shower occurrence in lead was about 10 percent 
higher than the rate in carbon.' This means that the 
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Fic. 8. F plots for various center-of-mass distributions. Curve 
A: B.=8, and distribution isotropic, Curve B: B.=8, and 
N(¢)de=cos*gdy. Curve C: B.=B8, and ra yr Thema 
Curve A;: 8.=1.058, and distribution is isotropic, Curve A:: 
8.=0,958, and distribution isotropic. 


* Normalized rate= (observed rate of showers)/(1—e~/), 
where \=m.f.p. for shower production and ~ is the thickness of 
generating material. 


average energy of the showers occurring in lead and 
carbon should not differ by much more than 10 per- 
cent.’ The apparent energy difference is of the order of 
30 percent. There is, as one would expect, a lowering 
of the apparent primary energy because of scattering 
and multiplicative processes going on inside the struck 
nucleus. 

An estimate of the primary energy was made by 
using the proton spectrum (at the top of the atmos- 
phere) published by Barrett e al.,8 a proton mean free 
path in air of 120 g/cm’, and the rate of occurrence of 
these showers.' The cut-off energy for our detector, 
assuming it to be sharp, is calculated to be 35 Bev. 
Undoubtedly, the average energy of the primaries 
producing the carbon showers is higher than the 27 Bev 
estimated from the F plots. It is interesting to note that 
our average energy agrees rather well with the average 
energy determined by Walsh and Piccioni® from the 
geomagnetic effect for showers produced in a similar 
shower detector. 


IV. PROPERTIES OF PENETRATING SHOWERS 
A. Angular Distributions of the Secondary Particles 


The F plots given in Figs. 4 through 7 support the 
belief that the angular distribution of the secondary 
particles in the center-of-mass is isotropic. It is inter- 
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Fic. 9. Differential angular distribution of the secondary 
particles in the center-of-mass system for the group II carbon 
showers. 


’ Briefly, this argument is as follows: F« E,, where & is the 
average energy, and £, is the lowest energy of primaries proteceg 
showers detected by the apparatus. If the differential primary 
spectrum is dE/E*, with s=2, then the shower rate is roughly 
proportional to 1/Z. 

8 tt, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 

* J. G. Walsh and O. Piccioni, Phys. Rev. 80, 619 (1950). 
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esting to see how great is the deviation from formula 
(3) when angular distribution is not isotropic ‘or when 
8.¥6,. Figure 8 shows F plots of four such cases. The 
effect of averaging over a range of shower energies was 
investigated numerically, and it was found that devia- 
tions from isotropy were still detectable. Certainly a 
cos*y angular distribution is ruled out by the present 
data as is any distribution peaked more strongly in the 
forward or backward directions in the center-of-mass 
system. In Figs. 9, 10, 11, and 12 plots are given of 
dN/d6 and dN /dQ for the group II, III, and IV carbon 
showers and group I Pb showers. The inverse Lorentz 
transformation was carried out using the y.’s determined 
from the F plots. The distribution of the particles in the 
center-of-mass system is isotropic within statistics for 
showers up to primary energies of the order of 40-50 Bev. 


2. Number of x’ Mesons 


Several investigators" have estimated the relative 
numbers of x and x* mesons in penetrating showers. 
Actually in an experiment cf this type the ratio of high- 
energy y rays to penetrating particles is measured. 
Data are presented to show that the y rays usually 
occur in pairs which are attributed to decays of the 
neutral x mesons. It is more feasible to measure the 
ratio of charged shower particles to x° mesons in showers 
originating in light elements than in showers in heavy 
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re) ms 
Fic. 10. Differential angular distribution for the 
group III secondaries. 


® Carlson, Hooper, and King, Phil. Mag. 41, 701 (1950), 

" B. P. Gregory and J. H. Tinlot, Phys. Rev. 81, 675 (1951). 
2G. Salvini and Y. B, Kim, Phys. Rev. 88, 40 (1952). 

18 Froehlich, Harth, and Sitte, Phys. Rev. 87, 504 (1952). 
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4 Chang, Del Castillo, and Grodzins, Phys. Rev. 89, 408 (1953). 








Fic, 11. Differential angular distribution for the 
group IV secondaries. 


elements such as lead. In the case of this experiment. 
y rays originating from #°’s originating in showers in 
carbon travelled on the average 4 or 5 inches before 
materializing in lead. This allowed a greater geometrical 
resolution between the electron cores and the pene- 
trating secondaries than would be possible, if the 
showers originated in a lead plate or traveled only one 
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Differential angular distribution in the center-of-mass 
system for the secondaries from the group I lead showers. 
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Fic. 13, Histogram of the number of cases with a given ratio of 
ws to charged particles versus N,0/(N°+No. of p.p.). The 
average value of the latter fraction is 0.25. The total number of 
shower particles per shower is 9. 


or two inches before striking a converter. It should be 
possible to resolve the different cores. Even for showers 
of the lowest energy group the average energy of the 
mesons is 800-900 Mev. Thus, the average y rays would 
have 400-Mev energy. This means, according to 
Wilson’s'® calculations, that there should be 3 to 4 elec- 
trons in the core of the shower after three radiation 
lengths of lead. This shower should be easily detectable. 
As a check, all the cases in which there were one or two 
electron cores present were examined. These cases were 
presumably due to the decay of one #° meson. In all, 
there were 84 cases of one apparent core and 197 cases 
with two cores present. Thus, to the first approximation 
there were 1.7 electron cores found per #° decay. In 
Fig. 13 is plotted a histogram of the numbers of cases 
that were found with different proportions of 7° and 
penetrating particles (p.p.). It can be seen from the 
diagrams that the most probable proportion is close to 
0.25. This, it turns out, is also the average ratio. These 
diagrams were obtained by counting the number of 
showers with, for example, 9 penetrating particles and 


Tass I, Relative numbers of neutral mesons 
and charged secondaries. 








Total No. particles No. x® 
(#® +p.p.) No. #°+No. Dp. 
5 0.204 
6 0.26 
0.232 
0.25 





7 
8,9,10 








* p.p. = penetrating particles. 


4 R. R. Wilson, Phys. Rev. 84, 100 (1951). 
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Or’, 8 penetrating particles and 1°, 7 penetrating 
particles and 2x’, etc. Showers with one or two electron 
cores were said to have one r°, with three or four cores, 
two m’s etc. The results of this procedure are given in 
Table I. 

Table I does not go to lower total numbers of particles 
because the selection system biases the results. It would 
be impossible for a shower composed of three °’s to be 
recorded, whereas it is fairly likely that a shower of 
three charged mesons is recorded. Even the case with 
the total number of particles equal to five is probably 
biased slightly. In going from a shower of 5 to 10 
particles the ratio No. 2°/(No. r°+No. p.p.) does not 
change appreciably. The ratio of w’s to penetrating 
particles is 0.33. Assuming a ratio of No. r°/No. * of $, 
the ratio of pions to protons or other particles is about 
3 to 1. Thus, it seems likely that the large showers of 
7 or 8 particles are the result of several interactions in 
the same nucleus. This agrees with the conclusion ob- 
tained from comparisons of multiplicity in light and 
heavy elements.':' 


V. MOMENTA OF THE SECONDARY PARTICLES 


The momenta of the secondary particles have been 
estimated from their multiple scattering in the 17 
g/cm? lead plates in the cloud chamber. The secondary 
particles were subdivided according to the median 
angle of the shower in which they were formed and 
further subdivided according to whether they occurred 
inside or outside the median angle for the shower. The 
mean square scattering angle was obtained from the 
distribution of scattering angles within a given group. 

The scattering-angle distribution can be thought of 
as two distributions superposed: one the multiple- 
scattering distribution, which is Gaussian; the other a 
wide-angle tail caused by (1) single or plural Coulomb 
scattering and (2) nuclear diffraction and interaction. 
Also a few low-energy particles may be in a group and 
broaden the distribution. Since it is the mean square 
angle for the group that is needed, the procedure used 
was to find the rms angle which best fitted the observed 
data out to about three times the rms angle. The ob- 
served distribution of scattering angles for the different 
groups are given in Table II. 

Corrections have been made for the “spurious scatter- 
ing” due to distortions in the gas of the cloud chamber. 
This was done by measuring the scattering suffered 
by the particles in traversing the carbon plates in the 
chamber. The lead plates were about three radiation 
lengths thick, whereas the carbon plates were only 
0.05 radiation lengths, so the scattering should be 
about eight times as great in lead as in carbon. The 
scattering in carbon was measured for the three highest 
energy groups of secondaries. The mean square scatter- 
ing angle was calculated by the procedure given above 
and this was assumed to be all due to spurious scatter- 


‘6 McCusker, Porter, and Wilson, Phys. Rev. 91, 384 (1953). 
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ing. Fortunately, the spurious scattering is much less 
than the observed scatterings in lead and consequently 
the corrections of the observed rms scatterings were 
small. 

The average of 1/P8 was calculated using the Wil- 
liams formula as given by Rossi and Greisen."’ It is un- 
fortunately not possible to obtain the average of P8 
from these measurements without knowledge of the 
momentum spectrum of the particles in the different 
groups. The results of the measurements are given in 
Table III. In order to calculate from the P8 measure- 
ments the energy of the pions, the following approxima- 
tions were made: (1) assume that pions, protons, and 
other particles have the same momentum spectrum; 
(2) assume that each of the particle groups is homo- 
geneous in momentum. 

The seventh column of Table III gives the estimated 
aggregate energy per shower of the neutral and charged 
mesons for each of the shower groups. The last column 
gives the percent of the available energy used in meson 
production. 

The average kinetic energy of the mesons in the 
center-of-mass system seems to be about 500 Mev. 
The Group IV mesons appear to have a higher energy 
in the center-of-mass system. Indeed, the aggregate 
energy of the secondaries is higher than the estimated 
primary energy. This is because our energy estimate is 
particularly low for this group of showers either because 
of nuclear scattering or cascading inside of the struck 
nucleus. Group IV is the smallest of the carbon groups. 
The collision elasticity in the large groups (Group II 
of carbon and Group I of lead) is not conclusively 
demonstrated by the calculations because the primary 
and secondary energy estimates are tenuous. However, 
there is other evidence for a lack of complete inelasticity, 
First, the F plots are very nearly straight lines for 
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TaBLE II. Multiple-scattering data of the particles in the 
median-angle groups. Momentum sub-groups are indicated by 
A and B: particles in sub-group A are at zenith angles less than 
the median angles of their r tive showers; particles in B are 
at zenith angles greater than the median angles. 








Sub- 


Group group 0°-§® 4°-1° 119% 19%2° 2°-29° 29°-3° 3°-349° 





ei A 2 1 
A+B 4 3 2 1 
No large-angle scatterings observed 


A § 9 5 2 1 
13 8 6 4 2 
Total of 4 large-angle scatterings in A, 6 in B. 


4 6 3 1 


5 5 6 2 2 
Total of 6 large-angle scatterings in A +B 


6 5 2 2 1 
Total of 3 large-angle scatterings in A +B 


20 5 3 2 3 


12 6 5 3 1 
Total of 6 large-angle scatterings for both lead groups 





Groups II in carbon and I in lead. (These are numeri- 
cally the largest groups.) This wouid indicate that 
8.~8,. Under this assumption one calculates an in- 
elasticity of about 50 percent for the Group II carbon 
showers. If the collisions were completely inelastic, for 
the primaries of 26 Bev the fraction of secondaries 
detected in the backward hemisphere in the laboratory 
system should be of the order of 4/500. The number 
observed is of the order of 1/400. This also is indicative 
that the 8 of the x’s in the center-of-mass system is not 
larger than £,. 

Some particles in the backward direction are un- 
doubtedly due to scattering inside of the parent 
nucleus. 


VI. SECONDARY INTERACTIONS 


The interactions of the secondary particles of pene- 
trating showers have been the subject of much discus- 


Table IIT. Results of momentum measurements. 








Mean energy 
of primary 
particles 


Range of 
in Bev 


median angles Group 


Reciprocal 
of average 
1/P 8 in 
Bev/c 


Mean multi- 
plicity of 
= mesons 


Energy of « 
mesons in Bev 





Carbon showers 


170 <M.A, 


Total 


<M.A. 
>M.A. 


<M.A. 
>M.A. 


2.3 Mean 


0°-10° 


11°-20° 3.9 26 


21°-30° 2.2 


> 30° 1,3 


3.3 >10 


4.2 11,7 


5.2 7.5 


Lead showers 


Mean 
Mean 


3.3 18 
2.75 


0°-25° 
>25° 1.4 





17 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 
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Tasie IV. Mean free path measurement. 











Ey App(g/cm*) 


85 
I>4 Bev isot 8 


Ae(g/cm?) 


+65 





II 2 Bev 60+ 500 400 t 1000 


III™1 Bev — 500 


+ 1200 
17007 559 











sion in the literature."'"*** The experimenters using 
nuclear emulsions” seem to find that the secondary 
particles have a geometric cross section for interaction. 
Investigators using cloud chambers and counters usually 
find cross sections somewhat less than geometric. Cloud 
chambers are not very suitable for determining the 
total cross section for interaction since star prongs 
produced by the secondary particles are often missed 
because of the thickness of the plates. Most of the 
effort in this experiment was concentrated on measuring 
the mean free path of the secondary particles for pro- 
ducing further penetrating showers, that is, further 
meson production. Some data were obtained on star 


TABLE V. Mean free path of secondary particles from showers of 
different size and origin. 








Number 
inter- 
actions 


Mean free path 
(g/cm?) 


Carbon 12 490 + 200 carbon 


No. Material 


Origin Mult. traversals traversed 





Carbon and 
caved 2~4 1707 


660 +189 ead 


779 =~ Lead 21 Ba t+ 


1313 Carbon 1500 +2000 carbon 


589 Lead 1700 +1200 tead 


1939 Carbon 560 be 4 carbon 


830 +29 jead 


702 Lead ~170 


Carbon 1450 Ba >> carbon 


. +480 

922 Lead 1260 —270 lead 
Lead plate 
— 


g/cm? 


Carbon plate 
thickness 

= 3.46 

g/cm? 








1 W, B. Fretter, Phys. Rev. 76, 511 (1949). 

” J, Harding and D. Perkins, Nature 164, 285 (1949), 

* Lovati, Mura, Salvini, and Tagliaferri, Phys. Rev, 77, 284 
(1950). 

10, Piccioni, Phys. Rev. 77, 1 (1950). 

# W. W. Brown and A. S. McKay, Phys, Rev. 77, 342 (1950). 

*% Camerini, Fowler, Lock, and Muirhead, Phil. Mag. 41, 413 
(1950). 

™ Butler, Rosser, and Barker, Proc. Phys. Soc. (London) A63, 
145 (1950) ; A64, 4 (1951). 

% A, J. Hartzler, Phys. Rev. 82, 359 (1951). 

%* Lovati, Mura, Succi, and Tagliaferri, Nuovo cimento 8, 271 
(1951). 

7G, M§Branch and G. Cocconi, Phys. Rev. 84, 146 (1951). 

% R. Cool and O. Piccioni, Phys. Rev. 87, 531 (1952). 


production and scattering of the secondary particles. 
The mean free path of the charged secondary particles 
for the production of two or more penetrating particles 
has been measured. In all about 100 secondary pene- 
trating showers were found. They were of lower average 
energy than the primary interactions but otherwise 
indistinguishable. Of the particles that produce second- 
ary penetrating showers it was found that 87 are charged 
and 18 neutral. If it is assumed that the neutral ones 
are neutrons and that on the average there is one fast 
proton for each energetic neutron produced, then of the 
charged induced secondary interactions only about 20 
percent are due to protons, assuming further, of course, 
that neutrons, protons, and 7 mesons have equal prob- 
abilities for shower production. This gives a somewhat 
higher multiplicity of meson production per funda- 
mental act than deduced previously. However, it is 
found that most of the secondary particles that produce 
further mesons are produced in primary events of ener- 
gies of 50 Bev or more, which perhaps accounts for the 
higher multiplicity. 


VII. MEAN FREE PATH vs ENERGY OF 
SECONDARIES 


Having subdivided the showers according to their 
median angles it is possible to get some information 
about how the w meson cross section for the production 
of secondary penetrating showers varies with energy. 
The secondary particles of the carbon showers whose 
angles of emission have been measured were classified 
as to whether they occur outside or inside of the median 
angle of their respective showers. From the scattering 
measurements described in Sec. V, estimates of the 
energies of the particles of the different groups have 
been made. The particles which are inside the median 
angles from the Group I and II carbon showers have 
an energy 24 Bev. The rest of the particles in Groups I, 
II, III, and IV have a lower average energy of about 
2 Bev and are classified together in this m.f.p. investiga- 
tion. The results of the measurements are given in 
Table IV. The third row is explained below. There 
were no large-angle scatterings or stars observed among 
the group of particles of energies more than 4 Bev. 
Particles in the lower energy groups were observed to 
scatter and produce stars. In fact, the total mean free 
path for the production of stars, scatterings, and 
penetrating showers for the Group II particles was found 
to be 167_20+” g/cm? of lead. This agrees with the emul- 
sion data. It would appear, then, that the cross section 
for charged meson production by mesons does not be- 
come large until energies greater than 4 Bev are reached. 

Only a fraction of the data obtained were utilized in 
the tabulation, since it was possible to make angular 
measurements only on those showers originating inside 
of the chamber in which track confusion was small. 

In Table V a different breakdown is given with sub- 
divisions made as to the shower size in which the 
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secondary originated and the type of nucleus in which 
the secondary originated. 

The mean free paths obtained for the secondaries 
seem to be more dependent on shower size than on the 
material in which the shower was generated. The 
secondaries from the high-multiplicity showers have a 
very long mean free path. This probably indicates that 
the particles capable of making further mesons have 
been filtered out in the course of producing a high 
multiplicity. The Group II showers from lead have a 
multiplicity comparable with that of the group of large 
showers (25 group of Table V). The secondaries of the 
former have an average energy a little below 1 Bev. 
It is thought that the energy of the latter group must 
be about the same. The third row of Table IV expresses 
quantitatively this correlation of low energy and long 
mean free path of the high-multiplicity shower particles 
from light elements. Thus, it may be seen that the cross 
section for further meson production by mesons is about 
0.1 the geometric cross section of lead at 1 Bev and rises 
to nearly geometric cross section ¢t meson energies of 
4 Bev and above. 
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LABORATORY ZENITH ANGLE 
Fic, 14, A comparison of the angular distribution of secondary 


particles that produce further mesons with the angular distribu- 
tion of all the penetrating secondary particles. 


VIII. ANGULAR DISTRIBUTION OF SECONDARY 
PARTICLES PRODUCING SHOWERS 


Figure 14 compares the angular distribution of the 
particles which produce further penetrating showers 
with the distribution of all the shower particles. It can 
be seen that the angular distribution of the shower- 
producing secondaries is much narrower than that of the 
ordinary secondaries. In Fig. 15 a plot is shown of the 
angular distribution of the shower-producing secon- 
daries measured in units of the median angle of the 
shower in which the secondary particle was produced. 
Almost all of the particles producing secondary showers 
come from inside the median angles of their respective 
showers. From these data it is calculated that the 
average energy of the shower that produces a secondary 
capable of producing further mesons is close to 50 Bev. 
Using this fact and the meson energies in the center-of- 
mass determined in Sec. V, a mean energy of 4.5 Bev 
is calculated for the energy of the secondaries producing 
further interactions. 
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Fic. 15, A histogram of the number of secondary shower pro- 
ducers vs the ratio of their zenith angle of the median angle of the 
shower in which they occur. 


IX. ANGULAR DISTRIBUTION OF THE PARTICLES 
PRODUCED IN SECONDARY INTERACTIONS 


In Fig. 16 an F plot is made for 13 especially clear 
secondary penetrating showers. The average energy of 
the particles producing these showers is determined 
to be about 8.5 Bev which is in fair agreement with our 
other estimates. Perhaps the most interesting feature of 
these secondary showers is that their progeny seem 
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Fic. 16. An F plot for the secondary penetrating showers. 
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Fic, 17. A very energetic shower originating in carbon. There 
appears to be a secondary interaction produced in the last lead 
te in the chamber, The neon bulbs beneath the chamber indi- 
cate that at least some of the particles traverse a foot or more of 
the lead 


also be be distributed uniformly in the center-of-mass 
system. Since we believe that at least 60 percent of the 
particles producing these secondary interactions are 
® mesons, there seems to be evidence that mesons 
produced in meson-nucleon collisions are distributed 
uniformly in the center-of-mass. Figure 17 gives an 
example of a shower recorded in this experiment. 


X. HEAVY MESONS 


In this experiment two unstable particles, one V* 
and one S particle” were observed to decay in the 
chamber. Figure 18 shows one view of the V* observed. 
Of showers that originated in carbon inside the chamber, 


~® Bridge, Peyrou, Rossi, and Safford, Phys, Rev. 90, 921 
(1953), 
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and whose primary energy was 20 Bev or greater, an 
aggregate secondary track length of about 40 meters 
was scanned. The total track length was the result of 
160 secondaries traversing an average distance of 25 cm 
in the gas between the plates. Only one decay in flight 
was observed. The net laboratory time in which decays 
could have occurred was 13 X 10~ sec. Since the average 
dilation for the mesons is about 15, about one r—y 
decay would be expected. None was observed. 

The relative number of K particles among the second- 
aries of penetrating showers has been the subject of 
some speculation.” We can set an upper limit on the 
fraction of K’s using the facts given above in conjunc- 
tion with some information obtained by Bridge et al.” 
First we assume that the K’s have about the same 
momentum in the laboratory system as the mesons. 
This would give them a dilation of about four. The 
argument is as follows: if the lifetime of the K is 10~° 
sec or less, then from the number observed to decay 
in flight in this experiment, the fraction of the second- 
aries which they constitute is calculated to be not 
greater than 0.1. 

If, however, the lifetime is 10~* sec or more, we would 
expect a considerable fraction of the K’s to stop and 
decay in dense material. Bridge et al. saw 6 S’s and 
260 7’s, all secondaries from penetrating showers, 
stop in their chamber. Since their cloud chamber was 
triggered by a counter arrangement similar to this one, 
the shower energies should be comparable. From these 
facts we set 0.05 as the upper limit of the fraction of K’s 
among the secondaries. 

If the lifetime is between 10~* and 10~ sec, then com- 
parable fractions of the particles should stop and decay 
in flight. In this case, the numbers from this experiment 
and the Bridge experiment should be added, giving a 
maximum fraction of 0.15. 

Thus, we infer that, regardless of the lifetime, the 
fraction of K’s among the secondaries cannot be more 
than 15 percent for showers of about 27 Bev. 

As was pointed out previously,** the number of V°’s 
per interaction found in this investigation was much 
smaller than the number found by Fretter ef al.” The 
rate of production of V°’s in carbon showers seems to be 
a factor of four or five less than the rate observed by 
Fretter, even when corrected for the latter’s higher 
search efficiency. 


XI. DISCUSSION 


One of the most interesting results of the experiment 
is that the observed angular distribution of the second- 
ary particles is consistent with a uniform distribution 
in the center-of-mass system. The relative momenta of 
the colliding nucleons for the average shower is of the 
order of 7 Bev/c. This means that quite often nucleon- 

*® Report of D. H. Perkins in Proceedings of Third Annual 
Rochester Conference (Interscience Publishers, Inc., New York, 
1953), Pp. 43-46. 

1 W. D. Walker and N. M. Duller, Phys. Rev. 90, 320 (1953). 


* Fretter, May, and Nakada, Phys. Rev. 89, 168 (1953). 
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Fic. 18. The decay of a 
V+ particle. The V appears 
in a rather energetic shower 
from carbon. The decay 
product scatters through 
about 15° in traversing the 
lower lead plate. 


nucleon interactions will occur with 204 or more angular 
momentum, which might lead one to expect center-of- 
mass distributions somewhat peaked in the forward and 
backward directions. It is possible that the momenta of 
the secondary particles depend strongly on the angle 
of emission in the center-of-mass system, even though 
the data of the present experiment give no indication 
of such dependence. 

The result concerning the apparent lack of complete 
inelasticity is tenuous because of the method of mo- 
mentum measurement. However, there are indications 
from other experiments that such an effect exists: for 
example, the absorption mean free path in air,” which 
is about twice as long as the interaction mean free path, 
and the neutral to charged ratio for the primaries,'**~** 

#% J. Tinlot, Phys. Rev. 73, 1476 (1948). 

* K. Greisen and W. D. Walker, Phys. Rev. 90, 915 (1953). 


% W. D. Walker, Phys. Rev. 77, 686 (1950). 
%® Walker, Walker, and Greisen, Phys. Rev. 80, 546 (1950). 


PRODUCTION 


which produce penetrating showers at mountain alti- 
tudes. Both of these phenomena can be explained by 
assuming a non catastrophic-type collision. 

The interactions of the secondaries give a clue as to 
the processes which go on in the nuclear cascade, The 
meson-nucleon interactions certainly are very important 
in producing high-multiplicity showers. This is indi- 
cated by the fact that there are relatively more inter- 
acting particles emerging from the small than from the 
large showers. Probably the interacting particles have 
largely been absorbed in interactions which produced 
the high multiplicity. 

In view of the abundant evidence for cascade proc- 
esses,' it is at first sight rather difficult to understand 
how the analysis in terms of nucleon-nucleon collisions 
is at all meaningful. The angular distribution of the 
particles which produce secondary-penetrating showers 
show that most of these particles travel in almost the 
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direction of the primary particle. If the nucleon- 
nucleon collisions are not completely inelastic, probably 
the degraded primary would be expected to continue 
on a path close to its original direction. In a shower of 
primary energy of the order of 50 Bev, probably after 
the initial interaction, a sizeable fraction of the original 
energy comes out in the degraded primary and perhaps 
one other secondary in a direction close to the primary’s 
original path. Perhaps these particles produce coherent 


collisions’ in which both of the particles interact . 


with a nucleon farther on in the nucleus. The resultant 
angular distribution is thus a superposition of more 
than one distribution. As stated before this means, of 
course, that our kinematic estimates of the primary 
energy are usually low. 

The results concerning the angular distributions and 
elasticity are difficult to understand in terms of Fermi’s 
model of meson production. A slight modification of the 
model could, perhaps, bring better agreement between 
theory and experiment. Fermi’s model supposes that 
all the energy of the two colliding nucleons is concen- 
trated in a volume containing a hot mesic gas. The 
mesons emerge from this volume. However, if one 
supposes that meson production is a more localized 
phenomenon and occurs essentially only in the region 
of overlap of the fields of the two nucleons, the isotropic 
distribution follows more naturally. The lack of com- 
plete inelasticity fits better into this picture since not 
all of the nucleon takes part in the interaction. Granting 
a uniform distribution of mesons, it is difficult to see 
how angular momentum is conserved. The colliding 
nucleons, according to such a model, would carry off 
most of their initial angular momentum. Perhaps it is 
necessary to include in the model particles of high 
intrinsic angular momentum. 
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APPENDIX I. ANGULAR DISTRIBUTION CORRECTIONS 
DUE TO CHAMBER GEOMETRY 


Penetrating secondary particles at large zenith angles were 
recorded with less efficiency than those near the shower axis, 
since the former were less likely to traverse a lead plate. Approxi- 
mate estimates of the effect of chamber geometry on the observa- 
tion of particles at large zenith angles were made by means of a 
scale drawing of the cloud chamber and target diagrams repre- 
senting the observed average angular distributions. The target 
diagrams were drawn by use of the relation r=/ tan@ in which 
r is the radius of the circle corresponding to zenith angle @ and h 
is the average distance of shower production from the absorbing 
lead plates. If the concentric rings of the target diagram are 
divided into a convenient number of sections by radial lines, one 
can estimate the fraction of particles missed in various zenith- 
angle intervals by moving the center of the diagram about the 
axis of the illuminated chamber volume and noting what fraction 
of each interval falls outside the chamber. The correction for 
chamber geometry is noticeably greater for lead showers than 
for those from carbon because the only producing layer of lead is 
about 10 inches from the absorbing layer, whereas the average 
distance of producing layers of carbon from lead is less than 5 
inches. 


APPENDIX II. METHOD OF MEASURING THE TOTAL 
ZENITH ANGLE FOR EACH SHOWER SECONDARY 


The total zenith angles of all penetrating secondary particles 
were measured by means of a target diagram which consists of a 
large number of concentric circles of radii given by R=H tané,. 
In this relation, H is the arbitrarily selected height of all shower 
origins above the center-of-the-target diagram and @, is the angle 
with respect to the vertical which corresponds to radius R. An 
oblique set of coordinates (two families of parallel lines) is drawn 
on the diagram in the two directions corresponding approximately 
to the lines of sight of the two lenses into the cloud chamber. 
Each line of a given family then corresponds to a value of the 
projected angle with respect to the vertical as viewed from the 
position of the lens for which that family of lines was drawn. 
In this experiment the angle between the two sets of lines was 
about 11°. 

The procedure used in the actual zenith-angle measurements is 
as follows. First, the projected angles with respect to the vertical 
are measured from the two stereoscopic views for the primary 
particle and each of the secondaries of a shower. This measure- 
ment determines the two oblique coordinates of the point of inter- 
section of each particle track with the plane of the target diagram. 
Two fine black threads, tied at the top of a rigid brass rod which 
extends vertically to the height H above the center of the diagram, 
are then stretched taut to the points of intersection of the primary 
particle and, in turn, each of the secondary particles. In this man- 
ner the entire shower is reconstructed, and the measurement of the 
angles between the threads by means of a large protractor gives 
the total zenith angles by a purely mechanical technique. The 
error inherent in the method is about 2°, though poor experimental 
conditions can cause larger errors to accumulate. 
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The Scattering of Many-Particle Systems* 
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In the treatment of scattering processes involving more than two particles, one frequently makes use of 
the impulse approximation to describe the scattering as a superposition of two-body collisions. It is shown 
that where the impulse approximation is valid, use of the Racah formalism enables one to effect a formal 
reduction of the many-body process to one involving two bodies. The method is worked out in detail for the 


three-body problem. 


N the analysis of scattering problems involving 

systems of particles, it is often desired to describe 
the process in terms of matrix elements of the inter- 
actions between the elementary particles involved. As 
is well known, the impulse approximation permits pre- 
cisely such a description; that is, when the phase shifts 
for the relevant two-body problems are known, the 
cross section for the many-body problem is calculable. 
The purpose of this note is to point out that the impulse 
approximation combined with the Racah formalism! 
enables one explicitly to construct an S inatrix for the 
over-all scattering process in terms of S matrices for the 
elementary interactions, thereby formally reducing the 
many-body scattering to a two-body process. 

To illustrate, consider a pair of particles of spins s2 
and s; bound in a state of total spin s23 which scatters a 
particle of spin s; and is left in a state 523’. The prototype 
of such a process is nucleon-deuteron scattering. Ac- 
cording to the impulse approximation, the scattered 
wave is the sum of two terms arising from the scattering 
of particle pairs 12 and 13, each weighted by a numerical 
factor (called by Chew the “sticking factor’*) which 
measures the overlap of the initial- and final-state wave 
functions. 

Using an obvious generalization of the notation of 
Blatt and Biedenharn,’ the transition matrix may be 
written‘ 


3 
q(s’M’, 593; SM, S23)= > que(s’M’, S23’; SM, 523), (1) 


a=? 


where s, M and s’, M’ are the total-spin and magnetic- 
quantum numbers for the initial and final states, re- 
spectively. To describe the scattering of particles 1 and 
2 (or 1 and 3), it is necessary to transform from the 5}, 
S23 representation to the Sj2, $3 (or $13, $2) representation. 
When this transformation is carried out, the transition 
* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1A convenient summary of the properties of the Racah coef- 
ficients and further references are given by Biedenharn, Blatt, and 
Rose, Revs. Modern Phys. 24, 249 (1952). 

2G. F. Chew, Phys. Rev. 84, 710 (1951). 

3J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 


258 (1952). 
‘In the presence of identical particles, exchange terms are 
introduced, which, however, cause no real complication. 


amplitudes take the form 
nr! 
qi2(s’M’, S23’; SM, S)=— DU UUUD 
koiev 7 a2 sa! m 
% [ (20+ 1) (2sr2+ 1) (2s12'+ 1) (252+ 1) (2s2a’+ 1) } 
X W (5159583; $12523) W (8159853; $12’ S23’) 
X (Si253mM — m| $12535M) (Si2lm0| si9/ jm) 
X (Si2/l’M’-- M+mM — M" | 512'l' jm) 
X (S1253M’— M+ mM — m|5,2538'M") 
KVR (S12; ial), (2) 
where we have introduced the notation 
Ruy) (S12'l’ ; Sral) = Tia Sber2012’— S124 (S12! ; sual) J. 


The expression for 3 is obtained by interchanging 2 
and 3 throughout. S12/(512'1’; sio/) is the S matrix of 
reference 3 for the scattering of particles 1 and 2, and 
the W functions are the Racah coefficients. If the spatial 
wave functions of the initial and final states are 
¥i(tifers) and ¥,(rifers), respectively, the overlap in- 
tegrals may be written 


Lem f vp" eutarsa(tutsn)8(01— ndndradts 


The crucial point here is the observation that the 
sum over m in Eq. (2) can be carried out. The method 
has already been described in the literature,* and only 
the result will be given here. After the m sum has been 
performed, Eqs. (1) and (2) take the form 


nr! 


q(s’M’, Soa ; sM, ae a ae > (2/+ 1) 4! " 
tae site 


 (IsOM |Is JM) (l’s'‘M—M'M'|I's'JM) 
x R1(s'l’, S23’; sl, $23), (3) 


§ Except for a phase factor (—1)*s~*’. 
6 A. Simon and T. A. Welton, Phys. Rev. 90, 1036 (1953). 
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228 Ss. 
where 

R’ (s'l’, 593’; sl, $23) = ¥ Rix? (s'l’, S23’ ; sl, 523) 
and i 


Ri," (s'l’, Sos ; sl, S23) 
= [ (2sea+ 1) (2529'+ 1) (2s+ 1) (2s’+ 1)}! 
XE LY LY (27+ 1) (2512+ 1) (2512’+1) 


oi2 on’ 7 
X W (s525S3 ; $12825) W ($1505'5s; $12 S23’) 
X W (sas jl; S12J)W (Sas’ jl’ ; S12’ J) 


Riz’ (Si2'l’; Sia), (4) 


with a similar expression for the 13 term. 
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Equation (3) is now precisely of the form of the scat- 
tering amplitude for a two-body problem whereas Eq. 
(4) gives the R matrix for the over-all process in terms of 
those for the two-particle interactions. The method may 
clearly be extended to systems containing more particles, 
at the expense of a considerable increase in complexity 
of the final result. 

By recasting the many-body scattering into the form 
of a two-body process, one is enabled to apply the very 
general treatments of scattering’ and _ polarization® 
already developed. This method is now being applied 
to the investigation of polarization effects in proton- 
deuteron scattering and will be reported upon at a later 
date. 
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An Identity for the S Matrix for a Finite Time Interval 


J. C. PoLkInGHORNE 
Trinity College, Cambridge, England 
(Received August 17, 1953) 


An identity [Eq. (1)] is obtained for the S matrix for a finite time interval that expresses the “scale-free” 


character of quantum field theory. 


ie this note we obtain the identity 


(1) 


where S(r;m,) is the S matrix for the finite time 
interval t= 0 to ‘= 7, and m; are the masses of the fields 
considered. 

We may write! 


S(Ar; m,)=S(1r;\m,), 


a4 
S(r;m,)= > —Sa(r; m,), 
n= n! 


where 


—4 n 
Sa(rim)=(—) 
hc 


x [- : + fate, + +d*x,P[Hi(a1), «++, Ar(x%n)], (3) 
2 


Q being the region of integration contained between 
the hyperplanes ‘=0 and t= 7. H,(x) is the interaction 
Hamiltonian. For simplicity we consider the case of a 
spinor field ¥(x) of mass m, interacting with a real 
scalar field #(x) of mass mz; the interaction Hamiltonian 
being of the form 


Hy (x)= (x)Av(x)o(x), (4) 


1F, J. Dyson, Phys. Rev. 75, 486 (1949). 


with A an operator containing y matrices. It will readily 
be seen that our result holds for the completely general 
case, including the case of derivative interactions. 

The field operators are operators in the interaction 
representation and may be obtained in terms of the 
operators on the spacelike surface ‘=0 (hereafter de- 
noted by a) by using the formulas? 


0 
6(2)= fam @—)— (2) 
i) 
—oe)— amo a2) fav, () 
ot’ 


H(a)= f Saar av, (5) 


V(x) = f Vee'yrSim9 (a! —a)ae (6) 


On o the operators satisfy the canonical commutation 
relations 


a 
E (0,r), —¢#(0, r)| = thes (r—r’), 
at (7) 


{va(0,r), (H(0, t’)y«)s} =Sap8'(r—r’), 
other brackets vanishing. 


2 Julian Schwinger, Phys. Rev. 74, 1451 (1948). 
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We may use (4) to find ¢(Ax). Writing x’=XX’ and 
employing the identity* 


A™ (Ax) =A (x), (8) 
we obtain 


te) 
0r2)=r-4 f [amo (e— X’)\— $(X") 
¢ oT’ 
0 
— $()—— 00 (2X) fav" (9) 
oT’ 


where 


$(X)=Ao(AX). (10) 


Now 6(X) satisfies the commutation relations 


fe] fF] 
[+00 R), —9(0, R) |» 60, AR), —?(0, aR] 
oT at 


= ihes (R—R’), 


other brackets vanishing on a, and these are the canonical 
commutation relations on o. Consequently the integral on 
the right-hand side of (9) gives an operator having all 
the properties of the field operator of a real scalar field 
of mass \m:. Thus we write 


(Ax) =A~!* (x), (11) 


where $*(x) is just such an operator. 
Similarly from (5) and (6), using the identity’ 


S™ (Ax) =AFSO™ (x), 
we may write 


(12) 


¥(Ax)=A-HY* (x), 
¥ (Ax) =AHY* (x), 


where y*(x), ¥*(x) are the field operators of a spinor 
field of mass \m,. Equations (11) and (13) together 


(13) 


* These identities may be readily obtained using the well- 
known representations of the functions as integrals in momentum 
space. 
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yield 

H, (Ax) =d“4H* (2), (14) 
where H,*(x) is the interaction Hamiltonian for fields of 
masses \m, and mye. 

Consider now S,(Ar; m,). It has the same form as 
Eq. (3) except that the region of integration is now con- 
tained between the hyperplanes ‘=0 and /=Ar. Using 
the substitution x,=AX; (which does not alter the 
P-bracket ordering) we obtain 


—4 n 
S.(arm)= (—) fev fare ax, 
he ‘ 


X PLA1*(X1), «++, Wi*(X,)] 


=S,(7; \m,) (15) 
from which we infer Eq. (1). 

Equation (14), and hence Eq. (1), holds also in the 
case of derivative interactions, for although the differ- 
entiation introduces an extra factor \~ this is absorbed 
in the factor proportional to m~ which must also appear 
for correct dimensions. 

It is easy to generalize the argument and make it 
fully covariant. We then see that it is a change of 
proper-lime intervals that corresponds to a change in 
masses. Also, for renormalizable theories, the result (1) 
will still hold after renormalization has been carried out. 

The interpretation of these results is simple. In a 
system of units with h=c=1, all quantities may be 
given dimensions in terms of mass only; in particular, 
proper-time has the dimensions m=. Our result asserts 
that if we change the scale of all quantities in a manner 
appropriate to their dimensions (e.g., in the new system 
intervals contain the same number of Compton wave- 
lengths as did the corresponding intervals in the 
original system) then the results are unaltered. This 
essentially follows from the absence of a “fundamental 
length.” 

My thanks are due Professor Kemmer and Professor 
Salam for a helpful discussion. 
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A Variation Principle for Eigenfunctions 
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AND 


J. M. Bratt,* University of Illinois, Urbana, Illinois 
(Received September 1, 1953) 


The usual Rayleigh-Ritz variation principle for eigenvalues is extended to give a variation principle 


for the eigenfunctions themselves. 





Ppa the eigenvalue problem, 
Hy=y, (1) 


where H is a Hermitian operator represented by an 
N-by-N matrix, for example. We shall restrict our- 
selves to finite-dimensional vector spaces in this paper, 
in order to avoid the complications of spectral theory in 
Hilbert space. We believe that extension of these con- 
siderations to Hilbert space will not give anything 
essentially new. 

Let the eigenvalues be dj, As, «-+, Aw, and the corre- 
sponding eigenfunctions be y, po, «*:, wv. We shall 
assume that the eigenfunctions are normalized and 
orthogonal to each other, so that 


(Wey Wer) = Sime, (Wey Her) = bee’. (2) 
Let us now suppose that we are given an ortho-norrnal 


set of functions (trial functions) ¢, which are close to 
the true eigenfunctions yy. That is, (be, de) = dix and 


d= (1+QO)vx, (3) 


where (Q is a linear operator which is “small” in the 
sense that we shall neglect terms quadratic in Q con- 
sistently. Since the functions ¢, may be considered a 
set of base functions for our vector space, it is clear 
that the transformation (3) does define a unique linear 
operator Q. 

We now make use of the orthonormal property of the 


dx to get 
(be, de’) = Sex = (We, (1+-0*) (1+0)fe) 
=, (1+0+0t)), (4) 


where we have neglected the term of order Q*. Com- 
parison of (4) and (2) gives the relation 


0+0r=0, (5) 


i.e., Q is anti-Hermitian. 
Now consider the expression (¢,, Hoy): 


(pe, How) = Wr, 1+0°)H (14+0)Wr) 
= ArSnr t+ (An Avr) (We, Ove) + order (Q?) 
=NiSeur t+ (An— An) (be, Oder) + order (Q?). (6) 


Consider first the special case k=k’. Equation (6) 
becomes the usual Rayleigh-Ritz variation principle 


* Present address: University of Sydney, Sydney, Australia. 


for the eigenvalues ),: 
Ar= (be, Hox)+ order (Q*)=a,+-order (Q*), (7) 


where w.= (¢x, Hx). 

Now, however, consider the case kk’ and assume 
for simplicity that the eigenvalue problem is non- 
degenerate so that all the A, are different from each 


other. We get 
(be, Our) = (Ae—Av)" (He, He) order (Q*). (8) 


In (8), the \, and Ay are meant to be the exact eigen- 
values, which are of course unknown in general. How- 
ever, the equation is still correct if \, and dy are re- 
placed by we= (dx, Hox) and we = (de, Hox), respec- 
tively, because of Eq. (7). Thus we get 


(dr, Hdx:) 


Wk Wk? 


(be, Ode’) = +order (Q*), (k#k’). (9) 


If the problem is in the real domain (i.e., all matrices 
and all eigenvectors real), condition (5) implies im- 
mediately that Q,,=0. In the (more usual) complex 
case, 4, must be pure imaginary according to (5) and 
it can be chosen to be zero without loss of generality. 
The choice merely fixes a phase factor in yy. 

We are now in a position to give a variationally cor- 
rect expression for the eigenfunctions y;. We invert (3) 
to read 


¥e= (1+Q)~'be= Ge — Obit order (Q*), 
and substitute (9) to get 
(bx, Hor) 
Vi=b—  ———ou torder (Q"). 


k’ #k Wk —~ Wk 


(10) 


(11) 


It will probably have occurred to the reader that 
these expressions look very similar to the familiar 
formulas of ordinary perturbation theory. Indeed, if 
H=H,+V and if the ¢ are eigenfunctions of Ho, Eq. 
(7) is just the usual result for the eigenvalue in first- 
order perturbation theory (which is well known to be 
a variationally correct expression), and (11) looks very 
much like the perturbation-theoretic result for the 
modified eigenfunctions. There is a difference, however. 
In the perturbation-theoretic form, the denominator in 
(11) is Ay —dr,., where A, is the eigenvalue of the 
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unperturbed Hamiltonian Ho. As a result, the per- 
turbation-theoretic expression is not variationally 
correct whereas (11) is variationally correct. That is, 
the error in the perturbation-theoretic form involves 
not only terms of order (éy)*, where dy is the deviation 
of ¥ from the true y, but it also involves terms of 
order Viv, where V=H—H, is the deviation of the 
zero-order Hamiltonian from the true Hamiltonian. 
Furthermore, the application of (11) does not require 
that the trial functions ¢ be eigenfunctions of some 
Hamiltonian Ho. Any complete set of trial functions 
will do, provided that the ¢, are “‘close to” the true 
eigenfunctions yy. 

We assumed above that the set ¢, was orthonormal, 
which is unnecessarily restrictive. Let us relax the 
orthogonality requirement, but still use normalized 
wave functions. According to (3) the ¢, differ in first 
order from the yx, which implies that (¢%, dx’) is also 
of first order. In place of (5) and (6) one now gets 


(de, (0+Q*)¢x) 19 0, 
(Gx, (Q+Q*)be-)= (Ge, der) for RR’, 


(Sa) 
(Sb) 


and 


(bn, Hour) =idiar + (An— Avr) (Ge, Ode) 
+Au (1— Sear) (Pe, de:)+-order (Q*). (6’) 


Equation (7) is unchanged, but for the representation 
of Q, (assuming again nondegeneracy) one obtains in 
place of (9) the result: (k#k’) 


(Px, Qde:) = (we—we)"{ (Ge, Her) — we: (de, de’))} 
+order (Q*). (9") 


The desired variational expression for y is then found 
to be 


(de, Hdx) —we (de, de) 
Vi=hi— Dd F at Joe (11’) 


hk’ #k Wk —~ We 


Although this expression is still dependent on the nor- 
malization of the ¢,, this dependence is trivial and can 
be eliminated by the substitution ¢.— (@x, dy)~ "px. It is 
then readily verified that the resulting expression for yx 
is stationary under arbitrary variations of the gy. 

A variation principle similar to (11) can also be 
given for the generalized eigenvalue problems Ay=ABy, 
where A and B are Hermitian but B is not positive 
definite. (If B is positive definite then B! exists and one 
can reduce this case to (1) using for H the Hermitian 
operator B-!A B-,) 

For the eigenfunctions y; we have the relations 


(Ve, By’) 7” Bbxx’, 
(We, Ayy:) =A Bide. 


We can make B,?=1 by a choice of normalization, but 
because of the indefinite character of B, not all of the 
B, are positive. 


(12a) 
(12b) 
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Take now the trial functions ¢, normalized such that 
(dx, Box) = Brbxx’, (13) 


and assume that 


oe= (1+ Q0B)v:, (14) 


with Q “small,” just as earlier. 
Substituting (14) into (12), we find, as the analog to 
(4), the result: 


(br, Boer) = Bou = (Yr, (1+ BQ*)B(1+QB)yr') 
= Biba + Wr, (BO+TB+ BOB) Wr) 
+order (Q*). (15) 


Comparing this to (13) then gives the relation that 


BQO*B+ BOB=0, (16) 
to order (*. 
Next consider the expression (@,, Ady’): 
(bx, Ade) = (x, (1+ BQO*)A (14+ OB) 
= idee Bet (Ae— Ane) Vr, BOBYr’) 
+order (Q*) 
=NASix Bet (Ac—Ar-) (Oe, BOBOs’) 
+order (0*), (17) 
For k=k’ we obtain the well-known variational prin- 
ciple for the eigenvalues ), : 


wr= (pe, Adr)/ (be, Bor), 
Ae = wet order (Q*). 


Assuming once again that all the , are different from 
each other, Eq. (17) for k#k’ can be used to give a 
representation of BQB with an error of order Q*. 


kk’: (dr, BOB’) 
= (Ane— Av)" (Ge, Ader) + order (Q*) 
= (we— wr)" (er, Ade) order (Q*). 
Inverting (14) yields 
¥e= (1+ Q0B)'d = (1—QB) y+ order (0°). 


Now QB¢, can be expanded in terms of the ¢, since 
these form a complete set by assumption. Premulti- 
plying by B, and using the orthogonality condition 
(13), one finds that 


(18) 


(19) 


(20) 


(21) 


0B=5 —"——"¢ 
k (dy, Boye) 


This latter expression is determined by Eq. (19), 
except for the single term with k= k’. According to (16), 


- however, BQB is anti-Hermitian so that for problems 


in the real domain this term vanishes. For complex 
wave functions this term is purely imaginary, and, once 
again, since it represents an arbitrary phase factor for 
the y;, can be chosen to be zero. 

Substituting (19) and (21) into (20), and omitting 
the term k=’, then leads to the desired variational 
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expression for y, in the generalized eigenvalue problem. 


(de, Adx) 


~* (der, Boer) der. (22) 


v=e—- DL 


hk’ hk Wer We 


One can eliminate the requirement of an exact orthog- 
onality, equation (13), and replace it by the weaker 
requirement that the expressions (¢,, Boy), for k¥k’, 
are of first order. The argument proceeds exactly as in 
the transition from (11) to (11’), and we give only the 
result: 


Vi= | (Se, Bo)|-+- .- 


(bu, A dr) — wr (er, Box) 
ke — (yr, Boer) (wer — won) 





ow] (22') 


We should now examine the modifications that are 
necessary in case the problem is degenerate. For sim- 
plicity we consider only the eigenvalue problem of Eq. 
(1). One can distinguish two cases: (a) a true degeneracy 
of the operator H, and (b) an approximate degeneracy 
of the operator H, with a true degeneracy existing in 
the dx. 

Let us consider the second case first. Then by assump- 
tion there exist several trial functions ¢,, or groups of 
trial functions ¢,, such that the expressions (¢,, H¢,) 
are within each group approximately the same, that is, 
within an error of first order. As a consequence of this, 
the matrix elements (¢,, Q¢,’) as defined by Eq. (8) 
no longer are of first order and the previous procedure 
fails. Let us relabel the ¢, and W, to be da and Ya», 
where » is the index that distinguishes within each 
group having approximately the same value for 
An=Aa and a is the group designation. Form now the 
finite dimensional matrix problem defined by (¢a, H¢a»’) 
and diagonalize. Calling the new orthonormal wave 
functions, xa, (these are the linear combinations of the 
¢a defined by the diagonalization) we have 


(23a) 
(23b) 


(Nes Xa’r’) > Saa’Oyv’, 


(Xavy Hxav’) baat Wavdyy’. 
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Now we assume that these new trial functions x,, 
are “close to” the actual eigenfunctions and take 


Xav = (1 + QO) Par. (24) 


In a manner exactly similar to the earlier procedure, we 
find that this Q satisfies Eq. (5), and Eq. (8) is replaced 
by: 


(Xav; Hxa’y’) - Naaa’Ovy’ 
+ (Nav — Aa’) (xeo» Oxa's) + order (Q*). (25) 


From Eqs. (5) and (25) we can then conclude that: 
Wav (Xavy HxXa») =avt order (Q*), (27) 
and, for axa’, 
(Xary OXa'r’) = (Xavy HXa'v')/ (War Wa'r’) ; 


for a=a’, 


(28a) 


(Xavy OXea»’) =(), (28b) 


(In this last equation, for complex wave functions, we 
have set (xXa», Qxa»)=0 by a choice of a phase for the 
Wav.) Using this explicit representation of the matrix Q, 
we then find a variationally correct expression for the 
eigenfunctions to be 


(Xa’r’s HXa») 


Wa’ —~ Way 


Var = Par— 8 iy (29) 


a’ a v' 


Xa'v’s 


We now consider case (a), ie., the degeneracy is a 
true degeneracy for the operator H. Assuming the 
degeneracy is not accidental, then it is due to some 
symmetry group G which commutes with H. We can 
thus choose trial functions ¢, that transform like par- 
ticular rows of particular irreducible matrix represen- 
tations of the group G and this symmetry property is 
preserved in the true eigenfunctions ¥. Two trial func- 
tions ¢; and ¢2 belonging to different rows of the same 
representation, or to different representations, are 
automatically orthogonal, and the matrix elements 
(¢1, H¢2) and (¢1, Q¢2) vanish. This choice of trial 
functions thus eliminates the troublesome cases for 
Eq. (8), and the previous results then carry over without 
further change. 
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A Theorem on Photomeson Production near Threshold and the Suppression of Pairs 
in Pseudoscalar Meson Theory* 


NorMAN M. KRrout, Columbia University, New York, New York 


AND 


MALvIN A. RupDERMAN,t Department of Physics, University of California, Berkeley, California 
(Received August 20, 1953) 


It is shown that the photoproduction of charged pseudoscalar mesons at threshold computed to lowest 
order in the meson-nucleon mass ratio but to arbitrary order in the meson-nucleon coupling constant is 
essentially equivalent to the weak-coupling result obtained from second-order perturbation theory. The u/M 
corrections can be estimated from the ratio of the positive to the negative production cross section. It is 
therefore suggested that the measurement of the S-wave photoproduction of charged mesons may be one 
of the more reliable methods presently available for determining the meson-nucleon coupling constant. As 
the threshold production proceeds entirely through the mediation of negative energy states the connection 
of this result with the possible suppression of nucleon anti-nucleon pairs is discussed. 


I. INTRODUCTION 


T is well known that the matrix element for the 
photoproduction of charged pseudoscalar mesons as 
computed by second-order perturbation theory has a 
finite limit at threshold. The threshold production is, of 
course, S wave, so that in the vicinity of threshold the 
angular distribution of the mesons should be spherically 
symmetric in the center-of-mass system. The angular 
variation observed at about 100 Mev above threshold 
has led to some speculation regarding the behavior of 
the S-wave production which would be predicted by a 
more correct treatment of pseudoscalar meson theory.'* 
Such speculations have been further stimulated by the 
fact that second-order perturbation theory applied to 
the scattering of pseudoscalar-coupled pseudoscalar 
mesons by nucleons predicts a much larger S-wave 
scattering than has been observed.’ It has, in particular, 
been suggested that a large short-range meson-nucleon 
interaction would tend to suppress the S-wave produc- 
tion. It would also yield a much smaller S-wave meson- 
nucleon scattering than indicated by a first Born 
approximation.'* Furthermore, it has been shown that 
the use of a modified propagation function for the 
nucleons leads to a suppression of nucleon pair (i.e., 
negative energy) states. Since both the S-wave photo- 
production and the S-wave meson-nucleon scattering 
arise through the mediation of these states, the use of 
the modified propagation function would suppress both 
effects.® 


* This research was supported by the U. S. Atomic Energy 
Commission and carried out while the authors were Visiting 
Scientists at Brookhaven National Laboratory, Upton, New York, 
during the summer of 1953. 

t National Science Foundation Post-Doctoral Fellow. 

1S. D. Drell and E. M. Henley, fo Rev. 88, 1053 (1952). 


2 J. Steinberger and A. S. Bishop, Phys. Rev. 86, 171 (1952). 

3 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 

‘Bethe, Dyson, Mitra, Ross, Salpeter, Schweber, Sundaresan, 
and Visscher, Phys. Rev. 90, 372 (1953). 

5 Brueckner, Gell-Mann, and Goldberger, Phys. Rev. 90, 476 
(1953). 


We should like to point out first of all that the sup- 
pression of nucleon pair effects cannot be a general 
feature of the theory. The Thomson limit of the Comp- 
ton effect for any Dirac particle arises entirely through 
the mediation of particle anti-particle pairs. It was, in 
fact, just this effect which served to demonstrate the 
essential role of particle pairs in the early days of the 
Dirac electron theory. The Thomson scattering is a 
classical effect and should be independent of any mesor.- 
nucleon interactions (or any other proton structure 
effects). 

The question arises as to whether any similar state- 
ments can be made regarding photomeson production, 
In the next section we shall prove the following theo- 
rem: the matrix element for charged photomeson 
production at threshold, correct to all orders in the 
meson coupling constant, approaches the weak-coupling 
result in the limit of vanishing meson mass, provided 
that the meson coupling constant and nucleon mass are 
replaced by their renormalized values as conventionally 
defined. 

The above stated theorem shows that the suppression 
of pair effects is also ineffective for photomeson pro- 
duction and also raises serious doubts as to whether a 
repulsive S-wave meson-nucleon interaction would, 
within the framework of a relativistic gauge invariant 
conventionally renormalized theory, lead to a suppres- 
sion of S-wave photoproduction. 

Following the proof of the theorem in the next sec- 
tion, we shall discuss, in Sec. III, the possibility of 


5» Ashkin, Simon, and Marshak, Prog. Theoret. Phys. (Japan) 
5, 634 (1950). Koba, Kotani, and Nakai, Prog. Theoret. Phys. 
(Japan) 6, 849 (1951). The renormalized form of the modified 
propagation functions [subsequently written Sp’(p), 4’r(g)] and 
the modified current operators [I’y(p,p’); Qu(q,q')] are deter- 
mined by electrodynamic properties. The definition of the re- 
normalized meson-nucleon interaction operator [I's(p,p’) ] requires 
an additional specification. The condition used in this article is 
given explicitly in reference 10 and agrees with that of the above 
authors in the limit of vanishing meson mass. One may regard 
the theorem simply as a means of providing a physical interpreta- 
tion of the conventional renormalization scheme. 
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determining the meson coupling constant from the 
photomeson production cross section. 

While we have been unable to make any definite 
statements about the suppression of pairs in other 
processes, it is possible in the cases discussed above to 
localize the reappearance of the effects suppressed by 
the modified propagation function. This makes possible 
some discussion of the general question, which appears 
in Sec. IV. 


Il. PROOF OF THE THEOREM 


In order to prove the theorem, we shall first show that 
the complete matrix elements for photoproduction at 
threshold are given, for sufficiently small rest mass of 
the outgoing meson, by the matrix elements of the 
operators ; 


U pt = egA,*(k)o'~ (q) Lim’ (p’) 
pp 


0 
| 's*(p’, ysr'(p)|sew' 


for positive production from protons; 


U p® = egoA,* (k) bo’ (q) L imy’ (p')Sr’"(p') 


0 
x|- Sr’ (p)Ps°(p, seo) |sr-ow' 
Pu 
for neutral production from protons; 


q) Limp’ (p’)S r’"(p) 


pp’ 


Un~=egA,* (k)o’ 


1 Se’ (pr “oro (3) 


for negative production from neutrons.® 

In the foregoing expressions, the operators A,* and 
y’ serve to annihilate the initial photon and nucleon, 
respectively, while ¢’~ and / create in the final meson 
and nucleon. The primes appearing on the various field 
operators imply that they are multiplied by the appro- 
priate renormalization constants. We take p,’=(—k, 
[M?+-k}') and g,=(0,\). The incident and final 
nucleon momenta are taken equal in anticipation of the 
limiting process (A->0) which we are going to perform. 
The interior nucleon momentum, p,, is kept different 
from that of a free nucleon until the end of the calcula- 
tion in order to avoid the appearance of the singu- 
larities in the Sp’ functions. 

The function Sy’ describes the propagation of a 
proton and is supposed to include all reactive correc- 
tions associated with the emission and absorption of 
mesons of mass yu. I's+~(p, p’) is the charged meson- 
nucleon interaction operator while T,°(p, p’) is the 


*Irrelevant constant factors have been omitted from Up", 
Up, and Uyn™. 
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proton-neutral meson interaction operator. These too 
are to include all reactive effects associated with mass 
u mesons. The operation 0/dp, together with the associ- 
ated inverse propagation functions will be shown to 
describe the complete interaction of the photon with 
the proton and with the currents associated with the 
meson-nucleon interaction operator. The interaction of 
the photon with the neutron and with the current of 
the outgoing meson has been omitted in (1) and (3) 
and will be shown separately to vanish in the limit we 
are considering. 

As a first step in establishing (1), (2), and (3) we 
shall justify the omission of the outgoing meson current 
terms. The contribution of the outgoing meson current 
term to, for example, positive photomeson production 
is of the form 


U pt’ =egA + (k)o’~(q)b (p+k—g)lst(p+k—g, p) 


where A,’ is the meson propagation function and Q, is 
the meson current operator, both complete with all 
mesonic corrections. Simply as a consequence of co- 
variance, 0,(q—, g) must have the form 


Ou= qu (q’, q:k)+k,he(q’, q°k). 


However, A,k, vanishes on account of the trans- 
versality of A,, while at threshold A,g,=—Aod which 
vanishes since we take Ay=0. It might be noted that 
this result does not depend upon the assumption of a 
small outgoing meson mass. 

Equations (1), (2), and (3) may now be seen to follow 
quite directly from the identities,’ 


2 OSr(p) 
(2m) 
2 dAr(p) 


One x: = Ap(p)2ip,Ar(p), (6) 
(27)! Opy 


=Sr(p)ywSr(p) (S) 
IP, 


as follows. 

Recalling that Sp’(p)=[1—Sr(p)=*(p) F'Sr(p), we 
see that (5) and (6) imply 

—2 
= (1—Sp2*)"'Sp 

~ (2m)! 


2 dSr’ 
~ (r)! Opy 


OS p > pg 
x| s+ - wea |seca—see*)" 
OPy OPu 


2 o@* 
=Sp [y- 
(2r)* Op, 
where =*(p) is the proper nucleon self-energy operator 


and I’,(p, p) is the nucleon current operator for a zero- 
nee photon. 


C. Ward, Phys. Rev. 78, 182 (1950); Abdus Salam, Phys. 
Rev 79, 910 (1950). 


|sr'=se'r,sy, (7) 
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To see that y,—2(2)“d=*/dp, is in fact equal to 
I',(p, p), we consider a typical constituent of =*(p) 
represented by the Feynman diagram in Fig. 1. Assum- 
ing Sp’(p) to represent the propagation function of a 
proton, it must be possible to follow the proton’s charge 
as it moves through the diagram, traveling along either 
meson lines or nucleon lines. One may choose the mo- 
mentum variables in such a way that the external 
momentum p, appears in each segment of this charge 
carrying line, and nowhere else. Then the effect of the 
operation —2(2r)~40/dp, is, according to (5) and (6), 
simply to insert a photon in any one of the charge- 
carrying segments. The diagram may in addition have 
closed charge-carrying loops. It is, however, easy to see 
that these do not contribute. Thus, in the case of a 
closed charge-carrying loop, one may take as variable 
of integration /,, the momentum common to each seg- 
ment of the loop. The interaction of the photon with 
the loop is then given by —2(2x)~‘0/dl,, which van- 
ishes on integration over /,.* These two observations 
establish Eq. (7). 

We now remark that ',(, ») vanishes for a neutron 
since 2*(p) involves, for a neutron, only closed charge 
bearing loops. Thus the omission of the interaction 
between photon and neutron from (1), (2), and (3) is 
justified. 

Confining our attention now to positive meson pro- 
duction we find, on inserting (7) into (1), 


U*+ = egA,*(k)o’~(q) 
4 


(27) 
Lim] Vp rs P)Sr' (pT u(s PW’ feehet 


ar's*(p’, p) 
WOO “viv (8) 


The first term corresponds to the photon-proton inter- 
action term of second-order perturbation theory, with 
however, the meson-nucleon interaction, the proton 
propagation function, and the proton current all 
modified to include the reactive effects of the meson 





Fic. 1. A Feynman diagram representing a typical constituent 
of 2*(p). The heavy lines are charge-bearing; the broken lines 
represent mesons, the solid lines, nucleons. 


5A similar es has been used by J. C. Ward in an in- 


vestigation of the scattering of light by light (Phys. Rev. 77, 293 


(1949) ]. 
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Fic. 2. A Feynman diagram representing a typical 
constituent of I's(p’, p). 


field. All of the remaining parts of the field reactions 
are included in the 0I;/dp, term which can be dis- 
cussed in the same way as the d2*/dp, terms in Eq. 
(7). In particular (see Fig. 2), 0/0, applied to a specific 
term in the perturbation theory expansion of I's yields 
the sum of all terms arising from the interaction of the 
photon with any segment of the charge-bearing line 
that goes through the corresponding diagram. Again 
the interaction with any closed charge-bearing line 
vanishes. The same argument can be used to estabish 
(2) and (3). 

We now recall some general properties of the quan- 
tities appearing in (1). 


v (p)=Z2(p) ;V (p)=420(p) ; 6 (q) =Zs'6"(q) ; 


Sr’ (pW (p')=Zs'S ve (pw (p’) 
(since we shall let pp’) ; 


V (p')U st (p’, p)Sr' (p)=Z1 Zo (p' ys 
x {Se (p)L1+ (p+ M*) fit (p—p'Pfel+fs}. (9) 


In the above expressions Z;, Z:, and Z; are appro- 
priate renormalization constants written in accordance 
with the conventions established by Dyson.’ We have 
made use of the fact that p*+M?=0 and that $(p’) 
X (iy: p’+M)=0. The quantities fi, fo, and /; are 
functions of p’+M? and (p—p’)*. Since these functions 
are finite at the zeros of their arguments when com- 
puted to any finite order in perturbation theory, we 
shall assume that they have this property generally." 


°F. J. Dyson, Phys. Rev. 75, 1736 (1949). 

Apart from the predictions of perturbation theory, the defini 
tion of charge and mass renormalization require that ¥(p)Sr(p) 
Xz (p)o(p)=0 and Lim (V(p)T'se(p’, PW(P)/W(P’) yh (p)) =1, 

‘+p 


where 2.*(p) and I'.(p’, p) are the renormalized functions. The 
restrictions which these conditions imply on the f functions are 
still sufficient to prove the theorem if one makes use of the fact 
that ¥(p)yvw(p)=0. In Sec. III, however, we shall attempt to 
apply the theorem to the photoproduction of # mesons, and some 
hypothesis as to the form of the 4/M corrections will be necessary. 
As this hypothesis will be based upon perturbation theory, there 
seems little point, at present, in emphasizing the greater generality 
which is availabie. 
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Inserting these expressions in (1), we find 


Upt= egZ, “17,2;5A,* (k)o- (q) 


OS p 0 
x Lim V(P'¥6- —Sr MPH 


M # 
K (Se (p)L (P+ M*) fit (p— p’)?f2]+fs} 
XSr-y(p’)}. (10) 

The first term yields the renormalized second-order 
perturbation theory result while the second term van- 
ishes, thus completing the proof of the theorem. The 
proof for Uy~ is identical. 

A similar discussion applied to neutral meson pro- 
duction yields the result, 


0 
Lim (p)Sr’"() * [Sr (pV s(p, p)Sr’ (p)] 
; xSp'—(p'(p’)=0. (11) 


From this we conclude that the ratio (Up*)/(U pt) 
vanishes in our limit. It is easy to see that the ratio 
(Uy°)/(U p*) also vanishes, since the interaction of the 
photon in the production of neutral mesons from a 
neutron always occurs on a closed charge-bearing loop. 

The proof given above has assumed specifically that 
the meson-nucleon coupling is pseudoscalar. The same 
proof can, however, be carried out formally for pseudo- 
vector coupling, and leads to the same results. The 
theory is, of course, not renormalizable so that the 
functions f, fo, and f; cannot be computed, even in 
perturbation theory. On the other hand, the formal 
advantage of pseudoscalar coupling in this respect may, 
in view of the large coupling constant required, be only 
a superficial one. It might be further remarked that the 
nature of the interior mesons appears in the problem 
only in the properties of the f functions. Thus, if one 
can assume the existence of these functions, the va- 
lidity of the result is unaffected by the coupling of the 
nucleons to, say, heavier bosons or fermions. 

We might note at this point that there are several 
other theorems relating to other processes which can 
be proved in the same way. The most obvious, and also 
the most important of these, would assert that the 
Thomson limit of the Compton effect is independent of 
meson-nucleon couplings. In this case, one has 


U( compton effect) = eA a" (k) Ay (k’) 


: * : OS p’ (p) 
XLimd ()Se'-*(p)—— Sr"), 


ue ’ 


(12) 


from which the result follows immediately on insertion 
of the appropriate expressions." One can also deal with 


4% Our attention has been called to the fact that this method 
has been applied previously to the Compton effect in quantum 
electrodynamics. W. Thirring, Phil. Mag. 41, 1193 (1950). 
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the interaction of neutral scalar mesons by differentiat- 
ing with respect to the nucleon mass instead of a mo- 
mentum, but in view of the lack of practical examples, 
we shall not discuss this application. 

Throughout this section we have made a distinction 
between the mass of the outgoing meson and that of the 
interior meson. One might inquire as to whether the 
theorem is true if one allows the mass of the interior 
mesons to vanish as well. The proof is affected only 
through the behavior of the functions fi, fo, and fs. 
Thus one sets the interior meson mass n=O and in- 
quires about the behavior of fi, f2, and f; at the zeros 
of their arguments. For any finite set of terms from 
perturbation theory one can show that f/f; and f; are 
finite, while f, diverges logarithmically in p’+-M?. 
Assuming this result to be correct for the true functions, 
one can easily see that the proof still holds. 


Ili, APPLICATION TO PHOTOMESON PRODUCTION 


It is interesting to note that, if the meson mass were 
very much smaller than the nucleon mass, then one 
would have in photomeson production an unambiguous 
means of measuring the renormalized meson-nucleon 
interaction constant. The situation would, indeed, be 
quite analogous to the fact that the Thomson scattering 
can be used to determine the charge of a particle irre- 
spective of the complexity of its structure. In the case 
of che x meson, the mass ratio is 0.15, which is not a 
very small number, particularly in view of the fact that 
in the radiative corrections it will appear with the 
meson coupling constant, which one expects to be large. 
In spite of this we shall attempt to construct a plausible 
argument to the effect that the threshold photomeson 
production may yield a reliable measure of the inter- 
action constant. 

If one calculates to a finite order in perturbation 
theory, the square of the threshold matrix element 
summed over nucleon spin, is an expression of the form 


1 
Tp. e* (X= —LF it A/M)Gi4+-A1i(A/M) ], 


kogo 
(13) 


1 
Ty, e-(\) = —[F t+ (A/M)Gi+- 2 (A/M))], 
0Jo 


where F and G are independent of \/M and H(x) goes 
to zero at least as fast as x*In™(x). Ro and go are the 
energies of the photon and meson, respectively. 

The theorem proved in Sec. II shows that F; and F; 
are the second-order perturbation theory results for a 
zero-mass meson. From a direct calculation one then 
finds F\= F.. 

If H, and H; do not dominate the matrix elements 7, 
G, and G, can be estimated from photoproduction ex- 
periments near threshold. To show this we first prove 
that 


G,/F = —G2/F:, (14) 
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ie., Tp2*(A)=Ty,e-(—X) to terms in \/M. The ex- 
pression for 7p, ,* is obtained by evaluating 


DX |p, Po; k, ko| Ur*| p+ k—q, pot ko—qo; @, qo)|? 


spins 


1 
=——-D(p-k, p-qg,k-q) (15) 
kogo 


at threshold in the center-of-mass system, so that 
Tp, +* -_ > |(—k, po; k,d 
spin 
+M— po| Up*t|0, M;0,d)|? (16) 


with po= (k?+M")!. We now note that the production 
of negative mesons from neutrons can also be expressed 
in terms of Up+ (as well as in terms of Uy~ as was 
done in Sec. II). Thus 


Ty,2-= 1 | (0, M; k, -QA+M— po) 
spin 
X|Urt|—k, p0o;0,—d)|?. (17) 
On evaluating p-k, p-qg, and k-g at threshold, we find 
? Na 


1 
Trv=—o(-In——, i See, 


If one now compares the arguments of ® appearing in 
(18a) with those appearing in (18b) it is evident that 
the terms linear in A appear with opposite signs. 
Therefore G,;=G, and 
1 
T pt t+Tw, 2 = —[2F+ Hi (\/M)+H2(A/M)]. (19) 
kogo 

An estimate of the significance of H;,2 comes from an 
analysis of experiments on the photoproduction of 2° 
mesons from protons. These show almost no S-wave 
production even very close to threshold. At threshold 
the matrix element for x production was shown in 
Sec. II to vanish (relative to that for r+ production) 
if the \ mass was taken to be zero. 

More specifically, 


1 
T p, (A) = ——H;(A/M), 
kogo 
where H,, Hs, and H; are expected to be of comparable 


magnitude with similar \/M behavior near threshold. 
The small experimental value" of T,p,,° next to Tp, ,* 


(20) 


1 For 45-Mev mesons at 90° in the laboratory system, o(7+p-> 
©) /a(y+p—2*)~0.2. A Silverman and M. Stearns, Phys. Rev. 
88, 1225 (1952); J. Steinberger and A. S. Bishop, Phys. Rev. 86, 
171 (1952). Below 45 Mev, o(y+p—#°)/a(y+ prt) ~(E,/45 
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then implies that 
Hs,2.3\KF+ (u/M)G,. (21) 


Neglecting H, F>|(u/M)G| since both Tp,,* and 
Ty,e- are positive. The precise magnitude of G would 
follow from a knowledge of y+P->9rt/y+N—9™ ex- 
actly at threshold. 

Measurements of the a~/x* ratio from deuterium 
have been made at various angles with meson energies 
between 34 and 128 Mev." The mean ratio is 1.07+0.7 
with no significant energy variation. If this ratio re- 
mains about one down to threshold the (4/M)G cor- 
rection is unimportant. There is evidence that the * 
production is almost all S wave below 40 Mev; these 
data are also consistent with a constant matrix element. 
If the e~ production is similar in these respects, then 
| (u/M)G| is certainly much smaller than 7. 

At present, the limiting factor in finding g*/4x from 
the near threshold cross section are the uncertainties 
in the low-energy y+P—>r+ measurements. In the 
region below 40 Mev, a best fit to the observed cross 
section obtains for g’/44%~25 with pseudoscalar coupling 
and g’*/4r~0.19 with pseudovector coupling.” The 
statistics of the observations and the present uncer- 
tainty in y-ray beam calibration would permit a change 
of up to 50 percent in these coupling constants. 


IV. ON THE SUPPRESSION OF NUCLEON PAIR 
EFFECTS 

We shall now examine in some detail the way in 
which the pair suppression argument® breaks down in 
the photomeson production. This argument is based on 
a discussion of the properties of the renormalized nu- 
cleon propagation function, Sp’(p). In particular, one 
may write 


Spe (p)=(1—Sp(p)Be*(p))"S r(p). (22) 


2.*(p) is the proper, renormalized, self-energy operator 
and may be taken to have the form" 


(2m)* p’+ M* 
z.*(p) = —- i p+ a) ——— fle M*) 
1 


PEE nea] (33) 
eM aS a 


Mev) X0.2. Goldschmidt-Clermont, Osborne, and Scott, Phys. 
Rev. 89, 329 (1953); Janes, Kraushaar, Osborne, and Parker 
(unpublished). We are grateful to Professor B. T. Feld for com- 
municating these results to us in advance of publication. The 
observed #° angular distribution indicates almost no S-wave pro- 
duction which alone is a measure of H;(u/M). Therefore it ap- 
pears that H;(u/M) is indeed quite negligible. 

” White, Jacobson, and Schulz, Phys. Rev. 88, 836 (1952); 
R. M. Littauer and D. Walker, Phys. Rev. 82, 746 (1951). 

8 Janes ef al., reference 11. Goldschmidt-Clermont, Osborne, 
and Winston (unpublished). We are again grateful to Professor 
Feld for communicating these data. 

“ The functions f/; appearing in Eqs. (23)...(27) are different 
from those appearing in (9), (10), as well as from those appearing 
in (28), (29). They are used simply to indicate certain general 
features of the functional dependence of the expressions on the 
left. 
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which yields 


P+M*? = ty p+ as 
Sy,/= (1+ fi+— ts) Sr(p). (24) 
M? 2M 
One may now consider the properties of Sp,’ for mo- 
menta nearly satisfying ~’+M?=0, in which case 


iy: p+M ' 
Sr'm[ 1+ = 110] Sp. 
2M 


Now if f2(0)>>1 as might be the case for a theory with 
a large coupling constant, the insertion of this function 
into a perturbation theory result in place of Sy tends 
to suppress those parts of the interaction which proceed 
by intermediate pairs. The large S-wave photoproduc- 
tion arises through the fact that the ys associated with 
the meson emission produces a pair which is later 
annihilated by absorption of the photon through y- A. 
The use of Sp’ reduces this process by a factor 
(1+-/2(0) }. 

On the other hand, our theorem shows that such a 
suppression cannot take place and, in fact, indicates 
that the cancellation of the effect arises from the modi- 
fied interaction of the photon with the nucleon. To see 
this in detail, we recall that 


(25) 


7 BP > -P« 
TyelP, p) - Yu 


(2r)* Op, 


p+ M 
xf Ve ti 


(26) 


fr). 
Again assuming that ~’+M*=0 and that we shall 
multiply ',(p, p) on the left by Y(p), we have effectively 


gokt fs] 
uw 


iy: p+M 


2M 


1 @ (= 


+ (iy: p+M)- eee 
i Op M? 


sep, p)= [1 100] (27) 
uc p, Pp aes! 2M 2 ’ / 


so that the cancellation of the suppression is evident. 
If one chooses to regard the effect of Sp’ on meson- 
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nucleon scattering as a manifestation of a strong re- 
pulsive S-state interaction, then it would appear that 
there are large currents associated with the interaction 
which serve to restore the interaction with the photon. 
One may now inquire as to the validity of the pair 
suppression in meson-nucleon scattering or in the 
nuclear force problem. While we cannot make definite 
statements in this case, it is clear, for example, that the 
general form of the meson-nucleon interaction operator 
is 


's(p’, p)=veL1+ (p—p')*fit (P+ M") fot (pr+M?) fs] 
, Meet nrt+ip 


M? 
(iy: p'+M) (iy: p+M) 
+- Ae —— fe, 


—¥fstys = 
2M 2M 


4 


(28) 


where the functions /;, ---, /¢ are functions of P?+M?, 
P?+-M", (p—p’)*. Considering again the case that 
these quantities are all small, I; becomes 


yf’ +M)ys(iv- p+) 
Ps(p’, p)=—_—— — 
4M? 


4 


(iy-p'+M) (iy: p+M) 
 ataaaseaaer: Vefst¥s- ae 1. AL 
2M 2M 


(29) 


One might again expect /,, fs, fe>>1 for a large coupling 


constant. It is thus apparent that the appearance of 
large pair-enhancing terms in I’, is as likely as the 
appearance of pair-suppressing terms in Sp’. While this 
is, of course, far from a complete discussion of mesonic 
corrections to such processes, it does suggest that, 
within the structure of the theory, there is no clear-cut 
evidence for the suppression of intermediate nucleon 
pairs. 
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In relativistic field mechanics one ordinarily introduces the time derivative of a field component as its 
velocity and the partial derivative of the Lagrangian density with respect to the velocity as its canonically 
conjugate momentum. In order to treat the time and space equivalently, Born and Weyl] once treated the 
four space-time derivatives of a field component as four velocities and introduced the four partial derivatives 
of the Lagrangian density with respect to the velocities as four momenta. In the present paper this idea is 
carried further in order to introduce the generalizations of the point-mechanics ideas of Hamiltonian 
equations, Lagrange brackets, Poisson brackets, and integrals of motion. 





I. INTRODUCTION 


HE electrodynamics of Schwinger,' Feynman,’ and 
Dyson* has been very successful, especially in 
interpreting the Lamb-Retherford shift‘ and the 
anomalous magnetic moment of the electron.*:® In this 
electrodynamics the idea of covariance with respect to 
Lorentz transformations is specially emphasized, for the 
success of the theory depends on expressing the theory 
in a covariant fashion. Accordingly there is an incentive 
for constructing a field theory in which the time coor- 
dinate is treated entirely equivalently to the space coor- 
dinates so that the equations can be written in an even 
more obviously covariant form at every step of the 
development. The problem has been studied by Born’ 
and by Wey1;$ this paper is an attempt to extend some 
of their ideas. 

If one follows Heisenberg and Pauli,’ the mechanics 
of fields is ordinarily built up by comparison with the 
classical mechanics of point particles and rigid bodies. 
Starting from a given Lagrangian density which is a 
function of the field amplitudes and their four space- 
time derivatives, one uses the theory of functionals in 
such a way that the amplitudes of the field at the 
various points in space are analogous to different 
degrees of freedom. The partial derivatives of the ampli- 
tudes with respect to the time are called the velocities, 
and the partial derivatives of the Lagrangian density 
with respect to the velocities are called the momenta. 
In this way a momentum is defined for each component 
of the field, and a Hamiltonian mechanics for the field 
may be set up, still in parallel with classical mechanics. 
In contrast to this, Born and Wey] treat the four partial 
derivatives of a component of the field with respect to 
space and time as four independent velocities. Conse- 


* Now at Department of Physics, The Pennsylvania State Uni- 
versity, State College, Pennsylvania. 

1 J. Schwinger, Phys. Rev. 76, 790 (1949). 

?R. P. Feynman, Phys. Rev. 76, 769 (1949). 

3F, J. Dyson, Phys. Rev. 75, 1736 (1949). 

‘E. E. Salpeter, Phys. Rev. 89, 92 (1953). 

5 R. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 

5 Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 

7M. Born, Proc. Roy. Soc. (London) A143, 410 (1934). 

8H. Weyl, Phys. Rev. 46, 505 (1934). [See also H. Weyl, Ann. 
Math. 36, 607 (1935). ] 

9 W. Heisenberg and W. Pauli, Z. Physik 56, 1 (1929). 


quently for each component of the field they introduce 
four momenta, defined as the partial derivatives of the 
Lagrangian density with respect to the various veloci- 
ties. The advantage of this point of view is that the 
momentum canonically conjugate to the field is a 
covariant quantity, for if the field is a tensor with 
independent components, the momentum is a tensor 
of one higher rank, and if the field variable is a four- 
component Dirac function, the momentum transforms 
like the gradient of the adjoint function. In what 
follows, the Born and Weyl point of view is used; the 
object of the paper is to see how the classical ideas of 
Hamiltonian equations, Lagrange brackets, Poisson 
brackets, and integrals of motion carry over into this 
different point of view. 

As is shown in detail below, the starting point dis- 
cussed above leads naturally into a generalization of 
Hamiltonian mechanics in which the four space-time 
coordinates together take the place that the time alone 
takes in Hamiltonian mechanics, and the number of 
components of the field takes the place of the number 
of degrees of freedom. Many of the classical ideas can 
be carried directly into this field mechanics; others have 
a limited parallel. In particular, one can set up a 
generalization of the Hamiltonian equations and study 
in detail the transformations which leave their form 
unchanged. The most general such canonical trans- 
formation is found to be a transformation in which the 
new coordinates used to describe the field are functions 
of the old coordinates, independent of the momenta. 
The generalized Lagrange and Poisson brackets are 
found to be vector operations which are in a limited 
sense reciprocal. For every infinitesimal canonical 
transformation which leaves the functional form of the 
Hamiltonian unchanged, there is a vector function 
which has zero divergence and which, if it does not 
explicitly depend on the spacetime, has a zero Poisson 
bracket with the Hamiltonian. This property is in close 
parallel with point mechanics, but the converse of the 
theorem, which is also true in point mechanics, does not 
hold in this field mechanics. 

This work is perhaps interesting because it shows a 
generalization of classical mechanics which might not 
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have been anticipated. There is also the possibility that 
it might lead to some new ideas about field quantization. 


Il. THE HAMILTONIAN EQUATIONS 


The usual way to discuss a field with amplitudes 
qi(%a),” given the Lagrangian density function 


L (qi, dq;/dxa, xg), 


is to introduce a Lagrangian by 
Li)= f Ld*x, (1) 


the space integration corresponding to a sum over the 
degrees of freedom. Then the variational principle, 


(2) 


) f Ld‘x=0, (3) 


(where the field amplitudes are to be varied arbitrarily 
within the integration region but kept fixed on the 
boundary) gives the equations of motion, which are 
written in either of the forms 
i 28> 6 
an mvs (), (4) 
dt 5(dq./dt) 5qi 
d OL OL 
~~~ -.—--— = 0, (5) 
di, 9(dqi/dx.) 0g: 


In Eq. (4), the 6 indicates the functional or variational 
derivative. Following the correspondence with point 
mechanics, which is clearly visible in Eqs. (2) and (4), 
one ordinarily introduces momenta by 


bL OL 


-——_=__- (6) 
i(dqs/dt) a(dqs/dt) 


and proceeds to build up a field Hamiltonian mechanics 
which differs from the point mechanics only in having 
integrals replacing certain sums over degrees of freedom. 

In adopting the point of view of Born and Weyl, one 
remarks that in point mechanics the problem is to find 
certain functions of the time q;(¢), whereas in field 
mechanics the problem is to find certain functions of 
space and time q;(x_). Consequently, given 

L (qi, dqj/d%a, Xp), 

one postulates Eq. (3) directly. This approach of course 


produces the same equations of motion, Eq. (5), but it 
leads to the introduction of four momenta for each 


or equivalently 


” Greek indices will be used to correspond to the four space- 
time coordinates x), ¥2, x3, x4 = ict. Roman indices will correspond 
to the components of the field so that i=1 for a scalar field, i= 1 
to 4 for a vector field, etc. Indices appearing twice in a roduct 
are to be summed. The 8 symbol will be used for partial differen- 
tiation when the field components, the velocities or momenta, 
and the space-time coordinates are taken as independent variables. 
The symbol d/dxq will indicate the gradient operator when only 
the space-time coordinates are taken to be independent. 


Ri HS GOOD, 


JR! 


field amplitude :"' 

OL (7) 

Pia= a TIBI a . 7 
(dq ;/dxq) 

To conform with this point of view, in what follows, 
L will be called the Lagrangian and other quantities 
which arise will be named the same as their point- 
mechanical analogues. It is easily verified that if, under 
a Lorentz transformation of the coordinates, 


Xa‘ = Gaps, 

the field components transform according to 
qi (x) = bisq;(x) (9) 
qi(x) = (0) 5:9 (#’), (10) 


then, assuming the Lagrangian is a scalar and the com- 
ponents of the field are independent, 

Pia (x’) = (b-) ; app a(x). (11) 
From this one sees that, if the field is a tensor, the 
momentum is a tensor of one higher rank. Also if the 
qi(%a) form a four-component Dirac function, then the 
adjoint function transforms according to” 


qi" (x) = (b+) 1954 (x), (12) 


(time-reversal will not be considered), and the mo- 
mentum transforms like the gradient of the adjoint of 
qi(%a). 

The Hamiltonian equations are found from the 
Lagrangian equations, Eq. (5), and the definition of 
the momenta, Eq. (7), with the use of the techniques of 
partial differentiation. One must assume that Eq. (7) 
can be solved for the velocities in terms of the momenta 
and coordinates (this cannot be done with first-order 
field equations), and then the general procedure is to 
eliminate the velocities in favor of the momenta. One 
finds that 


OL 


DP ialap ~ @(dgs/dzs) le dq/dz 
8 (dq;/ dxp) 


Oia 
dq 0 we) 
- OP ia 


Gaptay=5gy, (8) 


and 


OL 


d 0 (dq;/ xg) 
op ia @P 


= Dis— 


(13) 


? 


dX dx 


OL OL OL | 


bat 


99 i\a.p 0g; q, dq/dz 8 (dq j/dxg) | q, aqiaz 


dP ia 0 (dqi/ dxp)| 
ee + pis 
aq, 


dX 


dP ia re] dq; 
9 +—(re—) 
dxq 99; dxg/ \a,p 


4 Momenta corresponding to the space derivatives of the field 
components have ~_* been considered by Satosi Watanabe, 
Progr. Theoret. Phys. Japan 2, 71 (1947). 

2 W. Pauli, Revs. Mo ern Phys. 13, 220 (1941). 


0 (dq ;/dxg) | 
0g; 


ee 


(14) 
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Accordingly the Hamiltonian will be defined by 
H(q, p, x)= pisdq;/dxg— L, 
so that the equations of motion are 
dq i/dxa= 9H /8P ia, (16) 
— dp ia/dx%q_q= 0H /9q;. (17) 


Evidently the Hamiltonian is a scalar. These equations 
reduce to the equations of point mechanics when the 
Greek indices range over only one value. The above 
argument shows that Eqs. (16) and (17) are necessary 
for Eqs. (5) and (7); it is easily verified that they are 
also sufficient. Equation (16) above is Weyl’s Eq. (10), 
and Eq. (17) above is equivalent to Weyl’s Eq. (9)." 


(15) 


Ill. CANONICAL TRANSFORMATIONS 


By a canonical transformation is meant a trans- 
formation 
, , 
qi =i (P, 9, x), 


Pia’ = Pia (p,q; X), 

for some new Hamiltonian function 

dq; /d%a=OH'/ dP ia’, (19) 

= dp ia’ /dxq= 0H’/dq;'. (20) 

In this field mechanics the only canonical transforma- 

tions are point transformations of the type 
qi’ =4i'(q, *), 


dq | fa 
~—— Die +—= Pia; 
qi oq; 


(18) 


such that, 
H'(7, p’, x), 


(21) 
(22) 


aq; re] a 
Him Hp peel, 


OXa OX 


(23) 


where gq,’ and f, are functions of the g; and 2, alone. 
[Presumably Eq. (22) will be solvable for the primed 
momenta in terms of the unprimed coordinates and 
momenta. ] To see this, one observes that the existence 
of a canonical transformation implies that the varia- 
tional principle, 


of (r.*—1)a0=0, 


transforms into 


dq; 
6 f (a ate 0. 
dX 


The difference between the integrands will then be the 
divergence of some vector, say E,: 
dq; 4d 
Pie—— H— Pia 
dx d. 
8 Reference 8, p. 507. 


(24) 


(25) 


(26) 
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One may regard this equation as an identity among the 
unprimed coordinates and primed momenta; in that 
case it may be written as 


dq; Apia’ dE, d 
Pia——H+q———+ H’ = —+—(qi'Pie) 
Le La dte . tha 


d . 
= Pld p’, x), (27) 


aXa 


where F, is some definite vector function. From this it 


follows that 
(28) 


(29) 
(30) 


OF ,/dp s= 5 api y 
OF ,/0q:= Pia, 
OF ,/dx.= H'—H. 


Equation (28) implies that F, depends on no other 
momenta than the p,q’ and that furthermore it depends 
only linearly on those, so that in general 


Fa=ri(q, X)Pia + fa(Q, *). (31) 


One sees then that the r; are only the new coordinates 
and that Eqs. (28), (29), and (30) reduce to Eqs. (21), 
(22), and (23). Thus fur a canonical transformation 
the new coordinates can depend only on the old coor- 
dinates and the x,. This is different from point me- 
chanics where, in a canonical transformation, the new 
coordinates may also depend on the old momenta. As 
specializations of the above results, the generating 
vector F,=Qipia gives the identity transformation, 
and an infinitesimal canonical transformation with 
generating vector G.(q, p, x)=5;(q, x) Piatga(q, x) and 
smallness parameter ¢ is given by 


Fa= if ia’ +Ga(q, p',X)=GiPia +(SiPia +h), (32) 


(33) 


€ 0Ga 
69:= 4: Eee e see (9, p, x)= €Si, 


ta 


0Ga 
5p ia= Pia — Pia= —e—(q, p, x) 
04; 
Os; oT 
=a=-6¢ —“but—), (34) 
0g 0g; 
0Ga Os; Wa 
6H = H'—H=e—(q, p, = (pict = 


Se Le OXe 


(35) 


IV. LAGRANGE AND POISSON BRACKETS 


When the notions of Lagrange and Poisson brackets 
are discussed, one must think of a set of independent 
functions of the coordinates and momenta which are 
not necessarily a new set of canonical variables. In case 
there are n components of the field, there are altogether 
5n coordinates and momenta; let ur(q, p, x), T=1, 
2, -*:Sm, represent the independent functions of the 
coordinates and momenta. With respect to a certain 





242 


set of coordinates and momenta, the Lagrange bracket 
between any two functions will be defined by 
0g; OP ia 0g: OP ia 
(064, 6g) {f9 8 ee, 
Ou, Oup Cup Ou, 


(36) 


where the rest of the u’s are to be held constant during 
each partial differentiation. One is led to this particular 
generalization of the point-mechanical definition by 
considering canonical transformations which are inde- 
pendent of the x, so that the new Hamiltonian is equal 
to the old. In this case one may easily transform from 
the unprimed variables to the primed by multiplying 
Eq. (16) by Op ia/Op js’, Eq. (17) by 8q;/dpj9' and adding 
to obtain 

dqe dpey 

(qe, Pip’ }a%?— + { Per’, Pis'}at” 

dxa P eee 
and also by multiplying Eq. (16) by 0pia/dq;', Eq. 
(17) by 0q;/0q; and adding to obtain 


OH ‘ 


dps’ OH’ 
+{ pis’, gi Fa" re —m——, (38) 


, 


dq, 
, , @.D 
{qe s 9s Jat? 
dxq Ya 9G; 
Consequently sufficient conditions for a canonical 
transformation are that 


{ Pry’; Pip Jat?= {q’, qi Jat” =0, 
{qe', D8’ }a?= 5 jrdap. 


Using Eqs. (21) and (22), one can easily verify that 
these conditions are also necessary, whether the trans- 
formation depends on the xq explicitly or not. As a 
further justification for the above definition of Lagrange 
bracket, Eq. (36), it can be shown that these quantities 
are canonical invariants in the sense that they have 
the same value no matter what set of canonical variables 
are used to calculate them. One proves this easily by 


writing 

8q: OPia £9: Og; Agi Apia’ 
(Eee) 
" (*s- Age’ 


(39) 
(40) 


Ou, OuUp aq; Ou, 


DP ia *) 
Aq.’ Oup OPry’ 


so that 

Oq;' Aq 

{ua, Up)a””={(9; 5% ya’? tat 
Ou, OUR 


0 
+{q; » Pry yg She. 


Ou, OUp 


Ogu’ OP i,’ 
+ (Pin's Gh'}at? — — 
OuUp Oud 
A . Oper’ Opis’ 
+ { Pis » Pry Jat? 
Up OUA 


= {ta, tp} a*”’ p’ 


R. H. GOOD, 


JR. 


where Eqs. (39) and (40) were used in the last step. In 
view of this fact the superscripts on the brackets will be 
omitted below. 

The Poisson bracket between any two functions u4 
and “g, with respect to a certain set of coordinates and 
momenta, will be defined by 


Ou, OUp 1 OUB dua 
(ua, UB)at'?= oa 
09: OPia 4 99; OPia 


(43) 


With this definition the Poisson and Lagrange brackets 
are, in a sense, reciprocal: 


{ta, Up}a(Ua, Ura?” 
09: OPia 99: OPia fOUA Our 1 Our Ou, 
ss (= up dup dus \ 8q; OPja 4.89; eS, 
0g; Our 


—— ——=dpr. 
Oup 0g; 


_ Pia Our 
(44) 
Oup IP ia 


Although in general these Poisson brackets are not 
canonical invariants, certain special cases of them do 
happen to be invariants. By thinking of the u4 as 
expressed in terms of the primed coordinates and 
momenta, one finds that 


Ou, OUp 
(4a, UB) at? = (;', 9k )at’”— — 
dq; Ogu’ 


ous Oup OuUp dua 
+ (45) Pay’ Jot?— + (b's gH’)? —— 
qj OPey’ Ogx’ Op ia’ 


OuUp ous 
+ ( pis’ ’ Pry \ Qt ‘Pp ——__ —____ 
Pky’ Opis’ 


Also for a canonical transformation one finds, either 
directly from Eqs. (21) and (22) or by specializing Eq. 
(44) to the case when the u,4 are the primed coordinates 
and momenta, that 


(45) 


(46) 
(47) 
(48) 
(49) 


(9;', Qk Ja”? =0, 
(93, Pry at” =5 dar; 
(Dias Jk at? = —5jx, 

(Pia Pry a 


Therefore, in the special case when u,4 is independent 
of the momenta, say u4=0(q, x), 
Ov dup 
(0, 4p) a"? =—— ——= (0, Up)a?'”’ 
0q;' OPja’ 
Another special case is when four of the u4, say Wa, 
depend on no other momenta than the piq and are 
linear in those, so that 


Wa / OP is= 


1P=(), 


(50) 


15.ap0W,/OP ix. (51) 
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Then one sees from Eqs. (45) to (49) that 


OW OUR 
(Wa, Up)at?= (q;’, gk dat” oom 
dq; Ogx" 


Wa OUR 
+ (qi’, Pry at” pe A See 
0q; OPky 


i OUR OwWg 
+4 (Pia » Wk Dafoe a ? 
OF: OP ja 


f dup AWs 
+} (Pia ’ Pry’ )at? Sore. res Aga (Wa, Up)’, 
OPey OP is 


(52) 


In these two special cases, then, the Poisson brackets 
are invariants, and the superscripts may be omitted. 
These two special types of Poisson brackets correspond 
to partial differentiation with respect to momenta and 
coordinates, for it is easily seen that 


OK/OP ia= (qi, K)ay 
0K/0qi:= 129) (Pia; K)a; 


(53) 
(54) 


where K(q, p, x) is any function. One can then write 
the Hamiltonian equations, Eqs. (16) and (17), in the 


form 
dq i/dxa= (qi, Ha, 


dp ia/dXa= (Pia, H)q. 


In fact, for the two special types of function introduced 
above, 


(55) 


(56) 


dv/dxa= (v, H)g+00/dxXq, 
dwa/dxta= (Wa, H) at Wa/OXa. 


(57) 
(58) 
V. INTEGRALS OF MOTION 


In the mechanics of point particles and rigid bodies, 
one is concerned with functions of the time q;(¢) and 
one calls a function G(q, p, ¢) an integral of the motion if 


(D/Dt)G(q(t), p(t), )=9, (59) 


where the symbol D is used to indicate total differenti- 
ation with respect to the only argument. In the 
mechanics of fields one is concerned with functions of 
the space-time q;(x.) and, as a generalization of the 
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point-mechanical idea, a function Gag...(g, p, x) will 
be called an integral of the motion if 


(d/dxq)Gag...(q(x), p(x), x)=0. (60) 


This generalization is appropriate in view of the well- 
known theorem that if Gag... is a covariant quantity 
which satisfies Eq. (60) and which is zero except in a 
region of space near the origin, then 


Gs... (t) = f Gy...x 
all 


space 


(61) 


is a covariant quantity of one lower rank, and further- 
more 


(D/Dt)Gs...(t) =0. (62) 


In this field mechanics, in parallel with point mechanics, 
if the functional dependence of the Hamiltonian on its 
arguments is unchanged during an infinitesimal contact 
transformation, then the generating vector of the trans- 
formation is an integral of the motion. One sees this 
easily by noting that, when the Hamiltonian is in this 
sense invariant, then to first order 


OH 0H 
6H = H(q', p’, x)—-H(q, p, x)= “ —8P iat —89 i. 


ia qi 


(63) 


Next, using Eqs. (33), (34), and (35) to rewrite this 
in terms of the generating vector, one finds that 


0H 8G, ¢€0H AG, 
= —€(Ga, Ha. 


(64) 


e— 
OP ia 0g: 4 0q; OP ia 


Finally, since Ga(q, p, x)=5i(q, X)Piat£a(q, X), one can 
apply Eq. (58) with the result that 


dG. 0Ga 
= (G,, H)a+—=0. 
OX 


(65) 
dX 


The converse theorem of point mechanics, that each 
integral of the motion is the generator of a canonical 
transformation which leaves the functional form of the 
Hamiltonian unchanged, does not apply here since only 
generating vectors which give point transformations 
are allowed. 
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Viscosity of Gaseous He’ and He‘ between 
1.3°K and 4.2°K 
E. W. Becker AND R, MISENTA 
Physics Institute, University of Marburg, Marburg/Lahn, Germany 
AND 
F, SCHMEISSNER 


Institute for Low Temperature Physics, Herrsching n. Miinich, Germany 
(Received November 17, 1953) 


E have recently shown! that the symmetry effects calcu- 
lated by Halpern and Gwathmey* which should occur 
with the gaskinetic collisions of ortho-para-H, and ortho-para-D, 
cannot be observed with even an approximately right order of 
magnitude. The reliability of the calculations, however, is not 
very high, because they are based on the hard-elastic-sphere model 
which is not suitable for the nonspherical potential of H; and Dz. 
Halpern’ has therefore suggested that the influence of the statistics 
on the gaskinetic cross sections be reinvestigated by measuring 
the viscosity-difference of gaseous He* and He‘ at very low tem- 
peratures, In the case of He no difficulties with respect to the 
potential are to be expected, Since He® obeys Fermi statistics 
while He‘ obeys Bose statistics, the viscosity of gaseous He’ 
should appreciably exceed the viscosity of He‘ at low temperatures. 
Somewhat later, de Boer and Cohen‘ have explicitly calculated 
the temperature-dependence of the viscosities between 0 and 5°K 
using a Lennard-Jones potential of the form 4¢[ (¢/r)*— (a/r)*]. 
To investigate the extremely small viscosities, we have de- 
veloped a measuring device based on the principle of the oscillating 
cylinder. The amplitudes of the oscillations are recorded by 
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Fic. 1. The temperature dependence of the viscosity coefficient 9 (micro- 
poise) of gaseous He* and Het, Circles and crosses represent the experi- 
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3. 2, Concentration dependence of the viscosity coefficient 9 (micropoise) 
ra gaseous He?-He* mixtures at temperatures 4.15°K and 2.64°K. 


high-frequency circuits using a change in capacity connected 
with the oscillation. At 4.2°K the relaxation time of the oscillating 
system filled with Het amounts to 2.7 min while it exceeds 3 hr 
with the highest obtainable vacuum. The period of the oscillating 
cylinder is 1.3 sec. At a viscosity of 5 micropoise the accuracy of 
the measurements was better than +1 percent. 

The viscosities of pure He* and He‘ were measured between 
1.3° and 4,2°K (Fig. 1). The results for pure He* agree perfectly 
with the calculations of de Boer and Cohen. For He? the figure 
shows a small deviation between theory and experiment at low 
temperatures. In any case, we may presume that the results 
obtained confirm the predicted symmetry effect of the helium 
isotopes. 

Furthermore, the concentration dependence of the viscosity of 
gaseous He*— He‘ mixtures was determined at 4.2° and 2.6°K as 
shown in Fig. 2. The absolute values of » are derived from the 
well-known viscosity of He‘ at 77.3°K (83.68 micropoise).5 The 
pure He’ was supplied by the U. S. Atomic Energy Commission. 
Details will be published in the Zeitschrift fiir Physik. 

1E, W. Becker and O, Stehl, Phys. Rev. 87, 525 (1952); Z. Physik 133, 
615 (1952); Becker, Misenta, and Stehl, Phys. Rev. 91, 414 (1953); 
Z. Physik (to be published). 

20. Halpern and E. Gwathmey, Phys. Rev. 52, 944 (1937). 

10. Halpern, Phys. Rev. 82, 561 (1951). 

4J. de Boer and E. G. D. Cohen, Physica 17, 993 (1951). 


5 W. H. Keesom, Helium (Elsevier Publishing Company, Amsterdam, 
1942), p. 107. 


F-Center Wave Functions in Alkali Halides* 


D, L. Dexter 
Institute of Optics, University of Rochester, Rochester, New York 
(Received November 11, 1953) 


N recent publications'~* Hutchison, Kittel, and co-workers 

have presented important new information based on para- 
magnetic resonance absorption measurements capable of giving 
insight into the charge distributions of F-center electrons in KCl. 
From the measured! shift in the g factor, —0,007, Kahn and 
Kittel? have shown that the spin of the F-center electron is 
strongly coupled with orbital angular momentum; if its wave 
function is written as an atomic function, they have concluded, 
it must be of almost pure g character (/=4) to explain the shift 
in the splitting factor. Seitz has presented arguments,’ based on 
the inclusion of the interaction of the electron with its surround- 
ings, to show that a ground state described by about half s-like 
and half g-like behavior is a reasonable one. Secondly, Kittel et al. 
have shown the width of the resonance absorption peak, 56 
oersteds in KCl, to be a result of hyperfine interactions of the 
electron with the nuclear magnetic moments of the neighboring 
ions. Knowledge of these breadths and of the magnetic moments 
involved in samples of KCl containing two isotopes of K has 
enabled them to calculate the probability density of the F-center 
electron at the surrounding nuclei.‘ From these two results Kittel 
and co-workers have concluded that the natural model for the 
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F-center wave function is that corresponding to a linear combina- 
tion of atomic orbitals (LCAQ) centered on the 6 positive ions 
closest to the negative-ion vacancy. In the present note the writer 
wishes to show that their experiments are also consistent with the 
common alternative model of the F center, based on a radial 
field directed at the negative-ion vacancy, when the model is 
properly applied. 

In the molecular orbital model’ (LCAO) preferred by Kittel 
and associates, the ground-state wave function is written as 
v=6-12;~(r—R,), where the R; are the coordinates of the 
6 nearest alkali ions, and where the small effects on the normaliza- 
tion because of overlapping of ¥(r—R;) with ¥(r— Rg) are neg- 
lected. In KCl the ¥’s must be very similar to 4s functions in 
free K atoms ¢,, so that the probability density at one of the K 
nuclei is about 4! ¢(0)|*. Hartree wave functions including 
exchange® for neutral K give for this quantity the value 0.76X 10" 
cm~*, which is to be compared with the value 0.7010" cm™ 
obtained’ from experiment. (Some idea of the dependence of this 
quantity on the valence state, and hence on the environment, 
is found from the Hartree® value of 0.37 X 10% cm~ for one of the 
4s electrons in the K~ ion. An indication of the accuracy of the 
Hartree calculations of }| g«,(0) |? is given by the corresponding 
value 1.310% cm~* found by atomic beam experiments.’) Thus 
the LCAO model seems quite capable of explaining the observed 
probability densities at the K nuclei, in agreement with the con- 
clusions of the previous workers, although in this simple form it 
predicts nothing about the density at the nearest Cl ions em- 
pirically found to be 0.12 10" cm, 

Another type of wave function has been worked out by Tibbs,’ 
Simpson,’ and others, based on a central potential which is 
Coulomb-like at large distances and constant at small distances. 
These solutions f(|r|) are very similar to the ground-state func- 
tion of the hydrogen atom with an equivalent Bohr radius of 3ao. 
As discussed by Tibbs* and Dexter,”® the central potential is a 
perturbation on the regular periodic lattice potential, and the 
complete wave function is approximately equal to ¥=f(|r])g(r), 
where g(r) is constant at small r and is a function with the 
periodicity of the lattice at larger r, where it becomes equal to 
the lowest energy wave function of an additional electron intro- 
duced into the conduction band wo(r). A function of the form 
W=fg, according to the arguments of Kittel** and Seitz,‘ is 
capable of explaining the observed shift in the g factor. The func- 
tion g(r) is clearly required to take account of the violent oscilla- 
tions of the wave function near each nucleus, where it experiences 
a powerful electric field. For some practical purposes g(r) may 
be ignored,” as is the case, for example, if one is interested only 
in the average probability amplitude from one unit cell to the 
next; in the present instance of calculating the density at the 
center of one of these large fluctuations it is of course essential to 
take it into account. 

Tibbs* has calculated uo(r) for the (1,0,0) direction in NaCl 
and has found that it behaves as a Na 3s function near each Na ion 
and as a Cl 4s function near each Cl ion; the charge is distributed 
relatively heavily near the Cl ions. Making use of Tibbs’ functions, 
we estimate the probability density of the F-center electron at 
one of the 6 nearest Na nuclei to be (2.3 10! cm™~*) X (2.7K 10) 
= 0.61 10" cm~*. The quantity in the first parentheses is equal 
to | {(Na)|? and that in the second is | g(Na)|?. As pointed out in 
reference 4, use of |f(Na)|? alone leads to much too small a 
result." We may also compute with this model the density at one 
of the 12 nearest Cl nuclei and find the value (5.310 cm™) 
X (8.5 10) =0.45X 10" cm™. The relatively large value at the 
Cl nuclei is a result of the larger nuclear charge in Cl, which gives 
a big amplitude to the 4s-like function at the Cl nucleus, The 
experimental values for the probability density are not available 
for NaCl, but the width of the absorption peak has been measured 
as 162 oersteds; using the estimated probability densities above, 
we calculate 265 oersteds. The lack of quantitative agreement 
can be attributed to errors in the approximate normalization of 
the function g(r). The next nearest shell of Na ions contributes 
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only about one percent to the mean-square width, so that assump- 
tion (1) in reference 4 is sufficiently accurate for their purposes. 

The function wo(r) has not been computed for KCl, but some 
qualitative conclusions can be drawn about its distribution on 
the basis of the similarity of the two constituents. In particular, 
g(r) must be very similar near both types of ion in KCI so that 
the ratio | g(K)|*/|g(Cl)|* is larger than the corresponding ratio 
in NaCl, 2.7/8.5. In order that the functions be normalized, 
therefore, g(Cl) must decrease, If the amplitudes of g are about 
equal at the two nuclei, as one might expect, the ratios of the 
probability density at the nearest K to that at the nearest Cl 
would be about 5.6, in good agreement with the observed ratio 
5.8 obtained by Kittel and co-workers. Calculation of the actual 
magnitude of the probability densities at the K and Cl nuclei 
must await the calculation of wo(r) for KCl, but application of 
the qualitative arguments above to the estimates for NaCl 
indicates that the calculated magnitudes will be of the same order 
as observed, 0.70 and 0.12 10" cm™, for K and Cl, respectively. 
In the writer’s opinion there is no obvious advantage to either 
type of wave function, except that the function f(|r|)g(r) is 
simpler and certainly gives a more accurate description at large r 
than does a LCAO containing only a few terms; for the computa- 
tion of tunneling probabilities, for example, the latter is essentially 
worthless. 

* Research eupperses by funds from the U. S. Air Force undet a contract 
monitored by Headquarters, A.R.D.C., P.O. Box 1395, Baltimore 3, 
Maryland. 

'C. A. Hutchison, Jr., and G. A. Noble, Phys. Rev. 87, 1125 (1952). 
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Prag Theoret. Phys. 5, 252 (1950). 

(1938) R. Hartree and W. Hartree, Proc. Cambridge Phil. Soc. 34, 555 

7M. Fox and I, Rabi, Phys. Rev. 48, 746 (1935). 
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'' Professor Kittel has been kind enough to check his calculations 
tor |f(K)|* and agrees that the value in reference 4 should be reduced by 
about a factor of 10 to agree with the above value. It should also be men- 
tioned that he and his co-workers did not intend to imply a criticism of the 
radial field model when it is utilized in the manner described here. (Private 
communications from C. Kittel.) 


Theoretical Calculations of F-Center 
Energy Levels* 
J. A. KRUMHANSL 


Cornell University, Ithaca, New York 
(Received November 12, 1953) 


ty an earlier letter,' the writer and N. Schwartz presented a 
criticism of certain assumptions entering previous calculations 
of the type discussed by Tibbs and others,? At the same time we 
summarized the results of calculations for NaCl and KCl, in- 
cluding corrected assumptions; the differences were noticeable but 
did not seriously change the previous pictures of the F center. 
Since the appearance of the work of Hutchison and Kittel and 
others,’ some question has arisen as to the suitability of calcu- 
lations of this type for explaining the observed Ag and width of 
the F-center spin resonance absorption lines. In the present note 
the writer concludes that when properly used, calculations such 
as those of reference 1 can give good agreement with these experi- 
ments, 

Kip ef al.* have shown that the observed width of the spin 
resonance line can be understood by assigning this width to 
electron-nuclear hyperfine spin coupling between the F-center 
electron and the nuclei of the surrounding ions in the lattice, In 
calculating this interaction it is necessary to know ¥,*(ry), the 
F-center electron density at these nuclei. In the KS and similar 
calculations, the assumed form of the wave function outside the 
vacancy is yr= fu. Here f(r) is a slowly varying function which 
measures the average charge density in a unit cell, and u(r) is the 
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Bloch function for the bottom of the conduction band, normalized 
to one in unit volume. 

The pertinent point which we wish to make is that it is necessary 
to include the fact that u(ry) (the square amplitude, at the 
nucleus, of the appropriately normalized Bloch function) is of 
the order of 10? in evaluating ¥r*(rn) for use in hyperfine inter- 
action calculations. When this is not done, i.e., if it is assumed 
that ¥r*(ry)=f*(rw), the estimated interaction, and thus the 
F-center resonance width, are small by several orders of mag- 
nitude, 

With this in mind the writer has used the results of the KS 
calculation together with Hartree-Fock calculations‘ for sodium 
and potassium to estimate the F-center absorption width. The 
former is used to obtain f(r) and the latter to obtain an approxi- 
mation to u(ry) in terms of the ratio of the corresponding atomic 
orbital at the nucleus to its value at the outer maximum. The 
results pertaining to the interaction at one of the six metal ion 
nuclei surrounding the vacancy (for the F-center ground state) 
are: KCl, f'=14X10" cm™, (ry) =5.4X10; NaCl, fP=2.2 
X10" cm, w(ry)=3X10. This leads to theoretical resonance 
widths, by use of the methods discussed by Kittel, of 58 oersteds 
and 280 oersteds, respectively. These are to be compared with 
experimental values of 54 and 162 oersteds.? The agreement is 
quite satisfactory, 

In view of these conclusions it appears that the possibly mis- 
named “continuum model” can give a reasonable picture of the 
F center. In discussing charge concentration and energy levels 
the point emphasized in this letter is not important; however, 
if detail within the unit cell is significant, a more careful con- 
sideration of the role of the cell-periodic part of the wave function 
is required. A more detailed discussion of the KS calculations is 
in preparation, and some of these points will be considered at 
greater length therein. In closing, the writer wishes to express his 
appreciation to Professor C. Kittel and Professor F. Seitz for their 


interest and comments on this subject. 
* This work was supported in part by the U. S. Office of Naval Research. 
1 J, A. Krumhans! and N. Schwartz, Phys. Rev. 89, 1154 (1953). This 
oapet will henceforth be referred to as KS. 
R. Tibbs, Trans. Faraday Soc. 35, 1471 (1939). Also see references 
listed in Kip, Kittel, Levy, and Portis. See reference 3. 
. A. Hutchison, Jr., and G. A. Noble, Phys. Rev. 87, 
Kip, Kittel, Levy, and Portis, Phys. Rev. 9i, 1066 (1953). 
‘V. Fock and M. Petrashen, Physik. Z. Sowjetunion 6, 368 (1934); 
D. R. Hartree and W. Hartree, Proc. Cambridge Phil. Soc. 34, 555 (1938). 
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The Wavelength of Scattered Radiation 


ARTHUR BRAMLEY* 
Bramley Consultants, Long Branch, New Jersey 
(Received September 23, 1953) 


HREE sets of observations have been reported on the red 
shift of monochromatic Hg lines scattered in liquids and 
gases under different conditions. 

In early experiments on the scattering of monochromatic Hg 
lines passing through water, on which were impressed uhf waves,! 
the writer found that at certain critical frequencies of the uhf 
field the envelope of the Rayleigh lines was shifted toward the 
red by 0.06A, At these frequencies practically all the light was 
scattered from the direction of the primary beam. Sircar*® has also 
observed that at absorption frequencies of the electromagnetic 
waves impressed on the cell, excessive scattering may occur in 
the higher alcohols. 

Cabannes® observed a similar red shift in radiation scattered 
at 90° by gases and liquids. In his case no electric field was applied. 
Recently Singh has made observations on the scattering of 
light by CCl, in an electrostatic field. He has observed that in 
the Rayleigh scattering of the primary Hg lines the wings of the 
Rayleigh lines are shortened and the Rayleigh lines themselves 
shifted toward the red. Subsequent work® has led him to believe 
that the magnitude of the displacement toward the red does not 
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appear to depend on the strength of the applied field up to nearly 
1500 v. 

In view of these observations and of the failure of present-day 
theories to account for them, it seems imperative to re-examine 
the basic principles of the theories of radiation and of molecular 
scattering. Furthermore, extreme caution should be exercised in 
deriving any conclusions based on absolute values of the wave- 
length of radiation to insure that the lines are not shifted because 
of scattering similar to that described above. 

* Now with A. B. DuMont Laboratories, Passaic, New Jersey. 

‘Arthur Bramley, Phys. Rev. 34, 1061 (1929). 

2S. C. Sircar, Indian J. Phys. 3, 409 (1929). 

4 Jean Cabannes, Phys. Rev. 34, 1497 (1929), 

‘L, Singh, Proc. Phys. Soc. (London) A66, 309 (1953). 

5 L. Singh (private communication). 


The Electron-Voltaic Effect in p-n Junctions 
Induced by Beta-Particle Bombardment* 


P. RAPPAPORT 


Radio Corporation of America, RCA Laboratories Division, 
Princeton, New Jersey 


(Received November 3, 1953) 


EASUREMENTS have been made of the electron-voltaic 

effect! resulting from the bombardment of p—n junctions 
with beta particles originating from a 50-millicurie Sr°—Y” 
radioactive source. Alloy-type junctions? about } cm? in area on 
germanium or silicon wafers were bombarded from the face 
opposite the one into which the alloying had proceeded. The 
wafers used were no more than a diffusion length thick. The vol- 
tage and current which such a device exhibits is similar to that aris- 
ing from a photovoltaic cell except that in the present case the 
carriers are produced to a much greater extent throughout the 
volume of the semiconductor. Making certain simple assumptions 
regarding the operation of the generator, the expression for the 
maximum (open-circuit) voltage V of this device is 


vat in(? ‘+1), 


where & is Boltzmann’s constant, 7 the absolute temperature, e the 
electronic charge, 7) the reverse saturation current, and J, the 
short-circuit current produced by the bombardment. For best 
results the reverse saturation current of the junction should be 
low and the diffusion length for minority carriers in the semi- 
conductor should be large. 
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"1G. 1. Current vs voltage of various silicon units. 


Figure 1 shows typical current versus voltage curves for silicon 
p—n junctions. A maximum open-circuit voltage of 250 mv and 
a short-circuit current of 10~' amp have been observed in silicon. 
From the short-circuit current, the multiplication of the beta 
current (which is 3.2X10~" amp) can be computed. A multipli- 
cation of 1.5X10° is obtained for silicon if corrections for wafer 
thickness compared to beta depth of penetration and surface re- 
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combination are taken into consideration. For germanium, using 
the same radioactive source, a maximum voltage of 30 mv and 
a short-circuit current of 2X 10-* amp have been observed, giving 
a corrected multiplication of 1.9X10*. Assuming the average 
energy of a beta particle from the Sr*— Y® source to be 0.7 Mev, 
the cost in energy per charge carrier would be 3.7 ev for germanium 
and 4.7 ev for silicon. 

A single silicon junction used as a power generator has been 
found to have the following characteristics: From the 50-milli- 
curie radioactive source, which has available about 200 micro- 
watts of radioactive power, 0.8 microwatt of electrical power is 
delivered to a matched load of about 10 000 ohms. This represents 
a conversion efficiency of about 0.4 percent. Calculations indicate 
that a similar wafer of optimum thickness would give an efficiency 
of 2 percent. 

Factors reducing the efficiency are bulk and surface recombina- 
tion, backscattering, large bucking currents due to high J» and 
junction leakage, and energy absorption processes other than 
charge carrier production. 

One of these wafers has been used as a generator to power 
completely a transistor audio-oscillator. Such a power supply 
has potentially a long life since Sr®— Y™ has a half-life of 20 years. 
However, radiation damage effects have been noted which may 
limit life. This is being investigated at present. 

Appreciation is expressed to Dr. E. G. Linder and M. A. 
Lampert of these laboratories and to Professor M. G. White of 
Princeton University for many valuable discussions during the 
course of this work. 

* This work was supported by the Components and Systems Laboratory, 
Wright Air Development Center, Air Research and Development Com 
mand, U. S. Air Force. 

1 Ehrenberg, Lang, and West, Proc. Phys. Soc. (London) A64, 424 (1951). 

?Law, Mueller, Pankove, and Armstrong, Proc. Inst. Radio Engrs. 40, 
1352 (1952). 

3 These values may be compared with the corresponding results obtained 
for a-particle bombardment by K. G. McKay and K. B. McAfee, Phys. 


Rev. 91, 1079 (1953), viz., 3.640.3 ev/electron-hole pair in Si and 2.94 
+0.15 ev/electron-hole pair in Ge. 


Expansion of Copper Bombarded by 21-Mev 
Deuterons 
WittiamM R. McDone.__* ann Henry A. KiersteaD 


Chemistry Division, Argonne National Laboratory, Lemont, Illinois 
(Received November 13, 1953) 


UBES of copper have been bombarded with 21-Mev deu- 

terons from the Argonne cyclotron, and we have measured 
the bending which resulted from the expansion of the copper on 
the bombarded side of the tubes. The tubes were about 16 in. 
long, #y in. to ;%s in. outside diameter and of wall thickness 
approximately equal to the range of the deuterons in copper 
(0.052 cm). Each tube was bent double at the center, annealed in 
vacuum for two hours above 400°C, fastened by means of the 
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adjacent open ends in an evacuated target assembly, and cooled 
by passing water or liquid nitrogen through it. Both legs of a 
central 6-in. length of the folded tube were exposed to the 
deuteron beam. At frequent intervals during the bombardment, 
the cyclotron beam was turned off, and the deflection of the free 
end was measured against a fixed reference scale, by observation 
through a short-focus telescope and by use of a light beam re- 
flected from mirrors attached to the tube and the reference. 

The data from a typical run are plotted in Fig. 1. The ordinate 
is the fractional change in volume calculated from the observed 
deflections, assuming the expansion to be isotropic and uniform 
throughout the volume penetrated by the deuterons. A one per- 
cent volume change would produce a deflection of the tube of 
2.4 mm. A deflection of about a centimeter was required to produce 
a small permanent set, whereas the total deflection observed in 
this run was of the order of a half millimeter. After the bombard- 
ment at —196°C, the sample was allowed to warm up to room 
temperature before bombardment at 25°C, During the warm- 
up, the expansion produced by the low-temperature bombardment 
was annealed. Techniques are being developed to study the anneal- 
ing characteristics in more detail. 

We believe these data constitute evidence for a bombardment- 
induced volume expansion in copper, presumably due to the pro- 
duction of vacancy and interstitial atoms. In fact, the initial rate 
of expansion in the low-temperature run is in general accord with 
the expansion estimated using Seitz’s theory! for the number of 
displacements and the simple assumption that each displacement 
produces a volume change of the order of one atomic volume. 
The tenfold lower expansion rate in the room temperature bom- 
bardment is ascribed to thermal annealing during the run. The 
marked decrease in rate after extended bombardment may be 
due to thermal and deuteron annealing. 

A more thorough investigation of this expansion is in progress. 

We are indebted to O. C. Simpson for suggesting this experiment 
and for many helpful discussions. The cooperation of John P. 
FitzPatrick, Warren J. Ramler, and the other members of the 
cyclotron group is gratefully acknowledged. 

* Employee of E. I. du Pont de Nemours Company, Inc., on loan to 


Argonne National Laboratory. 
' F, Seitz, Discussions Faraday Soc. 5, 271 (1949). 


The Hall Effect in Bismuth at 1.4°K* 


J. M. Reyno.ps, T. E. Letnnarpt, anp H. W. Hemsrreer 
Physics Department, Louisiana State University, Baton Rouge, Louisiana 
(Received November 9, 1953) 


HE dec Hall voltage has been measured as a function of 
magnetic field in a single crystal of bismuth at 1.4°K. The 
crystal was grown in vacuum from Johnson, Matthey bismuth 
(lot No. 4900) by the Bridgman method. The ratio of its electrical 
resistance at 4.2°K to that at room temperature was 5X10. 
The crystal was in the form of a right parallelepiped with dimen- 
sions 25.5 by 7.5 by 0.88 mm. It rested in a Dewar flask in direct 
contact with liquid helium and oriented so that its large face was 
perpendicular to the direction of the magnetic field. A current of 
9.6 ma passed along the length of the sample, and potential probes 
contacted the sample on the sides along a line mutually per- 
pendicular to the direction of the current and magnetic field. The 
orientation of the axes in the crystal were such that the current 
was very nearly along a binary axis and the trigonal axis was about 
25° from the direction of the field. 
The Hall voltage is taken to be 


Vai=4(V(B)—V(-—B)], (1) 


where V(B) and V(—B) are measured potentials on the Hall 
probes. These values are shown in Fig. 1 as a function of the 
magnetic field. The size of the points gives the probable error. 
Oscillations in the Hall voltage with field are quite apparent at 
the fields shown here while at lower fields they were too small to 
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Fic, 1, The potentials observed on the Hall probes. 


be observed. In somewhat qualitative experiments Gerritsen, 
de Haas, and van der Star! have found evidence of oscillations in 
bismuth at 14°K and 20°K. The Hall voltage, computed from 
these curves according to Eq. (1), was used to compute the Hall 
coefficient. In Fig. 2 the Hall coefficient is plotted against the 
reciprocal of the field. To examine the periodicity of the oscillations 
in 1/H, the 1/H values corresponding to successive maxima and 
minima in the Hall coefficient are plotted against their correspond- 
ing integers (Fig. 3). Within the accuracy of the measurements, 
the Hall coefficient is seen to be periodic in 1/H, as are the mag- 
netic susceptibility* and the magnetoresistance.* 

Measurements on the Hall effect in bismuth are in progress at 
more suitable axis orientations and at different temperatures. 
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Fic. 2. The Hall! coefficient as calculated from Fig. 1. 
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Fic. 3. Values for H~ for which maxima and minima in the Hall coefficient 
occur, plotted against their corresponding integers. 


These will be reported later with a more detailed comparison with 
the de Haas-van Alphen effect. Also, efforts are being made in this 
laboratory to interpret the oscillations in the Hall effect in terms 
of the Peierls, Blackman, and Landau theory of oscillations in 
the number of “de Haas-van Alphen electrons.” 

We wish to thank Professor George Jaffé, Professor J. S. 
Levinger, and Mr. E. G. Grimsal for their illuminating dis- 
cussions. 

* Su »ported by the National Science Foundation. 

1A. N. Gerritsen and W. J. de Haas, Physica 7, 802 (1940). 

2 Gerritsen, de Haas, and van der Star, Physica 9, 241 (1942). 


* D. Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939). 
4P. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 


Absolute Intensity of Water-Vapor Absorption 
at Microwave Frequencies 
T. F, RoGers 


Air Force Cambridge Research Center, Cambridge, Massachusetts 
(Received October 26, 1953) 


EASUREMENTS have shown that the Van Vlieck-Weiss- 
kopf modification of the Lorentz equation for a microwave 
collision-broadened electromagnetic absorption line’ describes the 
general structure of such a line and predicts its relative intensity 
out to frequencies removed from resonance by several times the 
half-width.? Using this modified equation, Van Vleck* compared 
theoretical and measured‘ absolute absorption values in the water- 
vapor spectrum in the region of the 5_;—6_s electric-dipole rota- 
tional transition at 13.48 mm and found that the measured values 
were higher than predicted by some 20 percent near resonance. 
This disagreement could be reconciled with the assumption of a 
higher absorption contribution—about a factor of 4—by the sum 
of the low-frequency wings of all other rotational H,O lines. He 
concluded, therefore, that the modified equation perhaps predicted 
too low an absorption value at frequencies remote from resonance. 
An increased value of the effective dipole moment has since been 
measured® for this particular transition; this permits a small 
increase in the theoretical value, but at least a 10 percent dis- 
crepancy remains. During a calculation of the complete cm-mm 
water-vapor absorption spectrum (to be reported later), other 
possible reasons for the higher measured absorption have been 
explored and their influence calculated. 
Dennison’s® table of energy levels predicts only one additional 
line for \>1 mm; this 22—3_, transition gives rise to a line at 
1.63 mm, and Van Vleck included the effect of this line in his 
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TABLE I, Wavelengths and relative intensities of HzO" millimeter 
wavelength absorption lines. 








Wavelength (mm) Relative intensity 
13.48 

2.6 +02 

1.63 +0.02 

1.3 +0.2 

1.2 +0.2 


Transition 





5.1 —-6.5 
15.9—14_, 

22-32 
14.4—13 2 
16.10 —15_4 








calculations. Recent rotation-vibration spectrum measurements’ 
have revised and extended this listing, and with these tables 
three additional lines are predicted; their wavelength and peak 
intensities—estimated relative to that of the 13.48-mm transition 
—are given in Table I. None are very close to the 5_,—~6_s transi- 
tion,* and because of their weak intensities cannot influence the 
over-all theoretical absorption values. 

Using these same energy-level tables, the absorption at 13.5 mm 
arising from all lines at shorter wavelengths has been calculated. 
Van Vleck’s estimate that inclusion of contributions from levels 
higher than J =6 would be of negligible importance in this region 
has been thereby verified; this “residual” absorption term is 
increased by only some 2.1 percent over his value. 

With new HDO ground-state term values’ complete through 
J=12, augmented by several measured microwave lines,” the 
absorption spectrum for this water-vapor form has been calcu- 
lated. In its naturally occurring abundance, absorption values of 
over 5 percent that of H,O are reached at several points in the 
cm-mm region; at 13.5 mm, however, the ratio of HDO to H,O 
total absorption is only 0.3 percent. 

Because of their structural symmetry identity with H,0", the 
other isotopic forms H,O" and H,O"* are not present as “addi- 
tional” lines in the manner of HDO. Their calculated energy-level 
shifts from those of H,O"* are too small to permit increased ab- 
sorption near 13.5 mm. These heavy oxygen isotope spectra are 
similar to that of H,O"* with the lines shifted somewhat and re- 
duced in intensity, corresponding to their smaller natural con- 
centration, Mass substitution calculations (ignoring centrifugal- 
distortion energy changes) indicate that the 5_:—6_s H,O"* line 
will appear near 5.5 mm at about 4 percent of the H,O"* intensity 
at that wavelength. 

The influence of D,O is negligible because of its extremely small 
abundance. 

It can be concluded, therefore, that an explanation for the 
experimental-theoretical discrepancy in absolute absorption in- 
tensity cannot be found in a more complete calculation of the 
water-vapor spectrum (see Fig. 1). Variations in line-to-line col- 
lision half-width now appear to exist for the water molecule,?"" 
and such variation should be studied as an alternative explanation 
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because of its importance in the far-wing term. Recent measure- 
ments in the ammonia low-frequency far wing, however, show an 
absorption higher by some 30-40 percent than calculated, even 
though line-width variation is taken into account," and the failure 
of the impact theory to predict accurate absorption values far 
from resonance must also be considered. 

The author is grateful to Margaret Hill, who performed most 
of the calculations referred to here, and to M. W. P. Strandberg 
for helpful discussions. 


win Van Vieck and V. F. Weisskopf, Revs. Modern Phys. 17, 227 
(1945). 

*T. F. Rogers, Air Force Cambridge Research Center Report E5078, 
October, 1951 (unpublished); Phys. Rev. 83, 881 (1951). 

4 J. H. Van Vieck, Phys. Rev. ae 425 (1947). 

4G. E. Becker and S. H. Autler, Phys. Rev. 70, 300 (1946). 

* Golden, Wentink, Hillger, and Strandberg, Phys. Rev. 73, 92 (1948); 
M. W. P. Strandberg, J. Chem. Phys. 17, 901 (1949), 

*D. M. Dennison, Revs. Modern Phys. 12, 175 (1940); particularly 
p. 189. 

7 Benedict, Claassen, and Shaw, J. Research Natl. Bur. Standards 49, 
91 (1952). 

* From his extension of the HO rigid rotor energy levels, N. Ginsberg 
(Phys. Rev. 74, 1052 (1948)] predicted a low intensity line at 3.8 mm 
arising from the transition 13.5 —t4-9; the new term values (reference 7) 
indicate that this line should be placed near 0.58 mm, 

*A prepublication listing of these energy-level values was very kindly 
furnished the author by Dr. E. K. Plyler of the National Bureau of Stand 
ards. See Benedict, Gailar, and Plyler, J. Chem. Phys, 21, 1301 (1953). 

” For a summary, see D. W. Posener and M. W. P. Strandberg, J. Chem. 
Phys. 21, 1401 (1953). 

uW. J. Cloud, ‘Pressure Broadening of Pure Rotation Lines of the 
Water Vapor Spectrum from 490 to 590 Wave Numbers,"’ U. S. ¢ 
of Naval Research—Johns Hopkins University Report, May 15, 1952 
(unpublished). 

4G, Birnbaum (private communication). 


Total Cross Section of Pions at 1.5 Bev* 
R. L. Coot, L. Mapansxy,t anp O, Picctront 


Brookhaven National Laboratory, U pton, Long Island, New York 
(Received November 9, 1953) 


HE total cross sections of negative pions on hydrogen and 
the deuterium-hydrogen difference have been measured for 
a pion kinetic energy of 1.5 Bev. The pions were produced in the 
Brookhaven Cosmotron by bombarding a beryllium target with 
the 2.3-Bev proton beam. The negative mesons emitted in the 
forward direction were deflected by the Cosmotron magnet into 
a 6-in.X6-in. channel in the 8-ft thick concrete shield. The 
beam outside the shield was defined by a telescope of two liquid 
scintillation counters in front of a deflecting magnet and two 
behind (see Fig. 1), The magnetic analysis of the beam agreed 
very well with the incident momentum of 1.7 Bev/c with a spread 
of ~20 Mev/c as expected from graphical analysis of the dispersion 
of the Cosmotron magnet. The ionization loss in the CH, absorber 
is ~120 Mev/c. A large fifth counter was placed behind counter 
four at various distances. Fourfold and fivefold coincidences were 
recorded to measure the attenuation of the beam in absorbers 
placed between counters four and five. The resolution time of the 
circuits at half-maximum was +3 X 10~ sec which is ~10’ times 
smaller than the duration of the Cosmotron pulse.' Accidentals 
were always found negligible. Typical counting rates were 5 to 
10 sec, with a repetition rate of 0.2 sec™. 

The muon contamination was determined by filtering out the 
pions by virtue of their nuclear interaction, which is absent for 
muons, Thus, an absorption curve in Fe up to 495 g cm™ shows 
an attenuation of about a factor of 50 for the pions and allows 
the muons to be evaluated as 5.4 percent of the incident beam. 
Uncertainty in the calculation of the multiple Coulomb scattering 
and the difference between the extreme limits for the absorption 
coefficient for pions lead to an error of +1.7 percent. The electron 
contamination has been measured to be less than 1 percent by an 
arrangement detecting electron showers produced in Pb (~30 
electrons at shower maximum). 

The cross section in hydrogen o(x~,p) was obtained by meas- 
uring the CH;—C difference (8.27 and 12.17 g cm™ hydrogen) ; 
similarly, o(*~,d—p) by heavy-water-water difference (6,78 
g cm™ hydrogen). Since total cross sections determined from 
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Fic, 1. Experimental arrangement. 


attenuation experiments may have an appreciable dependence on 
the angle within which secondaries from the interactions can 
cross the last counter, different experiments have been made 
with various geometries which we characterize by the rms value 
Orme Of the semi-aperture of the angular cone subtended by the 
last counter at the absorber. Table I shows the results obtained. 
The errors quoted include uncertainties other than the statistical 
error, such as those present in the muon contamination. By ob- 
serving the effect of thin Pb plates inserted between the slabs of 
the carbon absorber, the effect of the multiple Coulomb scattering 
in hydrogen was determined. The largest correction, ~3 mb, was 
found for the 0;m.™ 1.8° geometry. The large-angle, single Coulomb 
scattering in hydrogen was computed to be negligible. No such 
corrections are manifestly necessary for the D,O—H.0O difference. 

Table I shows some probable dependence of the cross sections 
ON Orms, Which could be interpreted as the result of secondary 
particles, possibly elastically scattered pions, projected close to 
the forward direction. Clearly, the value for @rms<2.5° can be 
taken for the total cross section; it is, after correction, o(x~,p) 
=34+3 mb. In the same fashion, o(x~,d—p)=2943 mb. This 
latter value can be interpreted as approximately the cross section 
for negative pions on neutrons, o(#~,#) on the assumption that at 
these energies (A~2X 10™™ cm) and for values of the cross section 
quite smaller than +(h/yc)*=61 mb, o(#7,d) is close to the sum 
a(x~,p)+o(e~,n). If one further assumes that charge symmetry 
holds, our measured value of o(w~,d—p) could be considered as 
approximately equal to a(x*,p). 


TaBe I, The total cross section of 1.5-Bev negative pions. 











1 2 3 

Pp) o(mw™,p) 
millibarns millibarns 
(uncorrected)* (corrected)* 


o(n~,d—p) 
millibarns 





25.644 
: 34 43 28.7 +3 
1.8° 35.! 32.543 gs 








* The values of column 1 are uncorrected for multiple Coulomb scattering 
loss of pions by hydrogen. The values of column 2 are corrected for this 
effect. 


We are very grateful to Dr. G. B. Collins, Dr. G. K. Green, 
and to the entire Cosmotron Staff for their continuous coopera- 
tion and to Dr. H. S. Snyder for valuable discussions. 

* Research performed at Brookhaven National Laboratory under the 
auspices of the U. S. Atomic Energy Commission. 

t On leave from Johns Hopkins University, Baltimore, Maryland. 


1 For increasing the pulse duration up to 20-30 millisec, we are especially 
indebted to H. S. Snyder. 


The Natural Tritium Content of Atmospheric 
Hydrogen* 
A. V. Grossz AND A. D. KiIRSHENBAUM 
Research Institute of Temple University, Philadelphia, Pennsylvania 
AND 
J. LaurRENCE KuLp AnD W. S. BROECKER 


Lamont Geological Observatory, Columbia University, Palisades, New York 
(Received November 16, 1953) 


ECENTLY the existence of natural tritium in Norwegian 

surface waters was demonstrated.'! This was accomplished 
by enriching the natural tritium content by electrolysis between 
1 and 10 million-fold. Faltings and Harteck? in Germany have 
approached this problem in a more daring manner by assuming 
that the molecular hydrogen, which is present in the air by about 
0.5 ppm would contain cosmic-ray tritium in a much higher con- 
centration than in atmospheric water. They assumed that the 
tritons produced by cosmic radiation in the uppermost part of 
the atmosphere would be trapped essentially in molecular hydro- 
gen since at this altitude (~70 km) water is photochemically 
decomposed by ultraviolet radiation into atoms of hydrogen and 
oxygen. They were able to detect the natural tritium in a sample 
of hydrogen which was first isolated as water and then isotopically 
enriched. The effect due to the tritium, however, was only 10 
percent above the counter background yielding an estimated 
T/H of 10%, 

With superior techniques at hand it was thought desirable to 
examine the tritium content of the molecular hydrogen in a sample 
of ground-level air in America. Thanks to the cooperation of 
Dr. C, O. Strother* we were able to obtain 25 cc of water produced 
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from atmospheric hydrogen in the neon-helium fraction of air 
which was taken 5 ft off the ground at the Buffalo, New York 
(lat.=42.9°N) liquid air plant of the Linde Air Products Com- 
pany. The whole sample corresponded to 60 to 70 million liters 
of air, Part of the sample was isotopically enriched in T by stand- 
ard electrolytic methods by about a factor of 7. Both parts of the 
water sample were reconverted to hydrogen at Temple by pro- 
cedures described previously.' For the measurement of the tritium 
concentration, which was done at Lamont, the hydrogen was re- 
purified over charcoal at dry-ice temperatures and placed in a 
three-liter GM counter 77 cm in length. The counting mixtures 
used were 2.6-cm ethylene, 2.8-cm argon, and 1-10-cm hydrogen 
which gave starting potentials of 1700-2000 volts and adequate 
plateaus. Elaborate gamma-ray and meson shielding was employed 
as described elsewhere,’ giving a background of about 14 counts/ 
min, Under these conditions the enriched samples gave about 
160 counts/min and the unenriched about 25 counts/min over 
background for 8 cm of hydrogen. The data which are summarized 
in Table I show that with this technique the tritium content of 
unenriched atmospheric hydrogen is readily measurable. 


TaBLe I. Summary of pertinent tritium data. 


A. Almospheric H: from Buffalo, 


Cm He Counts min™ 
counted (em Hz) 


New York, Spring, 1952 


Enrichment 
tactor 

6. 84 +0. 34 14 700 + 900 

15 800+ 950 


(T H) x10" 


Sample 





1 8.0 18,1 1. 
1 8.2 19.4 1. 
14 700+ 900 
15 200+ 900 


1 
2 
4 6.84 40.34 
3 


+ 
& 
2 4.0 18.0 +1. 
2 8.0 18.5 +1. 


3.4 +0.5 none 18 900 +2800 
2.75 +0.50 


2.61 +0,26 


15 300 +2800 
14 500 +1450 


none 


Weighted average 15 400+ 900 
Corrected for decay 16 600+ 970 
B. Water from Buffalo latitude* 
Sample (T/H X10") 
(a) Chicago rains and snows (presumably uncontaminated 
by atomic explosions) : 
(b) Michigan Lake water: 


~15 
~2 


* See reference 5. 


The atmospheric hydrogen sample was in storage for a period 
of 12 to 18 months at the time of measurement (September 15 to 
October 15, 1953). Data of the table indicate the ratio of the 
activities of the enriched and unenriched samples are in agreement 
within the experimental error, thus further attesting that the 
measured activity was due to tritium. 

Libby® has recently measured the tritium content of water from 
Lake Michigan and Chicago rain (Table I). These values can be 
assumed to hold for the Buffalo area. It can then be observed 
that the tritium content of the molecular hydrogen is about a 
thousand times greater than the water which is in direct contact 
with it. It is believed that this is the only case where the isotopic 
ratios vary in nature by such a large extent. This is emphasized 
still more by the fact that the equilibrium constant of the reaction 
HOH +HTSHOT+ HH at room temperature is about 6 in favor 
of enrichment of the tritium in the water molecule. 

Libby® originally assumed that the tritium is produced by 
fast neutrons from cosmic radiation on N“. Recently, Fireman’ 
reviewed all available data and came to the conclusion that a large 
fraction of tritons may be due to cosmic-ray stars. He calculated 
that the total rate of triton formation is between 0.4 to 0.9 triton 
per cm? of earth surface per second. The maximum neutron pro- 
duction occurs at 15 km, which is below the ozone layer which 
absorbs an essential part of the ultraviolet radiation. Also, the 
altitude range of the main star production is 7 to 30 km. 

In view of these facts the following explanation for the high 
concentration of tritium in atmospheric hydrogen may be pro- 
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posed, which is based on the fact that the rate of tritium exchange 
between molecular hydrogen and water is slow in the troposphere 
and even slower in the stratosphere. The “cold trap” of about 
— 60°C at the tropopause level prevents most of the water mass 
in the atmosphere from reaching higher altitudes. Above the 
troposphere some of the water vapor containing tritium atoms will 
diffuse upward to altitudes of high ultraviolet radiation intensity 
(70 kilometers) where molecular hydrogen will be formed ac- 
cording to Harteck’s? mechanism. Since vertical mixing of the 
permanent gases (Oy, Ne, A, Ne) insures practically constant 
cemposition of the whole atmosphere up to about 100 kilometers 
and is comparatively rapid, we would expect atmospheric molecular 
hydrogen to be more or less uniformly mixed. The tritium content 
of this molecular hydrogen will be mostly preserved in the lower 
atmosphere due to the slow exchange rate of H; and H,0. 

The rest of the water vapor, which did not diffuse upward, will 
condense in the form of snow, ice, or rain and be rapidly diluted 
by the vast water reservoir of the troposphere. 

* Parts of this research were supported by the National Science Founda- 
tion and the U. S. Air Force, Cambridge Research Center. 

1 Grosse, Johnston, Wolfgang, and Libby, Science 113, 1 (1951). 

?V. Feltings and P. Harteck, Z. Naturforsch. Sa, 438 (1950). 

§ Tonawanda L speratery of the Linde Air Products Company. 

‘J. L. Kulp and L, Tryon, Rev. Sci. Instr, 23, 296 (1952). 

‘Ww. F.L ibby, MLS, Report for U, S. Air Force contract, 


of c hicago (unpublished). 
*W. F. Libby, Phys. Rev. 69, 671 (1946). 
7E. L, Phys. Rev. 91, 922 (1953). 
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Three-Body Scattering Problems* 
Sipney Borowt!tz, Department of Physics, College of Engineering, 
New York University, New York, New Yor 
AND 


BERNARD FRIEDMAN, Institute of Mathematical Sciences, Division of 
Electromagnetic Research, New York University, 
New York, New York 


(Received August 7, 1953; revised manuscript received November 9, 1953) 


N a recent letter under this title, Dalgarno criticized a portion 

of our recent paper,? which deals with exchange scattering. 
We feel that these criticisms arise from a misunderstanding of 
our work, 

The criticized section of our paper discusses whether the treat- 
ment of exchange scattering given by Mott and Massey* was 
mathematically rigorous. Although it is not explicitly stated, 
their treatment requires that the solution be expressed as an 
infinite series with coefficients containing 6-function singularities. 
Such a procedure is mathematically unacceptable without rigorous 
justification. The solution which we present completely avoids 
this difficulty. 

Dalgarno states that the Coulomb case is “not comparable,” 
the implication being that the coefficients in the Coulomb case 
do not have the singularities possessed by the simple example in 
the appendix of our paper. The coefficients which occur in the Cou- 
lomb case are of the form /,* exp(ikor) sin(kr+k™ log2kr+n)dr, 
with ko=k. These functions are even more singular than delta 
functions; thus, the Coulomb case is not only comparable to our 
example, but it is even more serious from the point of view of the 
mathematical objections stated in the preceding paragraph. 

When no ionization occurs, then, as we indicated, our final 
result for the exchange scattered amplitudes is identical with 
that obtained by Mott and Massey. If the atom is ionized, our 
result is formally convergent, while Mott and Massey’s is formally 
divergent. Dalgarno shows that, upon the introduction of wave 
packets, Mott and Massey’s result in the ionized case becomes 
equivalent to ours. We believe that it is preferable to reserve the 
use of wave packets for those cases where the amplitudes them- 
selves and not their representations diverge. However, this is 
not such a case since our solution gives a definite value for the 
exchange scattered amplitudes. 

While the method proposed by Mott and Massey gives results 
equivalent to those obtained by the method of our paper, the 
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two methods are mathematically dissimilar and consequently 
lead to different results concerning the existence and uniqueness 
of the solution. For example, Mott and Massey obtain the ex- 
change-scattered amplitudes by solving the following set of 
coupled differential equations: 


2m pug 
(V?-+ hn?) Gn (te) = , S(E-2)veuravatendn, 
n=0,1,2,---, (1) 
subject only to the condition that 


Grr exp (thar) gn. 
rT 2 


The solution of this system is not unique, for (1) will also be 
satisfied by the exchange amplitudes of the case where particle 2 
is in any bound state, not necessarily the lowest, and particle 1 is 
a plane wave whose energy is such that the total energy of the 
system is £. Also, the solution of this system does not exist unless 
it is assumed that the G, may be singular functions, On the other 
hand, when the method of our paper is used, singular functions 
do not appear, the initial state of the system becomes an explicit 
part of the problem, and it can be proved that the solution of the 
formulated problem is unique. 

* This work was performed at Washington Square College of Arts and 
Science, New York University, and was supported in part by a contract 
with the U. S, Air Force through sponsorship of the Geophysics Research 
Directorate of the Air Force Cambridge Research Center, Air Research 
and Development Command. 

'A. Dalgarno, Phys. Rev, 91, 198 (1953). 

*S. Borowitz and B. Friedman, Phys. Rev. 89, 441 (1953). 


+N. F. Mott and H.S, W. Massey, Theory of Atomic Collisions (Clarendon 
Press, Oxford, 1949), second edition, Chap. VIII 


The Angular Correlation of Mesons Produced in 
Inelastic Meson-Nucleon Collisions* 


J. S. Kovacs 
Indiana University, Bloomington, Indiana 
(Received November 6, 1953) 


N high-energy meson-nucleon collisions in which two mesons 
appear in the final state, any appreciable correlation in the 
angle between the two outgoing mesons will be strongly dependent 
upon the relative strengths of the meson-nucleon and meson- 
meson coupling. Moreover, the general features of this correlation 
will be to some extent independent of the type of interaction that 
is assumed, 

Qualitatively, this can be seen by looking at the two extreme 
cases of strong meson-nucleon coupling with weak meson-meson 
coupling, on the one hand, and weak meson-nucleon coupling 
with strong meson-meson coupling, on the other hand. In the 
first case, with the strong meson-nucleon coupling, the incident 
meson is absorbed by the nucleon and, following rapid inter- 
changes of energy and subsequent establishment of equilibrium, 
two mesons are “evaporated.” (See Fig. 1.) Following such energy 
exchanges very little correlation is to be expected between the 
two outgoing mesons. 

In the case of strong meson-meson coupling the possibility 
exists for the incoming meson to interact with a meson at the 
edge of the nucleon’s surrounding meson cloud, stripping it from 
the nucleon, (See Fig. 2.) In this case one can expect appreciable 
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Fic, 1. Collision in the case of strong meson-nucleon coupling in which 
the final products ‘‘evaporate’’ from the equilibrium region into which 
the incident energy was deposited. Dashed lines represent mesons and solid 
lines nucleons. 
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F1G, 2, Collision in the case of strong meson-meson coupling. Dashed lines 
represent mesons and solid lines nucleons. 





correlation, with preferential emission of the two mesons in the 
same direction. 

As a simple illustration of these two examples, the scalar theory 
was used to calculate the distribution in the angle between the 
two mesons for the processes depicted in Figs. 1 and 2 for an 
incident meson energy of 1 Bev. These distributions are shown 
(Fig. 3) in curves A and B in which the abscissa represents the 
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Fic. 3. Angular correlation of the mesons produced in meson-nucleon 
collisions on the basis of the scalar theory. Curve A is the distribution of 
the cosine of the angle between the product mesons in the laboratory 
system for the case of strong coupling of the meson to the nucleon. Curve B 
shows this distribution for the case of strong meson-meson coupling. 


cosine of the angle between the two mesons in the laboratory 
system, A Monte Carlo method was employed in integrating over 
the angles of the differential cross section in order to obtain 
curve B. Errors of ten to twenty percent can be expected in the 
values of the points used to get the curve due to the statistical 
nature of the method. As a check on this Monte Carlo integration, 
curve A, which was obtained from an exact integration, was also 
determined by the Monte Carlo method and there was good 
agreement between the two. 

Thanks are due Dr. Oreste Piccioni of Brookhaven National 
Laboratory, whose private communication stimulated this work, 
and Professor K. A. Brueckner for his helpful discussions on the 
subject. 


* Supported in part by the U. S. Office of Naval Research and the U. S. 
Atomic Energy Commission. 
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Observation of a New Decay Mode of a 
Heavy Meson* 


J. Crussarp, M. F. Kapton, J. KLARMANN, AND J, H. 
University of Rochester, Rochester, New York 
(Received November 17, 1953) 


Noon 


N an attempt systematically to detect unstable heavy particles 

giving rise to * mesons as decay products, we have traced 
back the trajectories of stopping x mesons in a stack of stripped 
emulsions. The part of the stack used for this purpose consisted 
of twenty-four 4-in. X6-in.X400u G-5 stripped emulsions and was 
flown vertically at an altitude of 102 000 ft for 9 hours at geo- 
magnetic latitude A= 55°. The stripped emulsion was mounted on 
glass before development and each processed 4-in.X6-in. plate 
was cut into four 2-in.X3-in. plates for microscopic observation. 
The stack was aligned following a suggestion of Peters.' Tracks 
of heavy nuclei incident at small angles to the emulsion normal 
were located in the corners of each of the 2-in.X3-in. plates; the 
plates were then mounted on }-in. thick 3-in.X 2-in. Lucite frames 
having a }-in. wide rim; a mixture of shellac and alcohol was 
used as a slow drying cement. The plates were consecutively ad- 
justed so that each of the heavy nuclei markers was in proper 
position with respect to the preceding plate and were then left 
until the cement had set; the average time per plate was ~20 
minutes and alignment to within 200u was obtained. 

At the present time we have traced 299 x mesons, of which 150 
were positive and 149 negative (the sign is determined since we 
observe either *—u decay or ao star). Of these, 116 r* and 103 x~ 
originated outside the stack ; of those originating in the stack, 32 #* 
and 44 x came from stars having 3 or more prongs and 2 w* and 
2 x originated from 2-prong stars. One x* meson of 4.3-mm range 
originates from the end of a stopping track (Fig. 1); there is no 
indication of any recoil. Since the ** undergoes a large angle 
scattering, its energy lies between 13.8 and 15 Mev. The stopping 
track has been traced through 14 emulsions and leaves the stack 
at a residual range of 1.6 cm. 

Mass measurements have been made on the primary particle by 
scattering-range and ionization-range methods. The mass value 
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Fic. 1. Decay at rest of a heavy meson. This event is interpreted 
as r*—-e*+22. The sign is uniquely determined by the *-—y* 
decay. 


obtained from scattering measurement using the Bristol method? 
was 930+170m,, and a value of 1070+:250m, was obtained using 
the method of constant second differences ;* the weighted mean of 
these is 975+170m,. The gap-density-range method‘ gave a value 
of 940+100m,. The weighted mean value of all measurements 
is 950+85m,. 

There are two possible interpretations of this event : (1) capture 
at rest of a negative heavy meson® with the resulting production 
of a x* meson and no other charged particles, or (2) decay at 
rest of a positively charged heavy particle into a slow r* meson 
and one or more neutral particles. Though it is impossible to rule 
out the first alternative, this seems a less likely interpretation*® 
than the second. If we then assume that this event represents the 
decay of a heavy charged meson, we can attempt to identify the 
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primary with one of the known unstable particles of around 
1000m,. These are the x meson decaying according to «*—y*+2 
neutral particles,’ the x meson assumed to decay by the scheme*® 
x*—»r*+neutral particle (E,~120 Mev) and the r meson® de- 
caying according to the scheme r*—+2x*+2x". The unstable 
particle we observe certainly cannot be the « meson, and the 
energy of the emerging x* is completely inconsistent with the 
assumed decay scheme of the x meson, Though no particles have 
yet been observed decaying in two different ways, we believe the 
most likely interpretation is the alternate decay mode" of the 
rt meson, r*—>x*+ 22°, Since the Q value for r decay into three 
charged » mesons is ~ 72 Mev, our observed r* energy is consistent 
with this interpretation. 

We wish to express our thanks to Mrs. B. Wargotz for her 
assistance in scanning and tracing and to the U. S. Office of Naval 
Research for arranging the balloon flight. 


* This research was supported in 
contract monitored by the Office of 
Development Command. 
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The Triple Gamma-Ray Cascade in Sb'*‘t 


L. M. Lancer* anp J, W. STARNER 


University of California, Los Alamos Scientific Laboratory, 
Los Alamos, New Mexico 


(Received October 13, 1953) 


ECENTLY, two somewhat different schemes were pro- 

posed!.? for the disintegration of Sb, There is a significant 
difference between the two proposals which was tested in the 
present investigation. The scheme of Langer, Lazar, and Moffat 
calls for a triple cascade of 0.64-, 0.72-, and 0.603-Mev gamma 
rays. The other proposal? suggests that the 0.64-Mev gamma ray 
is not in coincidence with the 0.72-Mev gamma ray. Instead, it 
calls for an additional 0.71-Mev gamma in series with the 0.72- 
and 0.603-Mev radiations. 

If one looks at triple gamma-ray coincidences, one expects, for 
the first case, a double-intensity unresolved peak at 0.62 Mev 
and a single-intensity peak at 0.72 Mev. For the second case, one 
expects a double-intensity peak at about 0.72 Mev and a single- 
intensity peak at 0.60 Mev. 

Such threefold coincidences were studied using three Nal 
crystals equally spaced about a Sb source which was imbedded 
in a two-inch diameter cylinder of Lucite. The scintillations were 
detected by Dumont K1186 photomultipliers. The resolution for 
0.661-Mev Cs’ radiation was 9 percent. The pulses were amplified 
and fed into a 0.2-ysec resolving time coincidence selector which 
accepted only those pulses in each channel whose height lay 
between a lower bound of 0.55 Mev and an upper bound of 0.76 
Mev. Such a triple coincidence opened a gate for 3 usec which 
permitted the suitably delayed but undistorted pulses from one 
of the amplifiers to be recorded on a multichannel pulse-height 
analyzer. Two different experimental arrangements were used. 
One employed a 10-channel analyzer with 1-v channels; the other 
used a 100-channel pulse-height recorder and a “window” am- 
plifier which effectively yielded 0.5-v pulse-height resolution. 

The results obtained from both experiments were essentially 
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the same. Background and chance coincidences were found to be 
completely negligible. Figure 1 shows the combined data of a 
17-hr and a 22-hr run obtained with the 100-channel equipment. 
A Cs"’ calibration, taken before and after each run, indicated 
that the drift of the electronic equipment was negligible. 

It is clear from Fig. 1 that the double-intensity peak appears 
at about 0.62 Mev (viz., between 0.64 and 0.60 Mev). This is 
consistent with the proposal of a 0.64-, 0.72-, and 0.603-Mev 
cascade. 

The authors are pleased to acknowledge the cooperation of 
Mr. J. Balagna. 

t Work performed under auspices of the U. S. Atomic Energy Com- 
mission. 

* Indiana University, Bloomington, Indiana. 
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?E. P. Tomlinson, Indiana Conference on Nuclear Spectroscopy and the 
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Resonant Scattering of Recoil-Broadened 
Gamma Rays 
K. ILAKOVAC AND P, B, Moon 


Department of Physics, The University, Birmingham, England 
(Received November 10, 1953) 


HE emission and resonant-scattering energies of gamma rays 
differ, often by a few ev, because of the energy taken by 
nuclear recoils,' and it has long been recognized that the Doppler 
effect of a preceding beta-ray recoil might sometimes broaden 
the emission line enough to overlap the scattering resonance? In 
order that the beta recoil shall be free and shall persist for a time 
long compared with the gamma-ray lifetime, a gaseous source will 
usually be preferred, When this is impracticable, a worth-while 
advantage may be gained by using a liquid rather than a solid 
source, 
The 0.98-Mev gamma rays from a copper cyclotron target con- 
taining Zn™ showed no measurable selective scattering by copper, 


but the effect was clearly observed when a nitric acid solution of 
the target material was used as the source. The difference is, no 
doubt, mainly due to the 8:1 ratio of densities, but crystal lattice 
effects may also be involved. 

These experiments will be reported in more detail elsewhere, 
but the above qualitative result may be of use to others working 
in this field. 


1W. Kuhn, Phil. Mag. 8, 625 (1925); P. B. Moon, Proc. Phys. Soc. 
(London) 63, 1189 (1950). 

*E. Pollard and D. E. Alburger, Phys. Rev. 74, 926 (1948); F. R. 
Metzger, Phys. Rev. 83, 842 (1951); F. R. Metzger and W. B. Todd, Phys. 
Rev. 91, 1286 (1953). 


Natural Alpha Activity of Neodymium* 


EstHer C, WALDRON, VIRGINIA A. SCHULTZ, AND TRUMAN P. KOHMAN 
Department of Chemistry, Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania 


(Received November 6, 1953) 


T has been suggested’ that the lighter naturally-occurring 

isotopes of a number of even-Z elements in the region from 
the rare earths to lead might possess detectable alpha activity. 
The two lightest beta-stable isotopes of neodymium, Nd" and 
Nd'™, are stabilized by the 82-neutron shell, but Nd‘, possessing 
a closed-shell+2 neutron configuration, should possess an alpha 
instability greater than average for the region. From mass spec- 
trographic data Duckworth e¢ al.’ and others‘ concluded that 58 
protons form a closed sub-shell configuration, and this should also 
contribute to the alpha lability of Nd isotopes. The data? 
indicate that the reaction Nd'‘—Ce-+-He‘ is exoergic by 3.0 
+1.1 Mev. 

Early studies’ showed that any natural alpha activity of 
neodymium must be considerably weaker than that of samarium. 
Bestenreiner and Broda,® using nuclear emulsions, set an upper 
limit to the specific activity of ~1la sec™'(g Nd)“. Mulholland 
and Kohman,’ using a large proportional counter, lowered this to 
0.02a sec™!(g Nd)~!. We have made a more intensive search by 
the nuclear-emulsion technique. 

Our starting material was the neodymium sample which had 
been purified twice by passage through a cation-exchange column 
in the search for natural beta activity;’ this we designate Ndjy. 
A portion of this was again fractionated in a smaller column, 
a central cut being designated Ndi. Another fractionation of a 
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TRACK LENGTH IN MICRONS 


Fic, 1. Representative histograms of short alpha tracks in nuclear emul- 
sions impregnated with neodymium and samarium. “Shallow” tracks are 
dark, ‘‘steep” tracks are light. (A) Blank plate, 2.11 cm*, 75 days old; 
(B) Ndu, 1.63 cm*, exposed 166 days; (C) Ndi, 0.77 cm*, 153 days; 
(D) Ndrtv, 1.25 cm*, 91 days; (EZ) Nd containing 1 percent Sm, 0.05 cm‘, 
162 days. 
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portion of this yielded Ndry. All samples were further purified by 
precipitation as oxalate from acid solution. 

Each plate (Ilford C2, 1 in.X3 in. Xx 200u) was soaked in 10-per- 
cent glycerine solution (to prevent stripping during drying), and 
impregnated by spreading and evaporating upon it 1 ml of 
aqueous neodymium acetate containing about 20 mg of the ele- 
ment. After exposure at dry-ice temperature and development, 
portions were scanned at 400X for single alpha tracks lying 
entirely within the emulsion, and those shorter than ~20y were 
measured at 1600. Lengths were computed assuming a shrinkage 
factor 2.0. Because of uncertainty in this factor, we distinguish 
between “shallow” tracks, with original dip <¢30° (black 
Fig. 1), and “steep” tracks, with >30° dip (white in Fig. 1), and 
consider mainly the former group, whose lengths are affected 
only slightly by shrinkage. Neodymium containing small amounts 
of samarium was used for calibration and resolution studies. 
A histogram of Sm'’ is shown in Fig. 1, the mean range being 7.1. 

The histogram of Ndi in Fig. 1 shows a peak somewhat broader, 
and centered somewhat lower, than the samarium peak, suggesting 
a mixture of Sm'*’ alphas and a group of lower energy. The Ndi 
peak is sharper and centered still lower. The Ndry peak is similar 
to that of Ndi, indicating that a group of alpha particles specific 
to neodymium has been isolated. The mean range is 6.0. The 
Sm—Nd difference of 1.10.34 corresponds to an energy differ- 
ence of 0.3+0.1 Mev. Taking the Sm'’ energy as 2.21 Mev?* 
yields 1.9+0.1 Mev as the energy of the new group. 

Accurate determination of the specific activity was prevented 
by concentration of solute during loading near the surface of the 
emulsion, where many tracks are lost.’ Fewer “steep” than 
“shallow” tracks were found, indicating that short, steep tracks 
are easily missed in our scanning technique. The highest specific 
activity observed, obtained by doubling the number of shallow 
tracks, is 0.009a sec™!(g Nd)~; this is a lower limit. Considering 
the upper limit given previously,’ we estimate the specific activity 
to be 0.015a sec™!(g Nd)~, corresponding to a half-life of Nd of 
1.5X10'* years. These figures are uncertain by a factor of at 
least 2. 

Although we cannot claim to have purified natural neodymium 
to a constant specific activity, we have purified it to a constant 
and unique radiation spectrum. This we regard as an equally good 
criterion for the identification of a new natural radioactivity. 
Experiments are in progress to determine more precisely the 
specific activity, energy, and mass assignment. 

* This work has been supported by the U. S. Atomic Energy Commission. 
The assistance of Henry Selig is gratefully acknowledged. 
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Decay of Cu and Nuclear Levels in Ni*°*t 
R. vAN Liesnout, R. H. Nusspaum, G. J. Nijcu, anp A. H. WaApsTRA 
Institute for Nuclear Research, Amsterdam, Holland 
(Received November 13, 1953) 


OPPER-60, a 24-min 8* emitter decaying to Ni®, was investi- 
gated by Leith ef al.! By absorption techniques they found 
B rays of 3.340.2 Mev (<5 percent) and 1.8+0.2 Mev accom- 
panied by a y ray of 1.50+0.05 Mev. Inelastic proton scattering 
experiments? on natural nickel yielded levels at 1.34, 1.48, 2.19, 
2.33, 2.50, 2.66, 2.81, 2.95, 3.08, 3.16, 3.23 Mev, etc. From the 
decay of Co™, the levels at 1.33 Mev and 2.50 Mev could be 
assigned unambiguously to Ni®, whereas the 1.48-Mev level was 
tentatively ascribed to this isotope from the decay data of Cu®.' 
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We have investigated Cu® with a single-channel scintillation 
spectrometer, built by Dr. N. F. Verster at our Institute using a 
Dumond K-1186 photomultiplier tube (9.3 percent half-width for 
the Cs’ photoline). The scintillation spectrum (Fig. 1) showed 
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| 
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rw 36 50 volt 
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Fic. 1, y-ray spectra of Cu® and Co®, taken with a 1-in. Nal crystal 
mounted on a Dumond K-1186 photomultiplier tube. The decay charac- 
teristics of the proposed decay scheme are given in Table I. 


photolines of three y rays together with the annihilation radiation 
from the total positron spectrum. Energies and relative intensities 
are listed in Table I. 

The intensity of a 1.17-Mev y line, if present, should be less 
than 10 percent relative to the 1,33-Mev line. The 0.81-Mev 
y ray may be complex, as its half-width is larger than should 
be expected from comparison with the 0.835-Mev y line of Mn™, 
The contribution of the pair peak due to the 1.8-Mev y ray to 
the area of the 0.81-Mev photoline is about 15 percent of this area. 

As these results indicated a more complex decay scheme than 
that given by Leith ef al.,) we investigated the 8 spectrum with 
a magnetic-lens type 8-ray spectrometer.‘ The spectrum showed 


TABLE I. 8 and y rays in Cu decay. 





Rel. 
Energy intensity 
(Mev) (%) 


Rel. 
intensity 


Energy 


Log ft (Mev) 





Bi 384+40.05 
Be 2.96+40.03 
Bs 2.01+40.02 


1.33 100 

1840.1 80 +15 
ys 0.814003 1545* 
Bur*® O51 112415 








® Corrected for the contribution of the 1.8-Mev pair anil 


three components mentioned in Table I. Our best value for the 
half-life of Cu® from these measurements is 23.4X0.2 min. 

From a combination of the results mentioned above, the decay 
scheme of Fig. 1 is proposed, which is supported by the fact that 
levels at 2.19 Mev and 3.16 Mev were also found in the p—p 
scattering experiments.? The existence of y rays of 2.19 Mev and 
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3.16 Mev is not excluded by our work. This decay scheme is also 
in agreement with the results of 8—~y and y—~+ coincidence meas- 
urements carried out by us with a Geiger counter arrangement 
described elsewhere.° 

It should be pointed out that the total decay energy of 6.17 
+0.05 Mev following from this decay scheme disagrees appreci- 
ably with the threshold of 5.1+0.02 Mev in the reaction 
Ni®(~,n)Cu® found by Leith ef al.1 However, our value is more 
in line with the systematics of 8-decay energies for the other Cu 
isotopes.’ 

A detailed discussion of these results will appear in Physica. 
The Cu® was prepared by irradiation of metallic Ni with 26-Mev 
deuterons in the Philips synchro-cyclotron. The chemical separa- 
tion was performed by Miss G. de Feyfer and Miss R. Boelhouwer 
of our Chemical Department. We thank Dr. C. J. Bakker and 
Dr. A. H. W. Aten, Jr., for their interest in this work and Mr. L. 
Th.M. Ornstein for assistance with the experiments. 

t This work has been supported by the Foundation for Fundamental 


Research of Matter (F.0.M.) and the Netherlands Organization for Pure 
Research (Z.W.O.). 
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The Acceleration of Nitrogen-14 (+ 6) Ions 
in a 60-Inch Cyclotron* 


G. Bernarp Rossi, Wiit1aM B, Jones, Jacy. M. HOLLANDER, 
AND Joseru G, HAMILTON 


Crocker Laboratory, Radiation Laboratory, and Division of Medical Physics, 
University of California, Berkeley, California 


(Received November 25, 1953) 


STUDY of the acceleration of heavy ions in the 60-inch 

cyclotron at the University of California Crocker Labora- 
tory has been in progress for some time. Although this effort has 
been only part of our over-all program, a continuous improve- 
ment in performance has taken place. The original results pub- 
lished by this group'~* have recently been augmented by other 
laboratories,“ where the emphasis, in general, has been on 
attempts to accelerate ions other than C"(+6). Specific ions in- 
clude C¥(+-6), Ne”(+-9), Be®(+4), N“(+6), C¥#(+5), C¥(+5), 
and O'*(+-6), Developmental work by the Crocker Laboratory 
group with ion sources, beam monitoring techniques, and other 
cyclotron parameters has yielded larger C"(+6) beams than 
previously reported. These larger beams have permitted further 
experimental work in the fields of biology and nuclear chemistry. 
Carbon-12 (+6) internal beam intensities of 0.2 microampere 
have been realized with energies greater than 100 Mev; externally 
deflected beams of 0,001 microampere with an energy of 120 Mev 
have been consistent. 

The efforts of this group in the acceleration of ions have been 
rewarding in the cases of those ions with a lower-order ionization 
state that is a one-third multiple of the ion to be accelerated. In 
more general terms, a given cyclotron can accelerate any ion 
for which 

e/m= K/(2n+1), (1) 


where n=0, 1, 2,---, and K is a design parameter, i.e, K=g(w,H). 
In the cases where n=0, the fundamental ion frequency (w;) will 
prevail; where n=1, the ion frequency will be 1/3w;. This fact 
was reported earlier and has since been corroborated by the 
University of Birmingham group*® working with their 60-inch 
cyclotron. 

The techniques used with C'*(+-6) ion acceleration have been 
applied to N"(+6) ions by changing the ion source gas from 
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CO: to Ne, and increasing the magnetic field to resonance for 
K=6/14, in Eq. (1). This provides that for n=0, N“(+6) is 
accelerated at the fundamental ion frequency (w;); n=1 indicates 
an ¢/m=2/14 which allows for acceleration of N*(+2) at 1/3w. 
Under these conditions internal beams of N“(+2) have been 
measured to a level of 50 microamperes while those of N(+6) 
are of the order of 0.1 microampere with energies greater than 
100 Mev. This again suggests a mechanism for production of 
N*(+6) by secondary stripping; namely, that N“(+2) ions 
produced in the ion source are accelerated at 1/3w; and are further 
ionized to N*(-+-6) in the region of the ion source. It is not certain 
whether the further ionization to the N“(+6) state is due either 
to collisions of the N“(+2) ions with gas molecules within the 
vacuum system or due to bombardment of the N(+-2) ions by 
fast electrons which are known to oscillate between the dees at 
an energy which is a function of the dee voltage. However, ex- 
periments with C!(+2), in an effort to increase the C#(+6) 
beam, indicate that collision stripping is less likely than multiple 
bombardment by high-energy electrons. 

To verify the existence of these high-energy nitrogen ions in 
the 60-inch cyclotron, several experiments have been performed 
in which isotopes of elements with atomic number Z+7 have 
been produced from target elements of atomic number Z and 
isolated by chemical procedures. It is possible to show that the 
isotopes found could not have been made from target impurities 
by projectiles of lower Z than nitrogen. 

The production of short-lived alpha-emitting isotopes of 
astatine (Z=85) from gold (Z=79) targets has always been a 
convenient method for monitoring the carbon-ion beam of the 
60-inch cyclotron; as a first check for the nitrogen beam, astatine 
isotopes were produced from platinum (Z=78). After it was 
verified experimentally that carbon-ion bombardment of platinum 
foils produced no detectable astatine alpha-particle activity from 
possible gold impurity, these same foils were irradiated in the 
nitrogen beam. The presence of s;At®® was established by alpha- 
particle pulse analysis of its 5.9-Mev alpha particles which decay 
with a 25-minute half-life. Alpha particles of shorter half-life 
have also been seen which probably belong to the 7-minute 
ssAt™, Saturation activities of 10* to 10° alpha counts per minute 
are observed in bombardments of 0,0025-inch platinum foils. 
These astatine isotopes cannot be produced by 40-Mev helium 
ions from possible bismuth or heavy-element impurities in the 
target foils; nor is it physically reasonable that helium ions could 
be accelerated at the high magnetic fields employed here. 

Analogous to the production of astatine from platinum is the 
synthesis of iodine (Z=53) from palladium (Z=46). Because of 
the simplicity of rapid radio-iodine chemistry, this procedure also 
lends itself well to an investigation of the nitrogen-ion beam. 
Short bombardments of palladium foils have yielded the following 
activities in the radio-iodine fraction: 


Half-life Relative activity 
18.0+1 min 1000 
83.542 min 67 
5 +1 day 0.5. 
The 83.5-minute radio-iodine is probably I, produced by the 
reaction 4gPd'°(N,3m) 531". The 18-minute activity may be the 
same as the ~30-minute radio-iodine found by Marquez and 
Perlman" from high-energy helium-ion bombardments of anti- 
mony, and assigned by them to either I"® or I™. The 5-day tail 
in the decay curve may correspond to 4,5-day Te", in which 
case the 18-minute radio-iodine probably is I". The reaction 
would be Pd!(N,5n) I" or Pd*(N,3n) I. It should be mentioned 
that, previous to the nitrogen-ion bombardments, similar palla- 
dium targets were subjected to carbon-ion irradiation, and no 
activity could be detected in the iodine fractions, though normal 
yields for the corresponding (C,xm) reactions were found in the 
tellurium fractions. 
We wish to acknowledge the assistance of A. Ghiorso for the 
pulse analysis of the alpha particles from the astatine isotopes, 
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the cooperative effort of the entire staff of the 60-inch cyclotron 
group, and the continued interest of Professor Glenn T. Seaborg 
and Professor Ernest O. Lawrence in this program. 


_* Part of this work was done under the auspices of the U. S, Atomic 
Energy Commission. 
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Reactions of U*** with Cyclotron-Produced 
Nitrogen Ions* 
ALBERT Guiorso, G. BERNARD Rossi, BERNARD G. HARVEY, 
AND STANLEY G. THOMPSON 


Radiation Laboratory and Department of Chemistry, 
University of California, Berkeley, California 
(Received November 25, 1953) 


HE acceleration of N“(+6) ions with the Berkeley Crocker 
Laboratory 60-inch cyclotron! has made it possible to 
study nuclear reactions of these ions with U™*. 

The following transmutation products have been observed: 
QO%47(?), QO26 Cit Cie CfA?) Cf*8 Bk and other berkelium 
isotopes not yet identified. The identification of the elements 
was definitely established by their carrying on lanthanum fluoride 
precipitates and by their order of elution from a Dowex-50 ion 
exchange column. 

The observed nuclear properties of these nuclides are sum- 
marized in Table I. 

The nuclides Cf, Cf**, Cf*, Bk**, and Bk have previously 
been observed in this laboratory.?~* 

The yields of the transcurium nuclides were low even though 
bombardment currents of 0.1 microampere of N“(+6) ions of 
energy greater than 100 Mev were available. In three separate 
experiments a total of 40 alpha-emitting atoms of the 7.3-minute 
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Tas.e I. Nuclides produced by U™* plus N™ ions. 








Alpha 
energy 


(Mev) Remarks 


Halt-life Radiation 


EC(?), a 
EC 


Nuclide 





99%7(?) 
gome 


7.3 min 

minutes Observed only through 
rowth of its 1.5-day 
f™* daughter 

crm 45 min 
fue 

Cir?) 

crs 

Bk™ 


a, EC(?) 

a 

EC 

a 

EC,a 

Bk EC Observed K x-rays; 


probably unresolved 
mixture of Bk™ and 
Bk™6 








isotope of element 99 were observed to decay in the ion exchange 
column fraction immediately preceding californium, namely the 
eka-holmium position. Thus, the element identification is certain 
though the mass number can only be inferred on the basis of 
nuclear systematics. By observations of the abundant fission 
product activity it was found that almost all of the nuclear re- 
actions of nitrogen ions with U™* resulted in fission much as in 
the case of carbon-ion bombardment of the same nucleus. 

It is a pleasure to acknowledge the continued help and en- 
couragement of Professor Joseph G. Hamilton, Director of the 
Crocker Laboratory. Our grateful thanks are extended to William 
B. Jones and the members of the 60-inch cyclotron operating 
crew for their cooperation in making the many bombardments 
necessary ior this work. Specia! thanks are due Dr. Gregory 
Choppin for his valuable assistance with some of the chemical 
separations. It is a privilege to acknowledge that this work was 
accomplished with the always helpful guidance of Professor Glenn 
T. Seaborg. The continued interest and encouragement of Pro- 
fessor Ernest O. Lawrence is gratefully acknowledged. 


* This work was performed under the auspices of the U. S. Atomic 
Energy Commission. 
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